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ON SPHERICAL Waves OF FINITE AMPLITUDE PRODUCED 
BY THE SUDDEN EXPLOSION OF A DETONATING GAS 
CONTAINED WITHIN A SPHERICAL ENVELOPE. 


By 


SuDHANSUKUMAR BANERJT. 
[ Read March 13th, 1921. ] 


Mach and Sommer announced long ago in 1877 from experimental 
' observations that the velocity of an explosion sound wave depends upon 
its intensity, the method of its production, and the distance from the 
source. Wolff ` sought to determine the nature of the disturbance 
resulting from an explosion and concluded that the type is essentially 
that of a sonnd wave the velocity increasing with the violence of the 
explosion. Vielle? had previonsly found that he could obtain а wave 
velocity in air of 1,100 metres per second by’ sharpening the explosion 


Ф 
1 Иле. Ann., 69, 329, 1899. 
2 Compt, Rendus., 127, 41, 1888, 


` ,preserit “writer. ; 
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of Ға’ > ate by tightly packing it. Owing to its importance in war, 
sound anging for instance, the velocity of sound produced by firing 


Do 
r 


А зола has been studied extensive military as well as other 
E has b tudied ext ly by military H th 


investigators. But the data so obtained have not been available to the ^. 


A 


In в previous paper + published in this Bulletin, J found by follow- 
ing Riemann's method that the velocity of propagation of spherical 
waves of finite amplitude is 


1 dp à 
Кат ] te 


for the forward and the backward motion, where т denotes the 
particle velocity, r the radius vector from the source of disturbance, 


p the pressure and p the density. This expression can also he written 
in the form i 


157 


Obviously this expression depends on the distance nnd the density or 

the pressure, if the pressure and the density be supposed to be connected f 

either according to Boyle’ в law ог the adiabatic law. ‚ 3i 

As the pressure at any point will depend on the violence of the! 

explosion, if by any means we can determine it, then the velocity of ' 

propagation also becomes determinable. We know from hydrodynamics 

that for impulsive generation of motion if P be the impulsive pressure ` 

st any point, then 


1 


assuming that the medium was initially at rest. The equation of 
кашын 18 | j 


) ` 


Bp 5 Bp) Dis). еу" 
ok О Tog. 7 595 — 








* - 


х Bull, Gat. Math. Zoe., 11, 83,1920. 
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This gives 








dp _Ә*Р , O*P , O'P 
ai 785 1 ay *ós- 2h 


H the gas be suppósed to obey Boyle's law, then 











Pep, 
therefove | oF =0( 2? + Sat + =) 


The explosion may be regarded as communicating a sudden pressure 
of magnibrde П (say) over the sphere +=a and therefore as an instan- 


ianeous soarce of disturbance of magnitude II. The above equation can 
be written in the form 


BP). ӘР), 


8: Or? 








From the theory of conduction! of heat, we know that the solution 
of this equation can be taken in the form 


ou Шо 4 4e 
T (Qe vx )^ 


Since this expression vanishes at ¿=0 except at the origin, and 


df Pdadydz 


is equal tc П for ¢>0, the above expression for P represents the distur- 
bance communicated by such в source of magnitude II. This expression 
for P when substituted in the expression for the velocity of propagation 


will give the velqcity of propagation of the explosion waves nb any 
oe point. 


i [('nywlnae 8 Fausim sorties aud Tuloasals. w. BAT 


4 - SUDHANSUKUMAR, BANERIE 


Arthur Foley in a recent paper published in the Physical Review for 
1920 has described an experimental method for determining the velocity 
of propagation of spark waves‘which have all the characteristics of 
waves of finite amplitude. ‘This paper however does not contain any 
data which can be made use of to verify the above results. The author 
intends when suitable data are available to subject the above results to 
experimental verificution. 


ГА 


To face page 5 
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Шавтайпр; Mr. Panchanan Das's paper on the Seattering of light 
by molecules in pd motion. 
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ON THE SCATTERING OF LIGHT BY MOLECULES 
IN RAPID MOTION.! 


I Bv 


PANCHANAN Das. 


[Read March -13th, 1991.1 


In а note published in Nature (May, 1919) Raman aud Larmor showed 
that when light is scattered by particles in rapid motion, the scattered 
light undergoes & change in frequency due to two causes (1) the motion 
of the particles relative to the source (2) the motion of the particles 
relative to the observer. Strutt? recently described an experiment 
which definitely established the fact that it is actually the molecules 
of air that take part in scattering light and producing the blue colour 
of the sky. The dbject of this paper is to calculate the chauge in 
frequency and the intensity of light scattered by such moving molecules 

* or particles. 


We take a fixed system of axes (OX, OY, OZ) with the source at 
the origin and thé X-axis ‘parallel to the velocity v of the molecule. 
We also take a moving system of axes (O'X', O'Y’, O'Z’) which is at 
rest relative to the molecule. If the two systems coincide at the 
instant #=0, the relativistic equations of transformation of coordinates 
are 


ul 
t=B (t+ = ) А s B(4 t wt), у=у, zm 


where 2, у, and a’, y',;'are the coordinates of the molecule referred 
/ a 





and c= 





v* 


` cs 
velocity of light. Ti +*—.*+*+z2 and 73 =g" -- y'? 4-;*, then 


to the fixed and moving axes respectively and B= J 


ú 


iem ( Във vto 





) , approximately, 


} Communicated by Prof. О, V. Raman, М.А. 
* Proc. Royal Socizty, Vol. 94, 1918. 
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A 


if we consider ¢ so small that #* can be neglected, The disturbance 
from the source may be represented by. 


Й 


S-5 sin 2 ( не ) 


Making the ubove-mentioned substitution, we get 


Sein = ( vt ) approximately. 


where y= (- 3) B. 


Thus и is the frequency of radiation apparent to the molecule. 


At the Instaut (0. Š =£? =cos 0, say 
7 








Hence © > yz Ta кашы °) 
A 
| Aem Орсок) ` | 1 
or p =1+ X ... ( )e 


Now the stationury ro would appenr to be moving with velocity 
—v referred to the axes which are fixed relative to the molecule. 
Therefore, if v" be the frequency apparent to the observer, ` 


y! —1 г cos 6' 
2 =1— 


C 





(2) 


x 


сд . 
where 0' is the angle made by tlie radius vector from the molecule to 
the observer with the X-axis. 


` Multiplying (1) and (2) we get š 
P epa кт 
al T (сов 0' —cos 8) 


Let A be the observer, B the molecule, and C the source. 


š Р В ©, б 
Using slightly different notations (see fig. 1), we get 


--Y - ; (сов 0--cos 0), . (3) 


n! 


= 
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where 7 ія the velocity of molecule, n, n' are the original and altered 
frequencies respectively. 


To determine the intensity of radiation-ef a particular frequency 
we first find the number of molecules, which emit it. From ће kinetic 
theory nf gases the number N of molecules, of whieh the velocity 
components lie between u, v. w, and x+ dr, v 4- dr, 16+ die is proportional 
to s 

—hm(n? v? +0") 
" 6 dudedw. we (4) 
where з is n function of the temperature of the gas and т the masa of 
a molecule of the gas. 


t 
The number of molecules, for which т" ia constant is found by 
integrating (4) over the region (3). 
P We take the instantaneous position. of thd molecdle as the origin 
‚ `of coordinates, nnd the direction of the source ns Х-пхія The plane 
XY is determined by the primary light and the direction of the 
observer P. 


` Resclve the velocity V along OX, OY, OZ., The components are 


11, v, 10,— V. віп 0 cos ф, V віп 0 sin $, V cos 0. 


° I - 
If 36 direction of the observer makes an angle 8 Nn OX, then 
(3) reduces to 


L =1 - [+ did п vain B] M (5) 


This is 8 plane parallel to the Z-axis. So the integral of (4) ia а 
surface integral over & plane. 


The 2quation (9) can be written in the form 


1= 5) : 
m cos Ê + z sin e irm =p. .. (6) 


2 cos 5 


Let P be the point (Fig 3) where the perpendieular from 0 
° meets this plane. Lét p be the radius of a circle with P as centre in this 
plane, Then ° Š ; 


g =Vi—p?, 
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If we take the annular space between the circles of radii p and p+dp. 
as the element of surface, then 





оо: 
° —hm V3 
° N varies wf в 2mpdp, 
0. 
—k(n' —n)* | 
ог * N=C e6 es (7) 
where k=. me we (8) 
n’? cos? B 


2 
Now Rayleigh’s? formula for the intensity of scattered light in а 
direction making an angle B with the primary beam of light is 
D'—D\! N*z T 3 
(ът) Ctp =". 


where Á is the amplitude of vibration, D, D' the original and altered 
densities of ether, А the wave length, the distance of the molecule 
from the observer, and T the volume occupied by a molecule, 


Substituting the value of N from (7) we get 
—k(n'—n)* 
e 


(9) 

Hitherto we have assumed that the primary light is monochromatic. 

Tf it is dne to a real spectrum line, the light is not strictly monochro- 

matic, but the intensity of different parts of the преза is given by 
_“Maxwell’s law :— 





ra 


I ti 
Intensity I—C. A* (P57) ажени) E QUE. 


—p(n—n,)* " 
A*—C,e .. (10) 
where p is a very small quantity of the same order яя hm, and n, is the 
frequency of the central part of the line. 


Hence the intensity must be found by substituting (10) in (9) and 
integrating (9) with respect to n from Oto oo and taking twice the 
value of the integral. Thus, 

1-2 0,C (E y Oams pen 
D clr? 


dn: 


oo 

j —pg(n—n,)* ат) 
e e ° 

0 
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Now p(n—n,)* (пу 
u =0+0 (s DE + =. Gs) S. 
oo 
—p(n—n,)* —k(n'—n)* 
therefore e dn 
ky. ite 
= —L (n.—n) . (z—2,)* (u+). 
LT EE ( , )* Gr E) b 
b 0 
ku ( ы | | | 
‚тт (в, =); (“+ К) (z—2z,)*? 
= 6 kh | J 8 dz 
; Q 
A = 
( (А+) (2—2,)? | 
+ e dz 
$3 ) | 
kp. ae i 4 
=y (n, =n)’ (u+ k)*2* ` (+k)? 
= в hth | е + е dz 
- _—# ` 0 
I k oo сс 
zi (5, —»)* (u+h)z* (ptk)? 
= e Uk e А) е dz 
3 s 


approximately, if we take 2, to be very large. 
-ti (п' —ң ha 
Thus I= Ke Ptk 


атс? Thus the intensity 





Now g is of the ‘order hm. while k= . 
š n'a cos B 
. : "9 


is a function of the direction of observation, and as k ів much smaller 
than р, the energy distribution in the original spectrum line and that 
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in the scattered light must be different, Figs. 4 and 5 represent the 
energy-curves of the primary and scattered light respectively. 
Apparently the width of the spectrum-line becomes larger by scattering, 


My Ühanks are due to Prof, C. V. Raman for the nelpful interest he 
has taken in this paper. 


té 


RADIAL STRAIN IN A:GRVITATING SPHERE 


Bx 


JYOTIRMAYA GHOSH 
[Read September- 4th, 1920.] 


l. Whena homogeneous elastic sphere is strained by the mutual 
gravitation of its parts, theré exists within the sphere a spherical 
surface over which the displacement is zero and on one side of this 
sphere of no displacement, the displacement is contraction and on the 
other-it is extension. ‚сз : ; ў 

It will be shown here that the s&me remark applies also in the 
following cases :— ` 

(1 A Jona bhau sphere with a йан spherical hollow or 
nucleus with a density different from the rest of the sphere. 

(2) A heterogeneous sphere,. the density at any point varying as 
some positive integral power ‘of its distance from the centre. The 

.spliere may be either complete or hollow, the latter c&se giving an 
exception when the law of density i is that of direct distance. 


2. The displacement equation of equilibrium i is 


ә (OU 
+з) S QU 4 BU) дыд, > (1) 
Em "U is the radial displacement and R is the force of attraction at 
„апу point: 
The solution of the equation is clearly 


АВ LA ; 
U=4rt+5- Xd. 2 ане. о ө (2) 


3. In the case ofa homogeneous thick shell bounded by r=r, and 
r= r, the attraction at any point distant т from the centre (7, >r>r,) 


is 


4 


M iecit r- 4A), WV. .. (3) 


1 See Lovo's Elnsticity, (second edition), p. 140, 
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where the constant of gravitation is put=1, р is the density of the 


material and et Ç 


е ç 
Substituting (3) in (2) we get'on integration 


i аума B 2 Kp? e^ 
Х+ a CAPTO OE ER)" 
Ar4-8 t. 
= rb baton", Я we (4) 
lug. rasa Е ow х= 
whore a X42 LOWE EH) ` ' I icd 


won a 1 


: "The equation (4) in U and тів of the fifth degree, во that there is 
certainly one real root of the equation U=0 different from zero. Hence 
there must be one sphere’ of no displacement:* 


‘Now, suppose that the sphere of.radius r=7, has a nucleus in the 
form of a concentric крг of radius r—r, and density p'. 


From any point in the inner sphere the attraction is the same as if 
the sphere "were homogeneous and of density p' throughout. At any 
point between the nucleus and the outer boundary, we have 

р Я D Su у - 
век [а а |. t) 
which is of the sume form as (3). Hence the solution will be of thé 
same from as (4) and we shall have P instead of (b) where W 


= ХРО —р) - 
100-2) 


4. When the sphere is heterogeneous, the density at any point ‘being 
cr" where c is constant, r the distance of the point from the centre and 
n u positive integer. 


(1) Complete sphere. 


The’ attraction at any "point distant r from, the centre (r<r,) is 
given by i 


m— — rh, E 
m3 (6) 
! This statement is true only if the root lies between ғ, and r,, that is to say, | 
the equation undergoes a change in sign between r, алё+,. Whether this condition | 


can be fulfilled or not will obviously depend on А and B, that is to say, on the nature ` 
of ив tractions at the free surfaces, —B. K. В, 
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darc? 





Therefore - pR=— 





rere 
| a+3 EE 
Substitusing this in (2) and integrating S: 

2тс? | 
Ч=Ал+ + ants 
Й Ga pap u usay": 
' , =Ат В ft N03 ` 
mme Ta +e Y 3 ... (7) 


ey š 2mc? 


h 
pcs 6^ (n*Da8 ретик усех EH)" 


'Às the sphere is ‘complete we must take B=0 in the solution (7). 
Putting U=0, the equation (7) becomes a binomial equation of even 
degree which must have a real positive root provided 5 is negative. 


And thia is actually the case both when the sphere is under constant 
external pressure and when it is free, Hence there exists a sphere of no 
displacenent. 


In tke case of a free sphere, when the law of density is that of 
diréct distance, the radius of this sphere is found to be 


4 /2(3X 4-4. . 
ЗА 





Wher Ње nuns of radius r—r, has a concentric hollow of radius 
TU. WE have' " 





Amc Е pito 
. dor a 
therefore рВЬ=— Ta PERPE 2p nti, ge y. 
Substituting this in (2) we get 
U=Ar+Ë, онан pom ae 





where c= dato? ; 
б. - (&—1)(n-2) (n--3) (A + 28) 


, Since equation (9) is of an odd degree, it must have a real root, aud 
therefore there is a sphere of no displacement. 
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The solution (9) evidently fails when n=}. 


5. It shonld be noticed that the solntions (7) fail to give the 
displacement, when % has either ot the valnes—1, —3, or —$. The 
density in all these cases also become infinite at the origin. We therefore 
proceed independently by assuming the centre to be.enclosed by a 
concentric spherical hollow of radius a. The solutions ave found to be 
as follows :— 


(а) : When n— —1, рас) we have Rz —2т (c—a) 


and UsArt hp 0 e у [@ в r- Dr z] 


A+2p 
(b) When n=—3, p=or-*, R=—2 log f 
TC а 
is MED mc? r 5 
snd t= Ar. Ж: = (10g = + i) 


(c) When e , por Rae (rl — а!) 


ue 


me 4a 
and T= Are "tem: l: zlog Uem: 


Similarly, the solution 9) whén %=1, takes the form 


= +72 f1] -$)" = 
| DEA ЕЕ ж (08 r 3)" 


To face page 15 





. fig 7. 
Illustrating Mukhopadhyaya and Bhav’s paper on generalisation of 


certain theorems in the hvoerbolie reometrv of the trianele. 
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Se А 
' GENERALISATION ОР. CERTAIN THEOREMS ‘IN THE 
_ HYPERBOLIC GEOMETRY OF THE TRIANGLE 


dona gts Heke inu. de Bx 
i | 5. MUKHOPADHYAYA AND G. Buax.! 
[Read March 9th, 1919.1] 
Introduction. 


The geometry of the triangle on the hyperbolic plane has many 
remarkable features which are absent in the geometry of the plane 
triangle and which are brought out the more prominently by a purely 
geometrical treatment. We will consider two well-known theorems 
in the geometry of the hyperbolie triangle with 8 view to elegant 
geometrical demonstrations and extensions to the case where one or 
more of the vertices &re ideal or improper points. In the course of the 
investigations we will come to some very remarkable new theorems. 1% 
is _ hoped that the present paper will prove interesting to lovers of 
pure Non- Euclidean Geometry. 


We have in Euclidean geometry’ the two well-known T (7) 
The three internal bisectors of the angles of a triangle or two external 
and: one internal bisector meet at в point. (ii) The three perpendiculars 
on the sides of a triangle from the opposite vertices meet ata point. 


We ill discuss their anglognes on the hyperbolic plane with actual, 
ideal or improper vertices. E 


A system of lines on a hyperbolic plane are said to meet ab an idenl 
‘point’ when they are all perpendicular to the same straight line. This 
straight line is uniquely representative of the ideal point. The system 
of lines are said io meet at an improper point when they are parallel 
to one another in the same sense. 
Theorem I:—The three internal bisectors of the angles of а hyperbaltc 
triangle ABO meet at an actual point. 
' The. internal biseetor of an angle.À must meet the opposite side at, 
gome point D. The internal bisector of B will meet AD at some point 
t This paper was read before the Calcutta Mathematical Society in an abstract 


form. Lowe to my pupil Mr. G Bhar, М.Во., the present expanded form of my paper 
embracing all the different cases and the carefully drawn dingiame.—S8 М, 


+ 
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“= 


O. The perpendiculars from O оп АС and BC are each equal to the 
perpendicular from O on AB Therefore the internal poseen of the 
angle C 2 passes through O. 


Viso II:—The external bisectors ifa -any-two angles B and C of a 
hyperbolic triangle ABC meet the internal bisector of the third angle A.at 
an actual, ideal or improper point. 


If any two of the three bisectors pass through an actual point the 
third can be shown to pass through the same actual point as in 
Theorem І. 

If no two of the ТК biseotors meet at an actual point, then the 
two external biseotors of the angles B nnd О either meet at an ideal 
point or are parallel. 

Suppose the two external bisectors BD and CE meet at an ideal 
point, that is, have a common perpendicular DE (fig. 1). "Then it, is 
easily shown that D and E lie on the side of BC away from A, for 
otherwise it would follow that the sum of four angles of a hyperbolic 
quadrilateral are together greater than four right angles or that an 
exterior angle of a triangle is less than the interior opposite angle. 

This common perpendicular DE cannot meet BC produced either 
towards B or towards C for in either case an exterior angle would be 
less than an interior opposite angle. Neither can DE be parallel to *BO 
either towards B or towards О for then an angle of parallelism would be 
greater than a right angle. Therefore DE and BC meet at an ideal, 
point, that is, haves а common perpendicular GF, where it is easy to see 
that G lies on BC between B and C and F lies on DE between D'and E. 

Produce AB to Н and ED to K making BH=BG and DK—DF. 
Also produce AC to L and DE to M making CL=CG nnd EM—EF. 


Then HK is a common perpendicular to AB and ED and LM isa. 


common perpendicular to АС and ED. Also HK —GF-LM. 


Bisect KM at N. Then tho perpendienlars NP and NQ оп АВ and 


AC are equal from the equality of the qnuadrilaterals МРНК and 
NQLM. Therefore AN is the internal bisector of the angle A. It is 
also evidently perpendienlar to DE. Therefore BD, СЕ and AN have 
n common perpendicular and therefore meet at an ideal point. 

If the two external bisectors of the angles B and C are parallel, ihe 
internal bisector of the angle А cannot meet either as then the three 
would pass through a common actual point. Tha internal bisector 
therefore passes between the two parallel external bisectors without 
meeting either and therefore must bë parse to both in -the: same. 


sense. 
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Corollary to Theorem II:—In the triangle ABC if д Бе the: foot 
of the perpendicular on BO from the point О, the actual point of 
concurrence of the internal bisectors of the triangle ABC and G, the 
foot of the perpendicular on BC from О’ the actual, ideal or ifiproper 
point of concurrence of the internal bisector of the angle A and the 
external bisectors of the angles B aad C, then Ву=06. ` 


For, ` š AB—Bg=AC—Og, 


also AB+BG=AC+0G, 


as is evident from constructions of Theorems I and II when O' is an 
actual or ideal point. When O'is an improper point similar constructions 
have to be made. Р i 


Theorem III :—The three mem from the vertices of а triangle 
tn the hyperbolic plane on the opposite aides meet at a point, actual, ideal or 


improper. 


. Let ABC be the given triangle ‘and, AD, BE, OF the three vase? 
байын from А,В,С on the opposite. sides. Draw а, B, y through 
А, B, О at right angles to AD, BE, OF respectively., 

Case 1. Suppose B and y meet at an actual, point. -Then it will be 
shown that a, В and o, у will also meet at actual points. ! 

Let G be the point of intersection of B and y (fig. 2). Produce, GC 
to H and GB to К making CH —GC and BK—GB. Then the join of 
HK will pass through À and will be perpendicular to AD. 

From G, H, K draw porpendiculars GL, GM, GN, HO, HP, но, 
KR, KS, KT on the sides ВС, СА and AB of ће triangle ABC. "Then 
because GC- НС and CF.is the common perpendicular.to НО and AB 


-we have GN — HQ. ` Again from the congruent triangles СВМ and КВТ 


we get GN=KT. It follows therefore НО = КТ and similarly HP=KS. 


“If H and K be joined, the line HK will pass through A, for otherwise 


it will ent BA and CA or each side produced through A in two points 
each of which shall be the middle point of the segment HK which is 
absurd. Now HO=GU=KR and from the congruent quadrilaterals 
HODA and KRDA, it is clear that-angle DAB is-equal to angle DAK ; 
thus AD is perpendicular to HK. Hence the perpendiculare from the 
vertices A, B,C are the perpendicular bisectors of the sides of the ' 


‘triangle GHK and they therefore meet at a point. (Theorem of 


Bolyai). 
. Teis-important to ТАНА that na BOZ} OR=OD, we ae BD= oc 
=CL. - — та Р | 
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Oase 2. Suppose now that В and у are parallel, that is, meet, at an 
improper point (fig. 3.). If on AD, between. A and.D, & point A’ be 
К perpendiculars BE' and CF’ from B and C on the sides CA" ‘and 

А! of, the triangle A'BC will lie on the sides of BE and CF away 
"e ВС. Therefore if 8' and y be drawn through В and С | perdendi- 
eulars to BE’ and CE, they meet at an actual point G^ and it can be 
proved, as in Oase 1, that a’, B' and а, y also meet in actual points K' 
and Н’ where a’ is the perpendicular through A’ бо A'D. 1f G'L'ibe 
drawn from @' perpendicular to BC, then because DC=BU’, as A’ 
moves along A'D towards A, G' will move along L'G' away from,BC 
aud finally when A’ coincides with A, G! moves off to infinity so that [8 
and y coincide with ‚В and y. ‘Now as BG’ and OG' are always equal 
tó BR’ and CH’ respectively .as’G goes to infinity, Н’ and K' at the 
same time go to infinity. Again as the theorem is true in all-particular 
cases it is also true in the limiting case; а which is always perpendi- 
cular,to A'D will remain so when A’ moves to A, that is, when a! 
coincides with a. "Thus a which is perpendicnlar to AD meets 8 and 
y at improper points. | | ` 
, Оазе 8. Let now B and y be non- -intersecting lines, that i is, let them 
meet at an ideal point. They. will have a common perpendicular ва’ 
representative of that point. 


We may suppose the angles АВС апа АОВ to be acute, for at least 
two of the angles of a triangle must be во. -Then айн CBG and 
BCG' are both acute, consequently GG’ cannot cut BC. 


GG’ cannot also out АВ and AC ; for supposing GG’ cuts AB and 
АО (fig. 4) ab the points G, and G,, on GB and G'C produced through 
‹В and C we can take two points H and K such that GB=BH and 
GC-OK. Perpendiculars erected at Н and К to HB and KC.will 
meet: BA and CA, produced if necessary at H,, Н, and K,,:K, 
vespectively. Further these pependiculars must ‘sit each other at-a 
point’ Z. It can now be easily shown that .the tangles ZH,K, 
and ZH,K; are botn’ isosceles, so that the. bisector of the angle 
H,ZK,, which is also the bisector of the angle H,ZK,, must be 
perpendicular to both the intersecting lines H,K, and H,K, whieh. is 
absurd. ' 

Again it is not possible that GG’ shall cnt one of the sides AB and 
AC ‘and be parallel to the other.' Snpposing that GG’ cuta AB'at G, 
and is parallel to AC, if on GB produced we take as: before a point -H 
‘such that GB— BH and erect а perpendicular at H, this perpendicular 
will eut BA, produced if necessary, at n point H,. for the triangles 
G,GB and H,HB.are congruent. Consequently it will cut CA; prodnced 
if necessary, at а point H,. Now as GB=BH and BE is the common 
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perpendicular to HG and AC and гаво GŒ is parallel to AG, the 
pexpehdicular thróugh' H to HG- must alo be‘parallel to GA¢ Thus 
this perpendiculai’ cuts’ CA’ aid! i is‘ at the! same-time parallel to CA. 
which, ля absurd. 


A "Ino au: uxactly similar way it can be shown that it 18 hot possible 


hilt? G^ shall cut’ one ‘of the ‘sides AB EN АС wid be’ non-intersectitig 
to the othir: 


_ , Further it is easy to see in like manner that GG cannot be parallel 
to’ "both! AB and AC. 


\' GG'must therefore -be not-intersecting to both АВ and AC. 


^. Leta L, G,M; G,N' bà the common: perpendiculars between the 
lines’ GG’ and: BC, CA ana’ BA' respectively (fig. 5). If GB and G'C 
bé” produced’ thivugh В апа C toH and K'making GB—BH and G'C 
=CK' aud’ parpendiculars ' НЯ’ and KK’ be" erected at these points, 
thése’ perpéndiculars cannot’ cut either’ BC, CX or AB ; for supposing 
that’ any of ‘ these perpendicular&* bate any of‘the sides BO, СА or AB, 
it can be shown from’ the properties of* congruent figures that GG’ 
must ther alse meet ‘one of:the'sidés BO; Аб ог АВ which we have geen 
ig" ‘not possible 


й КУ H,O; H,P, H,Q be the common perpendiculars between HH’ 
and BC, CA and AB respectively and K,B, К,5, K,T be the common 
petpendiculáré' between” KK’ and' the saime” thrèe lines respectively. 
Then it is easy to see from congruent figures that H,O=G,U=K,B, 
Кұ8=0; M=H,P and H; ;iq=G;N= EK, T: If now-H'K' be the common 
perpendicular between НН” and KK’, H'K' must pass through A; 
for cotisidering” the ‘two figürós APH;H'H;,QA and ASK,E'K,TA in 
which Н ,Q-K, T and: H,P-K,S; it сап be'&hüwn that if HR’ does 
not pass through A, it will ont AB and AC, produced if necessary 
through. А, in two pointe each of which shall be the middle point of 
the finite segment H'K' which is absurd, Futther from the equality of 
the figures HADOH, and КАРЕК, it-is clear that ¢H’AD= {K’AD 
and: AH = AK’, so that AD is ыа to H’K’ through its middle 
point A.. ; - 


Thus AD, 1 BE and CF are the СИРТИ bisectors of d common 
perpendiculars H'K*. HG.and G;K between- HH’, KK’; GG’, HH’ and 
GG’, , KK? respectively... And these, will be proved.to.be concurrent 
lstor on. Ses "Theorem IV, Case II(s). - І - 


“Cor.” to Theorem LIT: —BD- OL. This” is’ evident oni thé c cons- 
парен in the Атан садак: 
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Definitions :— ; 
The symmetric of two given directed lines is the locus of the middle 
_points of all lines which are equally inclined to the two lines. 
e 


Every line perpendicular to the symmetric or passing through the 
symmetric, when the symmetric is a point, either meets the two given- 
lines at equal angles or have equal common perpendiculars from them. 

The symmetric of two given directed lines which meet at an actual 
pomi is the internal bisector of the angle between them. 


The symmetric of two given directed lines which meet at an ideal 
point and have consequently a common perpendicular between them is 
the line bisecting this common perpendicular at right angles, if the 
given lines are directed in the same sense with respect to this common 
perpendicular ; but if they are directed in opposite senses from this 
common perpendicular the symmetric reduces to the middle point of 
the common perpendicular, for it is evident that every line which is 
equally inclined to the two given directed lines passes through the 
middle point of the common perpendicular and is bisected at that point. 

If the two given directed lines are parallel, the symmetric is a 
third parallel which is equidistant ftom them provided the given lines 
are both directed in the same sense as, or opposite sense to, the direetion 
of parallelism. Otherwise the symmetric will be defined to be «ће 
improper “point to which the parallel lines converge. 


With . these definitions we proceed to prove, the йн ваш] 
dud comprehensive theorem. s 
` Theorem IV :—The symmetrics of any three co-planer lines, -which 
are not concurrent, taken two and two`in any three ways such that the same 
line has opposite senses tn the two different pairs tn which it occurs, are 
concurrent, the concurrency being understood as follows :— Í 

-(a) if the three gymmotries аге straight lines, they will meet at ап 
acme ideal or improper point ; 

' (b) if two of them be straight-lines and the third a point, then' 
the point will lie on the common perpendicular: to the first two ; 


` (e) if one of the symmetrics be a straight line and the other two 
points, then the straight line will be perpendicular to the join of the 
two points ; " 
- (d)- if all the three aymmetrics be points they will be collinear. ` 
C7 Ret ‘a,b; c represent any three coplanar lings which are ‘not 
concurrent. lf band c meet at an actual point we will denote this 
point by a, If b and c meet at an ideal point, they have a common 
perpendicular. The ideal point or the common perpendicular may be 
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fig. 12. Q 


Illustrating Mukhopadhyaya and Bhar's paper on generalisation of 
certain theorems in the hyperbolic geometry of the triangle. 
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indifferently -denoted by о. If b and c meet at an improper point, 
then this improper point will be denoted by a. Similarly the points 
of meeting, actual, ideal or improper, of the two lines canda will be 
denoted by B and ‘that of the lines a and b by y. Ы 


: The ‘Tine a is directed in two ways and may be represented as such 
бу Py and yB. If В and y be actual points this is obvious ; if B апа 
у be ideal points then By will represent lines а as the common perpen- 
dicular between B and y directed from B towards y, Similarly if B be 
an actual point and у an ideal point, then Ву will represent the line a 
directed from B towards y to which it is perpendicular. Similar 
interpretations may be given in every case. 


"The three lines а, 0, с can be taken in groups of directed pairs, 
two and two, only i in four ways satisfying the condition that if any one 
of tlie lines.a occur as Ву in one point, it can only appear ‘as yB in 
another point. _ These group аге: 


p s — (0) fa ya; yB, aB; ay, By’; 


Pi IT "ua 1 


(3) Ba ya; Ву, aB; ay, yB ; 
0) Ва, ay; yB, aß; ya, Ву; 


ig o0 (4) aß, ya; YB, Ва; ay, By ; 
Oasé i I ON 

Lei a, B y.be actual points. 

(© Let the lines a, b, о be: taken in directed pairs a8 group à. 
The symmetric: of Ва and ya is the internal. bisector of the angle 
between b and с; so the symmetries’ of yB, af and ay, By are the 
internal bisectors of the- angles between с, a and а, b. Hence the 
aymmetrics are concurrent (Theorom 1), 


‚ (2): If now the lines be taken in directed pairs ав in group (2), 
the symmetric of Ва, уа is thé internal bisector of the angle between 
band с; but the symmetrics of fy, ef and ay, уб are the external 
bisectors of the angles between с, a and а, b. , So the three synimetrics 
are concurrent.. (Theorem 11). 


(29) If the lines be taken in directed pues as in group @) ог (4) 
we have а repetition of ME 


Oase IT :— 


Let а, В, y be ideal sonis &nd атарбыз every two of the lines a, b, c 
lie on the same side of the third, In this case no акаш line сап meet 
all the three lines at лы points. 
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-Let АА’, ВВ” and COC’ be the common perpendiculars between b; c ; 

ë, w ‘and ‘a; b' and let P, Q, R'be their middle ‘points and‘p} q, + be hb 
pérperidiculars through’ P; Q; R'to AA’, BB" and CC’ respectively: 

(?) When the lines a, b, c are taken in directed pairs as in group. 

G), the кш of Ва; ya ; y; aß ad ay, By ме p, q and’r ирен 


` 


tively. Е 


Suppose q and + meet at an actual point 0. Perpendiculars OM апа“ 
ON on the sides b and c are equal being each equal to the perpendicilár 
OL, ор а. Therefore the symmetric p passes through 0. Thus the three 
symmetries р, q, ^ are concurrent at/an acthal point 0. 


If however q and r meet at an ideal point, they have a common 
perpendicular 0,0, (fig. 6). Now O,0, cannot meet b'or c; for if it 
meets b, it must meet a, but iti 18 evidént that it cannot PM a since 
if it madha a it cannot meet g. Let O'L, O"M, O"N be the common 
perpendiculars between O,O, and a,b,c. Then О”М= ОТО"; 
Therefore the common perpendicular to 0,0, and AA’ bisects АА’, 
that is РО, is perpendicular to O,0,. Thus р, 9, т have a common 
perpendicular, that is the three symmetrics-have & common ideal point. 


“Lastly if д and т be parallel p is also parallel to them in the same 
sense. For a» A and A’ are pointe on opposite sides of q as well as 
of r, the. line, AA’ must meet q and + at some points D and E (fig. 5). 
Let DF and EG be the perpendiculars from D and E on a. Then DF < 
DG<DE+EG=DA, +. DA'=DF<DA. Similarly ЕА=Е@< BA’. 
Hence P lies between D and E. Now p cannbt meet у'а an actual 
point: as then + would: pass through the same point and ‘consequently 
could not be parallel to т; hkewise p cannot meet + at an actudl point: 
Thus + falls between the parallel lines g and + but does not meet either: 
Hénce-p:'must'be parallel: to q'and + in the'same sense. The thfee' 
symmetrics are therefore concurrent at an improper ‘point, 

"(Фу If now the lines be taken'in directed -pairs a8 im group (2), the . 
asymmetric: of Ba, ya is the linó p; but the symmetrics’of Ву, aß and 
ay, yB are the. points Q and R. We are to show therefore id is 
perpendicular to' the join of Q ала Е 

The: line QR (fig. 7) cannot meet any of the sides a, b; c ; for if it’ 
meets: one; it meets all the three which.is impossible. If'O'L, O"M, 
OWN be the common perpendiculars between QR and the sides o, b, c,’ 
it is easy to see that O"M —O'L—O"'N , therefore the common perpen- 
dicular between AA’ and QR bisects AA’, thus p is perpendicular to 

(4X) If the lines be taken in directed pairs as in group (3) or (4). 
we get a repetition of (71). | T : К ' 
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M | Let а, dig y be ideal baat and ядррове ‘the: lines a, b, c bor во. related 
that one ,of them a has b. апа c on opposite sides. г 


Let AA’, ВВ, СС'.Бе the common Ва to the line 
pairs (5,c),, (са) and (a,b) ;. P. Q, R sheir middle points and,p, q, 7 the 
perpendiculars through P, Q,.R to AA’, BB’ and CO! respectively 
(fig. 8). 


(si) If the lines be taken in directed pairs'as in group'(1), the 
symmetric of ба and ya is the point P, but the symmetries of yB, aß 
‘and af, Ву are the lines q andr. We are to show therefore that the 
common perpendicular to q and + passes through P. 


. Let the common perpendicular to q and + meet the sides a, b, c at 
LM,N. LMN being perpendicular to q, TPN L-«B'LN. Similarly 
&ÜML- CDM. But ¥B'LN=&CLM. ~. 4BNL-4C'ML. There- 
fore LMN passes through the middle i point t AN, that is, through the 
point: Р. 


nm 
(22) “The lines jours taken in directed pairs. -as in group (2), the 
three symmetrics are the points P,Q,R Weare to show therefore 
in this case that P, Q, R are collinear. 


Let “tho line, QR meet the three sides a, b, c in the points, D, E, F. 
Then &BEQ-—ACB'DQ— £ODR= £C ER. EDF bisects AA’, that 
is P lies on | QR. ; 


. yog), if the lines be taken in. directed, pairs as,in.group (3) or (4) 
жө get a, repetition of (1). 


gel ge ЭОК. Bes P 


Üase IV:— ` t 
Let a, B, y be each an i improper point. 


° Let p be the parallel to b and ç which is equidiatant from both, q the 
parallel to c and a equidistant from.c and а апа r the parallel to a and b 
equidistant from a and-b (fig. 9). . ; 


(4) Suppose the lines are, taken in directed pairs as in group. s O). 


‘dhe symmetrics of Ва, ya; yB,aB and ау, By are p, q, 7 respectively. 
We, аге to:show that, р, Ф т &re-concurrent. ; E ei . at, 


As q is parallel to c and a it cannot cut either again; it must therefore 
meget,,! b afan actual point. E and + must theretore.cut.g at am actnal point 
0. -The perpendiculars OM апа ОЙ on, Б апа. с are equal, each „being 
equal rto the perpendieular OL on a. Therefore, O lies ор p, enm 
the; three. symmetries pass. through the, game, point, 9... 


k 
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(#) If the lines be taken in directed pairs as in group (2); the 
symmetric of Ва, ya is the linó p but the symmetries of By, aß and ay, 
yB are the improper points -and y so that-their join is'the-line a. We 
are to Show that p is-at right angles to «. 


“The lind p must meet а аф an actual point D. The perpendiculars 
DH and DK on b and c are equal; hence KaDH and 4aDK' are equal 
being angles of parallelism for equal distances DH and DK, For a like 
reason, ARDES <yDH. Therefore p is at right angles to a. 


(siz) The other arrangements of the directed pairs will- given 
repititions of (тї). i 


Case V :— 


Let а be an actual point, B an ideal and y an improper point. 


Let A represent the actual point a, BB’ the common беркай 
between c and а represent the ideal point В and C represent the 
improper point y, let p and p' be the internal and external bisector of 
the angles BAC, q the perpendicular to BB’ through its middle point 
Q and v the parallel ie а amd b which is equidistant from them 
(fig. 10). 


(z) If the arrangement of the directed pairs be as in group (1) 
the three symmetries аге p,q,7 and the proof of their concurréncy 
proceeds on the lines of the proof for this arrangement in the other 
cases. I 


(20) ` Let the arrangement’ of the directed lines be as in group (2), 
The symmetric of Во, ya is p : but the symmetrier of Ву, aß and" ay, yB 
are the points Q and C. We are to show that p is perpendicular to QC 
which is the parallel through Q to a and b. 


If QC be produced through Q to C' on tha side of BB’ away from О, 
QO' will be parallel to AB in the direction AB as Q is the middle point. 
of BB’. Hence р is perpendicular to QC [case IV (2)]. 


(їй) If the lines be taken in directed pairs as іп group (3), the 
symmetric of Ba, ay is p', that of yB, «B is q which that of ya, By is the 
point C. We are to prove therefore that the common perpendicular to 
р! and q passes through the improper point C, that is, is parallel to 
a and b., 


Through Q draw ОО parallel to a and b and on g cnt off: the length 
QD corresponding the angle of parallelism ООСО, The line through 
D perpendicular to q will be parallel to a and b in the same dense and 
when produced through D will meet BA produced at an improper- póint 


a 
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Ср will therefore be perpendicular to { [саве IV (i2)]. Hence the 
common. perpendicular to.p' and. g is parallel to a and b; КЕ 


(čv) Lastly let the lines be taken in directed pairs as in group (4) ; 
the 'symmetrie of af, ya is the line.p’, that of yB, Ba is.the. рбір Q, 
whereas of ay, бу is the line ғ. We are to show that the common 
jene to. p' and r. passes throngh Q. ` 


ET the perpendicular tnrough Q to r meet the lines. b, р, r, c and 
а at the points E, F, G, H and K respectively, then 4QKB'— 4QHB 
and &QKB'— &QEA ; „АЕН = ФАНЕ. Hence р Баны 
to` QE. 


1% two, of the: points a, B; y be actual and. the third idealor improper, 
or two of thenr ideal and. the third actual or improper, or finally, if 
two of them: be improper and ‘the third’ actual or ideal; the. proof of 
the. theorem proceeds on similar. lines.and' requires no further special 
investigation. ~ . ; š TP | NOS 


Moreover whéiü опе at least of the PON points a, B. y is an ideal 
oue, the triangle formed by the three lines a, b, c may "either be 
such that апу bwo of the three lines a,b,c lie on the same side of 
the third,- or that one of the. lines a, b, c has the other two on 
opposite sides of it but as the proof'of theorem in all these varied’ 
cases requires no new principles, the different cases are not, ператва 
: SEDI, - ЖИ : - 0 


` 


We shall now extend thé theorem of the perpendiculars- (Theorenr 
TEL) to the ‘case of ; a triangle of which tlie vertices may be actual, ideàl 


or improper, 


. Theorem V. In & triangle formed by any three co-planar lines 
w, b, c intersecting. riot necessarily in actual points the perpendiculars p; 
9 P, from the vertives a, B, y—actual, ideal or improper—on the opposite 
sides are concurrent; the concurrency being interpreted’ as, in 
Theorem ТУ. Ex Bs 


» . When. а. is an. ideal. point the perpendicular p on a is the common 
parpendicular between. а апа ће line a if a and а be non-intersecting ; 
when. a-and: а meet at an actual or improper point, the.common: perpen- 
diéular reduces io this potnal or improper. point. Ifa-be an improper 
point,. the- perpendicular p is the perpendicular to a "which is parallel to 
b and сіп, Ње, ваше sense, ç ‚ 


„бав Г: 7. 
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‘The ‘theorem ‘for this case has been already proved (Theorem III). 
The following is a more general proof and is applicable to almos*.all 
the cases. 


Lef A, B, C represent the three actual points а, B, у and suppose the 
perpendiculars BE and СЕ on AC and AB meet at О (fig. 11). Draw 
the lines EL and Е M making {BEF= {BEL and &СЕЕ= OFM: 
Then BE, AO and OF, AB аге the internal and external bisectors of 
the angles FEL and EFM. It follows from the theorem of symmetrics 
(Theorem IV) that as AC and FC meet at an actual point C, EL апо 
FM must also meet at an actual point D and OD is the internal bisector . 
of the angle EDF. Again from the same theorem it follows that the 
line through D perpendicular to OD must pass through B aud C ; in 
other words D must lie on BC and OD is perpendicular to BC. But 
OD passes.through А. as А is the point of intersection of the external 
bisectors .of the angles E and F. Hence the perpendicular from А on 
BO passes through О. The three perpendieulars are therefore 
concurrent. Similar proof holds if the point O be ideal or improper. 


Case 11,:— | 


Let a,.B, y beideal points апа suppose every two of the lines a, b,c 
be on the same side of the third (fig. 12). 


. "Let BB’ and CC’ be the common perpendiculars between c, a and а, b 
representing the points 8 and y and EH and FK the common perpendi- 
eulars g and r-between the lines 8, b und y, c and let g and + meet at the 
point О. Join EF and draw EL and FM makiug KHEL= {HEF and 
«КЕМ = «КЕЕ. Suppose EL and FM meet at the actual point D. 
Then DO bisects «EDF and it follows from Theorem IV that OD 
is the perpendicular to a. If now ADA’ be drawn at right angles to OD, 
fiom the same theorem it follows that ADA’ is perpendioular to both 
b and c, so that ADA’ is the common perpendicular between b and с. 
Hence OD is the common perpendicular between a and a. The three 
perpendiculars р, 9, + are therefore concurrent. 


If EL and FM do not meet at an actual point, they must be either 

. uon-intersecting or parallel. Suppose in the first place that they are non- 
intersecting. Let LM represent the common perpendicular between 
them and N be the middle-point of LM. From Theorem IV it follows 
that the perpendicular between EH and CC’ must pass through N, 
Similarly c must pass through N, Thus b and’c meet at an actual point 
N which is contrary to hypothesis. Hence EL und FM cannot be non- 
intersecting. If now EL aud ЕМ are parallel, it can be shown in like 
manner, that b and c must be parallel to them in-the-same sense "which 
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is against: hypothesi: Hence EL and FM must meét аб. notasi: 
pointD. - teh уе 


iat D Е E M Сш. A Š 


Let а, B, y be ideal points and the-lines a; b, о Be во related that two? 
of them, b and с, lie on opposite sides of the third line a. . Then the 
common perpendicular AA’ between b and c must meet a at some point P. 


(f) Suppose the common perpendiculars BB' and CC’ between c, a 
and a, b meet b and c respectively at the points Q and, R (fig. 13). We 
are to show that P, Q and В are collinear. T ` : 


Join A'O. Draw the line A'L on the side of AA! away кой C 
making &AA'L—4AA'C. Similarly draw the line CM on the side 
of OB' remote from A’ making &B'OM— 4:B'CA'. Then AA’, A'B and 
B'O, CO’ are the internal and external biseotors of the angles LA'O and 
MOA’. If possible let A'L and OM meet at D. The line DP and the 
perpendicular HDF throagh D to DP are the internal and external 
biseotors of the angle ADC, From Theorem IV it follows that EDF 
is perpendicular to both the intersecting lines BB’ and O'A which is 
absurd. Hence A'L and OM cannot meet at an actual point. Nor 
can they be parallel, for from the same theorem it would follow that 
BB’ aad C'A would be parallel each being parallel to the lines A'L and 
OM in the same sense and this is impossible. Hence A'L and CM are 
non-intersecting: 


From the same theorem it is further evident that Q is the middle 
point of the common perpendicular LM between A’L and CM. Hence 
the line through Q perpendicular to LM must pass through p, the point 
of intersection of the- internal biseotors of the angles OA'L and A'OM 
and also through R, the point of intersection of the external bisectors 
of the same angles, Thus P, Q, Rare collinear. | 


(it) Let BB’, b and CO’, c be non-intersecting lines and J, m, be the 
common perpendiculars between them. We are to show that the 
common perpendicular to 1 and m must pass through P. 


If we consider the ideal triangle of which the sides are b, m and 
BB', the theorem follows from Case II. 


. (if) Let now ВВ’, b and C'C, c be pairs of parallel lines (fig. 14), 
and n be a line which is parallel to both BB’ and о and therefore to b 
and O'O in the same senses. We are to show that P lies on n. 


Let BL and O'M be the perpendiculars from B and C' on the line n. 
Tt is evident BL=O'M being the lengths corresponding to angles of 
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parallelism each equal to half of a right.angle. Hence BC’ is bisected 
at the point О where it meets LM. Therefore the perpendicular, 
through O to b will aleo be perpendicular to c ; similarly the common 
perpendicular to BB’ and CO’ will pass throngh O and hence O 
coincides with P, "Thus P lies on n. 


Case IV :— 


When a. B, y are improper points, the three symmetries p, q, 7 are 
the perpendiculars from а, B, y on a, b, c respectively, [Theorem IV, 
Case IV, (či) (iii), (iv)] Hence the bhree perpendieulars are con- 
current [Theorem lV Case IV (2). 


A NOTE ON QUIN-QUI-SECTION С. 1) 


- 4 X ao i-e 
By Se 


СА i Panprr ‘Oupa UrADRYAYA. `. s ==, 
[ Read Jannary 16th, 1990.) 


, The problem of quin-qui-section has been completely solved by’ 
S. W. Burnside-in the Proceedings of the London Mathematical " Boctely, 
1915. There he-has shown that this problém saan on the solntion 
of two Diophantine equations which are as follows :—. - i 

(1) [4p-—1695(A--B)] ВМА — B)* $009 D*) e^ 
(2) [4p—16 —25( A --B)] [A.—B] 4-3(C* --40D— D*) —0. 


He has solved these equations for the primes 11, 31, 41, 61 and 71. and 
has given the values of p, A, B, C апа D in а tabular form. 


«The object of this short note is to solve the same problem for 
the primes 1511, 1531, 1571 and 1601. I have nlsó calculated -the 
quintie ir question with the help of the following. formula given by 
W. Burnside i in he same papiy: — 


n. A 


tnt EY m [ sag 1-1) Gp E Je са 


бант ay. 





E [e em E PE Ав 1 
ас A=B en ]- т" Ld 


In caloulating the _quintic, I a used the above formula and this 
raul is the same as that кчө by №. Buinside- except” Tie ih uthe 


со- айоо at Jh l have used (2: 3 instead of 21" А e I 


thinks isa EE in ат paper. 
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There seems to be another misprit on page 257 in the last line. He 
has wien | 145—16—25(AÀ +В) | hin o SA SIS мр 
Instead of 14, it ought to be 4, 
(1) Oalculation for the prime 1511. 
[4p—16 —25(A 4-B)]* --11295(A — B)? 4+450(C24+D*)=12'p  .... (1) 
[4p—16—25(A --B)][ A— B]--3(0* --40D — D?) —0. we (2) 


In the first equation let us substitute the value of p, supposing that 
А+ B=253, then we get by the first equation . 


[4x 1511—16—25 x 253]* +1195(A—B)* 4-450(0* +D*) 2 144 x 1511, 
or 1125(A—B)* +450(0* +D*)=217584—88209. ,- `` 
Now if A—B=5; ' g^ Еи 
1125 x 5* -p450(C* --D*) —199375. 
s O=l2and D-9, 75 U 
And because A+B=253 and A—B=5, | 
" A=129 and B—1924. 
Га these values іп the second Sas we get 
[4x 1511—16—25 x 253][5] +3112" 4x18 x 9—92)—0.- 
Thug it is clear that these values (A=129, B= 124, 0—12, id 
D —9) satisfy both the equations; Now,. - 


the co-efficient of ae) =~004,, | 

ihe TEN сты КЕТТИ =5621. 

ide ааай of =f (&!+а+в)'-ав- " "лп 
E, constant не; [ski ЕЕ —w 

+h = =А-В)'+{ A- B *g (AC ADI cp 


E 85781, 
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. Ehe quintie is therefore 


1° —5* — 604 y? +5621 у" —411 Tes 0. 


h 


a) The саайан for the prime 1531. | ° 
[4p—16 —25(A +В)]* +1125(A—B)* +405(C?+D*)=12"p ... (1) 
[4p—16 —25(A--B)]A—B]--3(0* —4CD—D*)—0 ... (2) 
In the first equation let us substitute the value of p supposing A+B 
=261, then-we get by the first equation : š 
[4x 1431—16—25 х 961]* +1195(A—B)* +450(0° +D*=144 x 1531, 
‚ог .- > 1125(A—B)* +.450(C? + Da) =46575, 
Now if A—B=1, 
1125(1)* —450(C? + D2) = 46575. 
2 C=10 and D=1. 
Also because ^ A+B=261 and A—B=1, ' i 
г. A=131 апа B—130. 
Substituting these values in the second equation we get : 
d [4x 1531 —16—35 x 261][1] + 3(10* 4 x 10x 1—15).—0. 
Thus it is evident that these values, (A 181, B=180, 0=10 and 
D=1) satisfy both the équations 
The quintie in this case is 


35 +y —612 ^ +8145 4*.— 36595 y+ 48741—0, 


(3) Calculation forthe prime 1671. 
[4p—16—25(A +B) ]* +1125(A — B)* 4- 460(C* — р» —12*p .. (1) 
[4p—16 —25( A -B)][ A — B] -3(0* +460 —D* —0 S (2) 


Let us suppose that A+ B—247, then substituting the values of p and 
A+B in the first equation, we get 


(6284—16—6176) +1125(A—B)? +450(С+ + D*) 226224 
or I195(A —B)* 4+450(C* +D*)=217576 
If A~B=—11, C* +D: 2181—10* +93. 
. 029, D=10. 
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When A+B=247 and А -В= —11, then: it evident, that; Az5118, 
B=129. e 


Hence А. = 118, B=129, C=9 and D=10 is the required solution as 
will be vident by substituting these values in the second equation. 
* Substituting these values in the second equátion, we get, ] -i7 
t£. [4x1071—16—26 x 247] x [—11] E 3(9* +9 x 10.x 4-10") —0. 
¿This it is clear that these values satisfy both the equations. ` 
The required quintic is 7° +! —628 1° —2325 э* +63393 5--27169.—0,. 


(4j. Caleulation-for the prime 1601. 

[4p—16—85(A -B)]* + 1125(A—B,* 4490(0* &D*)-12*g ... (1) 

[4p—16—25(A+B)]|A—B]+3(C* +40D—D:)=0 . . (D 

In the first equation let us substitute-the value of p supposing that 
A+B=265, then we-get by the first equation : 

[4x 1601—16— 25 x 265]* --1125(A —B)* +450(0* -D*) =144 x 1601. 


Now if --- A-—B=6 
1195(5)* 4450.0 +D)= 174375, - 
š hin i . C=18 und D= L ° 
MM. Жш ov y 2 


2. Also because A+B=265 and A— B= 5. 
| ; A= 195 and B= 130. 
Substituting these values in the second equation -we get.: 
[4x 1601—25 x 265—16][5] -3(18* --4& x 18x 112) 0, 
Thus it is clear that these values, (А. =185, B—130, C—18 and D 
zl) satisfy, both the panenan 
Hence the quintic is | | ; ie 


“+ ` 


3* +q" —640 n° Үйү +19475 7 -95561= 0. 
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CYCLOTOMIC HEPTA-SECTION 


r 


BY 


Panvir Oupu Upapayaya 
[Read January 16th, 1921] 


The problem of cyclotomic section has engaged the attention of 
many eminent mathematicians and solution has been obtained by them 
for particular cases, 


"The problem of tri-section and quarti-section was solved by A. 
Cayley. He also attempted the problem of quin-qui-seotion but could 
not complete the solution. Once again, he attempted the same problem 
іп 8 pper published in the Proceedings of the London Mathematical 
Society for 1881. The solution of the problem of quin-qui-section has 
recently be encompleted by W. Burnside in the Proceedings of the London 
Mathematical Society for 1915 and this paper comes to an end with the 
following remarks: “I have carried the case g=7 so far as to assure 
myself that it is nob quite parallel with that of q=5. A set of three 
simultaneous Diophantine relations occur, but they are not sufficient 
to ensure that the equations expressing the producte of A's form a 
consistent поре НОВ table." | 


In view of the last fact, mentioned by W. Винар it is believed 
that the case -of hepta-section, even for particular cases, has not been 
considered by any other previous writer. The object of this paper is 
to consider the problem of hepta-section for the prime-29.. ' 


Let-a be a.special root of 
зв. 1=0, 


then 
а=1 or l+a+-a? +а? at +...a7>=30; 
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Let all the special roots be divided into seven groups by ‚е 
following scheme :— х 


е А=а+азѕ ala a, 
B=a? ra?! +a’ 4-а? !, 
Саз» pai? Lao pat, 
D=? +a?! +a! 447°, 
E-a!5--2!?--a15--a! 1. 
Е==а? +а?% + a? +a??, 

and 

G=a* fats tats part, 


In all the calculations worked out below 1 has been substituted 
for a**. 


It is evident that 
A+B+CO+D+E+F+G=(1+a+a t ta’ +a! ° 


+...+93%8) = —1. 


Now а] Ње roots have been divided into seven groups namely А, 
B, C, D, E, Fand G, and the number of all multiplications of these 
groups taken two ab a time is 21. | 


The value of each multiplication is 
ABzae? aca! pal? фале фазе фало фах азе eati pat +а 

| | -Fa* tatta? фа", 
Aa? a $a"? pg +а? att tae Hat? +039 a1 5 фаз a7 


Fata? patt из", 


etc. 
Summing, we get I 


ХАВ =12(1+0% +a +at -- a^ F a9... --a3*) = —12. 
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The: number of multiplications’ йы three at à time i is dum The 
value of each multiplication is ав follows :— 


“ABO=4-- 0-420" -- 3a? --2a* --2a* --2a* --3a* 4-923 +-2а* 4.942 в» 
| 43a? Фал» 4-8a15 + 241^ 4-201 * 4-321521? Заля 4 Bate 
—Ba*? + 2*5 Зате +-®а*5 дат" дане Вазе дда ан", 
ABD= a+ Ba" + 2a? +2a* 4-а» +3а° + 2a" + даз +9a° +201994110241 
+2413 43a)! +3419 + 2a 4.2017 +9419 +941% + 202° + 2а: 
+203? + За* > 43а? * 4-20 ° + 24% +34? +2078, 
etc. g 
Similarly other expressions can be calculated. 
‚ By aotnal multiplication it is found that 
ZABC=84+77 l +a+a+ast+at+..ats)=7. 
There will be 35 multiplications taken four at a time. 


By“actual multiplication, we can very easily find the value of each 
multiplication and then by addition, we get 


EABOD=308+309(1+a+at+at+at+a+..at8)=—1. 


, Similarly 
XABCDE-728—749(a-F a? -- a? +а* -a* or ...a35) — 4-4, 


and 


XABODEF-— 980-989 (1 4- a - a* -- a3 +а* +a 4-...3135) = —9, 


ABCDEFG —564-- 565(1+a+a?+a°+a'+a'+...a98)=— 


Now with the help of the theorem, given іп Art 23 of the Theory 
of Equations, by W. Burnside and A. W. Panton Vol I. the reqnired 
equation ія found to be 


T Hat —19,5—74* ma 140% 9541-0. 2. (А) 


t 
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, 1Ё p is а prime number and g a factor of p—1, there is an equation 
of degree q with rational co-efficients, each of whose roots is the sum of 


о the primitive pth roots of unity ; no such pth root occurring 
in more than one of the sums. Therefore the equation is an Abelian 
equation with cyclical group. [See Mathew’s Theory of Numbers or 
Smith’s Report on the Theory of Numbers]. Accordingly the equation 
is an Abelian equation and hence it can be solved RA [See 
Netto's Theory of Substitntion]. 


.. BINARY COMMUTATIVE ALGEBRAS 


By 


.. R. VAIDYANATH SWAMI 


Linear Associative Algebras have been extensively studied, both for 
their formal interest and their many and wide applications, specially 
to the theory of Linear Groups and the matric algebra.. But linear 
algebras without the associative property ‘have no such applications 
and are for more difficult to investigate ; and this remains true for the 

most part even if the commutative property be assumed. It would 
seem in fact that the associative property is.& more stringent restriction 
on an algebra than the commütative. Nevertheless the commutative 
algebras have a certain claim to importance as they supply a symbolic 

` calculus for the study ofa class of rational geometric аник, 
For instance a theory of transformations of the type a! : y'—aa* +bay 
oy? : a'e*+b'xy+c'y* may be modelled upon the lines of the theory 
of binary commutative algebras. 


Probably the most striking of the various types of binary commu- 
tative algebras is what I have termed the ‘Normal Algebra’—in 
which в. sort, of quasi-associative relation holds between any four 
elements. This algebra symbolises a type of relations widely prevalent 
in one—dimensional geometric fields—the characteristic example 
being the nodal cubic. The bearing of the algebra—in its multiplica- 
‘tive aspect—on the properties of the nodal cubic was dealt with in two 
papers in the Journal of the Indian Mathematical Society, Vol. IX 
and X. “3 ; 


I. Consider & linear algebra over the field of complex numbers 
defined by the two units e,, е,. A commutative multiplicative operation 
пау, be defined for this algebra Hr assuming кишш See of 
athe form.’ : : - 

=X dir ey; 
L 


8,6, 656, ph gst Malas 


еу? y, Cr ty бу. , 
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‚ The commutative algebra itself may be denoted by the matrix 


Ех. (1). f.(m)A.2,*24,2,9,-»,2,* (r-1,2.) 


Shew that m° e. (we, +2,6,)*=1,(@) e, + f.(e) e,. 


‚ As in the general theory of Linear ‘Algebras (Of. Dickson, Linear 
Algebras) we find that the characteristic determinant of the general 
number (=e, +0,6,) of the algebra is- š 


f o: 


Apt фра ә M Ерата 
-—e!-—oL(z)-4- (ә), 


- Pati уа рау 0 


sot, * 


‘where. L(x) =(А, Hoe ei + (и, +, es 


: рот А, р), + (Ау, Ау)», (ру рау), 2, 


D(x) is the determinant of the number z and one may notice that 
it is also the quadratic apolar to f, (z) and f, (.). 

The condition that there exists a number y to 0 such that ey is 
“seen to be D(z)—0. Hence if z, y be two incongruent solutions of D(x) 
2-0 (i.e. two solutions not merely scalar multiples of one another) it 
follows that ау=0. w and y will be'called nil-factors. 


.- Lia) aud D(s). are absolute covariants of the algebra for linear 
transformation of units (Dickson). Also the identical relation satisfied 


"by any number z is 


a*—35* L(u)+zD(z)=0, (Dickson). 


"Thus a binary commutative algebra is in.general of rank 8. 


` 


Ех, (2). Prove that D(e, »-( Vias *N. & ) D(z) ів an absolnts covariant 


of плу two numbers z, y of the algebra. Establish the identities 
(1) D(e+y)D(a) + 2D (e, y) + D(y) 


(2) D(y) #?—2D (2, y) sy D(s) y=0, 
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Ex. (8) Ifce,z,e, V,y,y, are six numbers of the algebra, then 
io Е Df@usv:) D(is a.) Don vs) ` 
Deny) Dony) Dln y) =0 . ` 
| D(e, v) D(s, ул) Dlæs Ya)! 
Ex (4). By differentiating the identical equation of the algebra, viz., 
w? ~ 2? а) +n D(a) 20, 


show that žeyr— 311) ys + Z2D(uU, 23 ш==0, where wys ure any three numbers 
of the algebra. - Ps : 


Xx.(5). Deduce from the last exercise that 
‚ 2*)* —a* (L(g?) + (ш) ) + 22 D(e*,s) =0 
` Hence the two numbers each of which is congruent with the square of the other 
satisfy the equation L(z3)+D(z)=8. 
' Ex (6). If p, q are the nilfactors of the algebra, q is congruent to ю*-—р(р). 
If a, b are scalara (ар + bg)? = (ap—bg)’. Hence any number of the ‘algebra has 
four square roota which are of the form +ap+O5q. lf a, B are two incangruent 


square roots D(a, 8)=0 and 0(а) + D(8) 20. Generally a number has n? n'* roots 
of which only » are mutually incongruent. 


IL Transformation of Unista. 





e eympye +ps e, А 1 Ps : 
Write ; › M-the matrix , m=determinant 
63 744108, Q8, 91 9» 
рі" рур, Р." 


' of M, M'—the matrix! p,q, piqa pag, psg. |, рз and qs being 
scalars. 
q? 29195 qs" 


We have from the multiplication table of the algebra, 











e," í As 1 As ; 
еу ; в, 
6,83 хш, Ha =l, PM | : 
A в. i 3 
e Vr Val YQ Уу 


But e, =p, e, *-F2p,p ee, E p,76,?*, etc. 
e,* | pit ` "AL À, Às 


Hence  je,e? =м' 36, | во that l,e, | —M'^ |р, pM 
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Thus if T is the matrix of the original algebra with units e,e,, the 
matrix of the transformed algebra with units, е',е', would be M'-: 
TM. It is not difficult to verify from this formula the absolute 
covarianee of (2) and D(z). 


The complete irreducible system of covartants of the algebra. 


We must now introduce a very important covariant f of the algebra 
defined by | i 


fa) uf, (2) rfi (о) ZÀ, OI, А), 
TG, —2p,)s,2,* —v,2,?. 


That f(s) is a covariant of the algebra might be inferred directly 
from the fact that 2* is congruent with » whenever f(e)=0 ; or it 
might be verified directly from the formula for transformation of units 
that f (2, M, ш, v')zmf (e, А, р v). Since foe) and LCs) are both. 
linear in the constants of the algebra aud since they together possess 
six co-efficients, it follows that the covariants f and L being known the 
algebra is determined uniquely, "We proceed to shew that every 
covariant of the algebra is а covariant of f and L regarded as binary. 
forms. 


Theorem. If Ф( е) be a covariant of the binary algebra A, then any 
covariant of (r) regarded as а binary form in z, z, is also a covariaht 
of A. 


Proof. Let ф (s) be a covariant of weight t of A and y(x») bea 
covariant of weight w of the binary form $, degree r in the co-efficients 
of $. Let с stand for the constants of the algebra. 


We have (a, c!)=m'¢ (e, c) -m'o, (4, c) (say). 


Now when the units are transformed by.a matrix of determinant 
m, #,, €, would be transformed by the conjugate inverse matrix of 
determinant m-'. By this transformation of £, v,, d (2, с), is transformed 
into ф, (а, o) =m ‘g(a’, c). The new function i corresponding to the 
transformed form is therefore m-''y (6, с). -Since у’ is a covariant 
of weight то we must have 


m^" y (ul, c ) m^ "ye, c). 
"Thus y is a covariant of A of weight 51—10. 


More generally, if $,, $,,...are covariants of weights /,,£, ..of A and 
y is a covariant of the binary forms ¢,, $,,.. of weight w aud degree 
r, in the co-efficients фу, then № is a covariant of A of weight Xrt—ww. 
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Ex. (7). The hessian off, the cubicovariant of f and the Jacobian of f and L are 
absolute covarianta of the algebra. 


For the hessian r=2, t=1, 0 =2, 
For the cubicovriant 7:3, £21, 0-3, 
For the Jacobian r=r, =1, Ё, =1, ¢,=0, w=1. 

Thus every covariant of f and L is а covariant of the algebra. Since 
fand L determine the algebra completely, it follows conversely that 
every covariant of the algebra is & covariant of f and L. The irreducible 
system of covariants of the algebra is therefore the same as the 


irreducible system of f and Li and consists of the following 13 forms: 
(Vide Grace and Young, Algebra of Invariants, page 160). 


WeightO (1) D (2) H=(f, f)? (3) J=(, L) (4) f (f, Н). 
Weight 1 (5) f 
Weight—1 (6) J’=(f, L) (7) L,=(f, L3)* (8) L, x (H, L) 
Weight—2 (9) Ш, —(f, L*)* (10) A=(H, H)’ (11) A, 

| =(H, L")? (12) A,=(/, b) 
Weight—3 (18) A,—(f', L*)*. 


It will be noticed that the ratios A: A,: A, are absolute 
invatiants of the algebra. Я 
Ех. (8) Shew that 0(2) = 418+ H—4 J 
Ца?) = $19 +J 
D(t, 2) =a L? +4 f ++ HL. 
Ех. (9). Shew that (J,J)* = A, (g, L*)* = A,. Hence shew that the discri- 
A.A. 


: 4 
i 3 25.851 _ 
minant (D,D)? of D is 4 ME 27 As 


1 For the general determination of the irreducible system we may take f=Ao,* 
+yz”, L=a,+be,. We then have н 


(2 H=2Ap m zy (9) L/,-2Ag (bàm, =atam,). 
(8) JeAbz,*—pa2,? (10) Дд=—2А*д* 
(4) f-Au (Аа, ае) (11) «A; Зла 
(8) 27-р (Abm, + paz?) (18) A,-Ab —pet 
° (D) Lebe, tatum, (18) As QD? +a?) 


(8) 1,= Аһ (ao, —b2,) š i D. ИС 
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Ex. (10). -By..defnition A, is the resultant of f and L-and A, off” and Ise., 
As=0 is the condition that the roots of the quartic fL may form а harmonic 
range. Also A, is the reaulihnt of Н and Lie, 4,=0 is the condition of self- 
apelarity of the quartic fL. Hence the absolute invariant of the’ quartic fL may 
be taken 42. | E ОСЕ I 

А,* 1 : 

Ex. (11). Shew that A, is айк the-determinant of the three quadratics L*, H 
andJ. Hence A,-0 is.the condition that there may exist a linear relation between 
L*,H and J. r ` LUE Tt ИС: 


Ex. (12) ` Establish-the sysygy-A,L+ AiL, ~ Ab; 0, 
Hx. (13). Also the syzygy 2A," + A? * A As? 0. 
Equivalance-of tioo algebras А, A! under transformation of units. -- 


A mecessary-coudition of-the.transformability of the algebra À into 
the algebra A’ is obviously the equality of the absolute invariants, viz,, 


-AiAy.: ASTA : АМ 


We shall'shéw that this condition is certainly šuffioient if none of 
the above invariants vanish. gu 

Denote covariants of A’ by dashes. It follows immediately from 
Ех. (10) and Ex. (13) that the absolute invariants of the quartics fL 
and f. L' are equal. --Hence when A, A,, A, do. not vanish’ for either 
algebra, there exists certainly a transformation M of determinant m :of 
е, ta which transforms L to L/ iai to kf (say). 


Now k* A'zzdiseriminant of km A, 
ЕЗ A‘, —invariant- -corresponding. to A ,-of ЕР and L'2m* ^ 
kA' m 32 5 35 V » As ED ” —miAs 


Hence zd = LA во that k=m. 
m* m 


Thus M transforma L into y and f into nf 


Now if we transform the units of A by the conjugate of the‘ inverse 
of М, x,, 7, will. be-transformed by M. Since it-has been shewn that 
M. transforms L, f. into L,, mf it follows that the transformation of 
unite transforms the algebra А! четегшцей by r and ros 


Qor. The proof of the theorem tarnis upon the fact that k=m which 


Ж I ` 
could be deduced from the single equation' a= A WU 


+ -m? -- 
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Hence the theorem remains trae}even when A vanishes for both: 
. the algebras "provided the „other two invariants do not vanish and 
É AA EAL A's. ES | 


a ` 
Puto п . 


If one of the invariants A, A4, A, other than A vanishes «for both 
algebras, they are not necessarily equivalent. A fortior the sumo 
: iagi is и Н more than one of the invariants ташар. 


ш. жон of ihe algebra- С. e sie 
(a) Semi-units... . ^.  .. = , 


The semi-units are the numbers which are equal to their own 
“squares, From Ех. (1) and the definition of the covariant f it follows 
that the semi-units satisfy the scalar equation (=) =0:` There are 
' therefore not more than three semi-unita and in general there are three. 
-The exception arises when D(4) is à perfect square so that the nil- 
factors coalesce into a single nil-potent number £ satisfying the equation 
1% =0. It is obvious that the number £ also satisfies f(,)=0 and will 
. therefore account for one or more of the roots of f(s). Thus there will 
: no longer be three semi-units, one or more of them being. absorbed by t ° 
The number ¢ itself is not 8 semi-unit but the number pt where p is an 
infinite scalar, my be considered to be a semi-unit, 


Ts. nilpotent КУ Е ‘t may, be alla аа improper semi- -untt thus 
permitting us to say, that -there . , always , exist three semi-units either 
proper or improper. 


Ex. (14). It appears form the. abovo that the covarianie f aud D are so 
related, that whenever D has a repeated root, this repeated root is m root of f. 
Hence the resultant R off and D contains the discriminant of D as a factor... Bince 
В should be of the 8th degree in the ‘constants of the algebra, the other factor should 
be a linear function of A, A, A, with numerical co-efficients! ‘To obtain this 
latter, „же consider an algebra for which. D is not & square but has в factor in com- 
mon with $ в. " Ше algebra I 


=A,6,, 6 670, s my, traa 


2d d А $ бз. шуа. 
We fnd sedi that na Lern T ETE (27 A 9A 2A.) the - first-factor 
representing the digoriminant of D (mx. (9))- ë 


In the following a, B, y, are gspposel.do do proper semi-units. · 
Ex. (15) L(a)-D(s)-1. This follows from the identiéal equation, “` 
- B; (16) Be: per For (8+ 7) и 


'u Кре 


` sida) =a 
- Bat it. oy~e;tian from: the: identical. шайын y= 326) `. 


о 
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Hence using previous exercise and Ex. (2) we find 
(8 +у) (1 -2D (8, у)) +287 (2D (8, y) - 1) -0 
oy (8—5)? (1 -2D (В, y) =0, so that D(B, y) =}. 
' Ex. (17) меер, +, 


Еу. (18) From Ex, (8) we have 2D(a)=4D(a) D(a) D(y) +1. 


Bx. (19) Let aa +bB+cy=0 be the linear relation between the semi-units. 
Squaring we have Хаа (a+ 2b D(8) + 2c D(y))=0: 


a b "c 
i-2D(a) 13150) 1-2D(y) ` 
Honce we have identically Z(1—2 D(8)) (1—2 р(у))а=0. 


so that 


Ex.(20) То investigate the conditions under which the algebra has a principal unit. 

If a be the principal unit, then а must be опе of the semi-units. Also a can not 

be a nilfaotor so that, D(a) +0. If 8, у be other semi-nnits, we have from Ex. (17) 
aB= f= a D(B)- 8 D(a). 


fe, 


Hence 0(8) and D(y) are zero, so that 8, y are the nilfactors “and 
D(a)=1* 


From D(a)=1 it follows a£, афу ; for ifa=B, D(a) would be + 
(Ex. 16). We have thus the necessary cdnditioris By=0, a£, азу. 
These conditions are also sufficient for if B=:y, Ex. (18) shewg that 
D(a) =1, from which we find a8=8, ауу shewing that а is a principal 
unit, The same thing is true by continuity when B—y. 


Ex. (21) In the previous exercise, shew that (1) a=8 +y, (2) L(8) - L(y)--1. 
Hence L(8—vy)=0, во that for an algebra with а principal unit fL із harmonic and 
` therefore “A,=0. Hence by Ex. (12) A,L,=A,L,. Shew that the prinaipal 
unii whenever it exists satisfies the equations L,(a)=L,(a)=0. 


(b) The Normat number. 


А ара» в for which L(e)= 0 will be called a normal number. 
Obviously all the numbers e are congruent to any one of them. 


Hx. (22) Ifa, b are any two numbers of the algebra, L(b) a—L(a) b is a normal 
number, The normal number e satisfies the equation 
` aa -D(9v. 
Ex. (23) в. m= -D(9a. This is seen by taking s—pe-qge* where р, q nre 
scalars and using last exercise. 
* The theorem D(a)=1 for в principal unit may be generalised :—The right- 
hand and left-hand determinants of the principal unit of any n—ary linear algebra 


are each equal to unity ~neither the associative nor the commutative property „рейд 
авашћей (Vide Dickson). ` 
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A E = —ea: ` К 2 бр 
ине the solamen of ena is s= Da) | 


(c) Higher Semi-unite, > - 


° 

Generally a number Е of the algebra equal to E*+1 may be termed 
8 semi-unit of order n. Thus what we have already termed semi-units 
would be semi-units of order 1, while the normal number would be а 
*'number congruent-to the semi-units of order 2. Writing E=E,e, --E,e, 
and E**t'—f, (E,, E,)e, +/,(Е,, E,)e, where f,f, are of order n+1, 
it is apparent that these are n+2 incongruent semi-units of order n. 
Nowa semi-unit of order n» is also a semi-unit of orders 2n, 8%... 
Hence if we term ‘special semi-units of order n, those semi-unita 
which are not at the same time semi-units of lower order, it would 
obviously follow that the number of special incongruent semi-units of . 
_ order n( >1) is equal to the number of numbers <n and prime to it. 


s 


It is also easy to prove that, if E be а semi-unit of order n, then 
E,(e)—. where E,(z)—E:;, E, (а) = E. E,.,(z) It will be noticed 
‘that, the equations that give the special semi-units may be obtained 
from the identical equation and therefore depend only on L and D. 


| IY. Special Algebras . for which one of the. covarsanis f, D, L, vanishes 
‘ identically. 


(1) pagus Algebras. 


These are the algebras for which all the three covariants vanish. 
This happens either when f=0, 050, or when f=0, L=0. All the 
‘constants of a singular algebra vanish. . Hence the product of any two 
numbers is zero, во, that multiplication in. а. sigular algebra is not a 
significant operation. These algebras may accordingly bo dismissed 
with the remark that they are of rank 2 ( ^ «*=0). 


(2) Nilpotent algebras оў rank 3. 

4, _ For these algebras f#-0, D=0, L=0. The identical relation becomes 
252—0, во that every member is nilpotent of rank .3. Since L==0, D= 
+H (Ex. 8), hence H==0 so that f is a perfect cube, say p,*. D, though 
identically zero, should, since it=#H, be considered as factorisable into 

5:5 p, and an arbitary vanishing linear form.- Hence if в is the (improper) 
semi-unit ех апу number =0. Hence the algebra may be taken in the 

E form 619616, =0, 64 3 461, (в, =e). nu t 

!"' All the invariantss of a nilpotent algebra vanish. It is also seen 

=- hat à nilpotént commutative algebra is necessarily associative. 


. ` 
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(8) Unstary Algebras, е 


These are the algebras for. which $50; 10, DHO. For a a unitary 
algebra. Dz$ L°? (Ex.8). Hence the square of. the. normal number 


is zero. 


` Since f is zero identically there are an infinite number of semi-unite. 
Now if z is a semi-unit of the algebra D(4) —D(e, r)=+?, (Ex. 16) ; 
hence L(z)-$, (Ex: 16). Hence uny-number e such that-L(e)=% is a 


semi-anit, t. b.s if z be any number: whatsoever, "s 3) is a- semi-unit. 


Thus the identical equation fo ‘the unitary кше: is g*— D. 


A unitary algebra i is therefore of rank 2. 
Kx. (24) All the iivasinots of a laggy algebra vanish. и, T be: any two 
number of. the algebra. Say sL(y) *y L(») and if в be the normal number Зет 
zxel(z). I 
^ Ex.(25) A unitary algebra may be reduced to the form 
: ®=0,е DUREE 
In connection with: the-form- of-the identical equation- of a unitary 
algebra, it will be-noticed that 2? — 20) x 1В в factor.of c3 —2* L(z) 
-i(L(z))* х, where z is regarded as а scalar. This verifies a general 
theorem (Vide Dickson) in Linear Algebras to the effect that the. rank 


'or identical equation is obtained by equating to zero one d the factors 
“of the characteristic function. ` I 
(4) Null Algebras. | D=0, 0, L40. | 
Since D=linear function of L*, H ‘апа J=0, A,=0 (Ех. 11), we 
notice that f ‘can not be a perfect cube ; for then Н would be zero and 
J therefore a multiple'óf L*. Hence f’ would: be divisible by/Li* ‘and 
therefore since it is a cube, by 1°.. J and therefore L would then 
vanish. { | i B Dos 
. ` Since PVT fii is hatmonio; Hence if f has в repeated factor the 
repeated factor must be-L. | ЭС "me et 
- From D(a) =0; Ех. (Sy gives: (nta (a). 
` Tn other words, the square . of any number z' (and т. also the 
product of any two numbers) is congruent to a semi-unit—say e— which 
by continuity is the same for all numbers z; ‘If Ad, "the squares of 


each 'of:the other semi-units which are distinct from e and from each 
other, should-be-congruent- with .e.and:also with-themselves.' Hence 
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_ these squares must vanish shewing that the other semi-units are impro- 
per. It is obvious further that if е be the normal number „вв '=0.. If A 

` =0, either the ` improper semi-units 6,6, may coalesce or оце of them 
may coalesce with e. In the former case e remains а proper semi-unit 
and the normal number `ів the ‘repeated improper semi-unit. In the 
latter case e is an improper semi-unit and also the normal number. 


This investigation shews that in a Null Algebra D(4) though identi- 
cally vanishing should be regarded as remaining apolar to а fixed 
quadratic factor of f, the number e being the semi-unit нир 
to the remaining factor.  '- x š 


Ex. (20) For а null algebra with .vanishing A all: the-invariante vanish. If 
A30, A: A,: A, 8:18:27. The second part may be obtained from any two of 
the equations (D, D)?=0, (D, L*)* —Q; (D, H)*=0, (D, J)?=0. 
of Ex. (27) A null algebra can be reduced to one of the following ‘forms : 


4 
a 


(1) e,?26,1-0, e,es=6, +6, (A 0) * : ; 
(3) &,*ee, e, -0;e. oe, (A=0) 
(8) ¢,4=€,°=0, 66,76 (A 0). 

(9) Normal Algebras. L=0, f4-0, DPA 


Here every number is a normal number. Since L=0, D=} H. 
From Ex. (6) we find that each nil-factor is congruent to the square of 
fhe other. If A=0 there exist three proper semi'units, If A=0, H 
and .. D is a factor of f and there.is only one , proper, semi-unit. f can 


not be a perfect cube for then D—0. 
fe RD 
I£ r, y, £y are “proper semi- -units, » Ded ; Hence wy 4-20, 
g-yy-se,scuiy. - а Š + ' ; 


з , Since every, number. is normal q.ab=—D(a) b for any ‘two numbers 
а, b. "Hence the solution of aw=e e = a) . If e іва nilfactor, z 
must be congruent to the other nilfactor, for e.ea=—D(e) a—0. Hence 
az can be а nilfaotor only when either a or т 18.8 nilfactor ; in other 
words D(az)=0 when and only when either D(a)-or D(.)—0. Since 
D(a.) is absolute covariant quadratic in (a,, а) and (гы) we must 


_ have identically D(az) ==KD(a) D(4) where Ki is numerical. By taking 
` G, z to be semi- -units we reach the theorem. . 


7 а, ж be any two number of a normal agains PGT sebo) Ce 
`, Ex. (28) Ву diffórentintioñ deduco 


D (as, by)4D (av, ъа) — 9D (a, b) D (>, y). 
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Putting а=, b=y, we get D (2%, y?) —D (а) D (y) —[D (а, y)]*-- 
Ex, (29) By differentiating the identical equation, shew 
` (1) sy=D (у) 2—2y D (e, y). 
(2) s ay— y. aw= 2[D (a, y) 2—D (a, e) у]. 
The Quasi- Associative Property. 
Squaring both sides of the identity z*D(y)--y* D(z)=2 (а, y) ay, 
тө have 4[D( r, y)]* (zy)*=(s*)* D, * - (y*)* D, * -2,*y*D,D,. 
—— (2*)* D(y*)—(y*)* D(a*)--2s*y* D(x) D(y). 
—2 a*y* (D, D,—D(«*, y*)) 
=—A[D(z, y)]* a*y* (Ex. 26). 
Hence (z у)* = а?у". ЫР ux T e (D 
Now multiplying the identities 
2D(e, y) zy=2* D(y)--y* D(a) 
2D(a, 5) aba* D) +b" D(a). 


We have 4abzy D(a, b) D(z, y) za? 2*D,D, +a D,D, 4-b32* D.D, 
4 by DD. 
Hence unsing Ex. (26) and result (1) above, we have | | 
—3abxy (D(ae, by) + D(ay, bx) --D(ab, zy)-ZXa* c° D,D. 
Thus ab, cy is а symmetric function of a, b, æ, y ; во that 
| ab. sy=az.by=ay.be | 


Ех. (80). Prove that the quasi-associative property may be stated thus: Let 
ibexw be a successive product, multiplication beginning from the right, the multiplier 
it each stage being a single symbol. Then abew=cbaz. 


More generally the value of the successive product a,¢,., ..2,2,0 їз not altered 
f we permute anong themselves the numbers (ша үп, ..) or the numbers (ааа, ). 


Ех. (81) Express the product of two successive products пя a successive product.* 
5 i 


Ex. (32). Prove from Hx. (28) that abczz2As where A is а number of the algebra 
aot depending on z but only on a, b,c. Extend the theorem to the case when there 
ig any odd number of successive multipliers, i 


* For theorems on successive products and other developments see the author's 
paper ‘Properties of Equations in the Algebra of the Nodal cubic’ Journal of the 
Indian Mathematical Society. Vol. X, No. 4, 
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Ex. (38). All the invariants of в normal algebra vanish, Prove that в normal 
algebra ean be reduced to one of the forms ' 
" " 4 


(1) в12=6,,6,25=61, 0,0; 70, 


i H 
(3) ¢,%=e,, 6,7=0, e,0, 7 —е,. 


V. Algebras of rank 2. 


By the general theorem, referred to already, the possible identical 
equations defining an algebra of rank 2, must arise from the factors 
of the expression 2% — o (х) +e D(e), where æ is regarded momentarily 
as a scalar. The possible rational factors of the second degree of this 
expression are obtained : (1). . By removing the factor v. But the only 
case in which the remaining factor can lead to an identical equation 
is when as=ec where є is a definite number of the algebra. We are 
thus led to the algebra with a principal unit—which is obviously of 
rank 2. (2) When there is no number e, the above factorisation does 
not lead to an identical equation and we must then combine œ with one 
of the factors of z*—. L(e)+D(2), these factors being supposed 
rational in #,, z, and the constanta of the algebra. The condition for the 
existence of such factors is that L*—4D should be the square of a 
rationf#l function which has obviously to be an absolute linear, 
covariant; this shews that D should be a multiple of L? and the 
identical equation should therefore be of the form 2? —KL(x) =, (where 
К is а scalar) possibly degenerating into x*=0: For the first form, 
every number is а semi-unit, so that f=0, leading to а unitary algebra 
which was already shewn to “be of rank 2 with the identical equation 

*==4L (0) а; the second form leads to the singular algebra. Hence 
the only algebras of rank 2 ure the algebras with a principal unit, the 
unitary algebras and the singlar algebra. ` 


Bx. (84). A,=0 for an algebra of rank 2. 


VI. Algebras unth a . unit. 


‚ It.was shewn that AD for algebras with a principal unit, and 
that the principal unit satisfies the equation L,(a)=L,(c)=0. We 
proceed to determine: the absolute invariants. of these algebras. à 


When A,=0, L, is a factor of f, for (f, D,*) — —$ AA, ; and 
D is apolar to LU,, for L* and H are always apolar to LL, and when 
А»==0, Ð can be expressed as a-linear combination of L* and H. . 
Hence. the conditions already-obtained for an algebra with a principal . 


^ 
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unit are analytically equivalent to the following :— 
` 0) A.=0, 
(2) ` R=0 where R is the resultant of f and D, 
(8) (D,L,*)! A, FA Ai FA A T0. 


From (1) and the syzygy of Ex, (13), we have A,?+ AA,"=0. 
Solving this equation in combination with 


R=(27A+36A,+16A,) (27A+9A,+2A,)=0, 
we obtain fhree sets of values . 


A:A A=- 8:18:27, 


1:—9:27. 


of these the first two values do not and the last does satisfy 
condition (3). Hence for an algebra with-a principal unit A: 67: A, 
z1:—9:27. 


Kx. (35). “For an algebra with a principal unit prove the identity 


pu,= (42 -2 s 


Ex.(30) Shew that there are, two non-equivalent types of algebras witha 
principal unit according as A 0r #0, In the latter case the algebra can be 
reduced to e,* —e,, 0,*—6,, 6,€, — 0 and in the former, to e,*=0, e,0, 2 6,, e,* —e,. 


VII. Associative Algebras. 


It is easy to see that (1?)*=.* is necessary as well as sufficient 
condition that a binary commutative algebra be in addition associative. 
Using Ex. (5) ‘and s*—a? L(z)—5* D(r)=r° ((L(*7)*—D(r)) 
—129 (ж) L(s), this reduces to L(z*5 --D(2) -(L(4))* —D(z), 
2D(s*, à) 2D(v) L(x), 


` 


Hence using Ex. (8), we find 2D=+L*—J or + L*-+H++ J=0. 
Hence A,=0 and A,+4A,=0, so that we obtain AiAi Al: 
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—9:27. Hence unless all the invariants vanish, the algebra has a principal 

‘unit. Now when the invariants vanish in the ratio 1:—9:27 and L 
0, the resulting algebra has still a principal unit being in fact the 
first of the two types considered in Ex. (34). If however Ls, it 
immediately results that D and H are each zero and therefore f is 
either a. vanishig or non-vanishing perfect cube. The algebra loses 
its character of possessing a principal unit and becomes nilpotent of 
rank 2 or 3. Thus the only binary commutative aossociaitve algebras are 
the two types of algebras with a principal untt and the nilpotent algebras 
of rank 2 or 3. 


We might have also obtained the result by using the theorem that 
an associative algebra has a principal unit unless the characteristic 
determinant is identically zero (Dickson, Linear Algebras). 


Hx. (37) Investigate the number of non-equivalent types of algebras for which 
All the invariants vanish. 


VIII. Primitive Algebras. 


These are the algebras which possess an infinity of pairs of numbers 
each of which is the square of the other. 


For a primitive algebra (17)? is identically congruent toz, so that 
L(s3)'-D(z)ex0 ог 16L*--9H.--12J—0. Hence A,=0 -and A:A,: 
A=- : 4:—3. Substituting these values in the discriminant of D, 

\ š E ` x zs 
' we find that D is а perfect square. It is obvious that D cannot be 
шене zero. 


Atherwise—the pairs of numbers each of which is the square of 
the other must be connected by an involuteric relation the self-corres- 
ponding numbers of which must be two distinct proper semi-units 
61,6, Вау. If the third semi-unit be e, —Ae, +pe,, then since A,=0, 
he, —pe, must be the normal number. From L(z*)--D(z)—0, it 
follows that the square root of the normal number must be a nilfactor 

_ which: must Ье‘ а repeated nilfactor—since obviously any number of a 
primitive algebra‘ has only two,square roots which are mutually 
congruent. Thus D is a perfect square and the corresponding nil- 
potent number is the third semi-unit e,. The algebra may thus be 
reduced to.the from : 


6,7 =e, 6,0424 (в, +e; -63° —6,. 
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Их. (88). Investigate the most genaral algebra in which any number has only 
two square roots which of courge are mutully congruent, 


Hix, (89) Investigate the general algebra for which the” nd of any two 
пиш ув are congruent. 


Ех. (40). Prove that а primitive algebra can be reduced to the from eta e, 
301, 8504 74,6; + 6, (piis =1) 


Hx. (41). Fera primitive algebra though D isa perfect square yet /D is not в 
rational covariant, Shew in faot 


4L,?+3AD=0. 


IX. Algebras for which A ,=0. 


It will not have escaped notice, that A, was zero, for all the special 
algebras we have so far considered. Hence the algebras for which 
A,=0 would form an exceptionally important sub-class of commutative 
algebras in general. In what follows we exclude the cases in which any 
of the covariants f, D, L vanishes identically. 


(1). fL isa perfect fourth power. In this case all the invariants 
vanish and the algebra reduces to e, * —0, e,6, —6,, e,* =e, +26,. 


. (2). f ів a perfect cube and L nota factor of L. Here fll the 
invariants except A, vanish. The algebra may be reduced to 


3 — з — = 
632632 —e,, 2e,e, =e,. 


This algebra will be called the inflexion algebra (see next para). 


(3). f has a squared factor which since A,=0 must be Т”. All 
the invariants vanish. D is a multiple of L°? and the algebra reduces to 


e,7=e,, e, * —Ü, e,e, =k e,. 


when k=1, this algebra has a principal unit. The absolute invariants 
of the algebra.are finite, being rational functions of k 


(4). f has no repeated root. Of the three semi-nnits, one is special 
in that it is associated with L in the harmonic range formed by the 
roots of fL; and this special.semi-unit satisfies the equation L,, (z)=0. 
Also from /&, =0 it follows that D is apolar to LL, ; hence both the 
nonspecial semi-units are proper. The algebra may be reduced to. 


*— ad — 
6192261) 64 204, 0, 637p (86,7 0,)- 
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The absolute invariants are rational functions of p. Thus 
AAA mE (8р1): (a+ D* (ди—1)*:—9(Фа—1) (a1). 


Ex. (42). Investigate the algebra which containsa number which Ее Ру 
congruent to itaelf after being multiplied by any other number of the algebra. | 

Ex. (48). Investigate the algebra which contains & number a such that az is 
always congruent to >. 


X. Geometrical Representation. 


The intrinsic or invariant properties of a binary commutative 
algebra are completely determined from the ratios A:A,:A, provided 
Ai; A,#0. Thus each algebra or rather algebra-type for which 
Ал, Ag #0, may be put in reversible one—to—one correspondance with 
' the point in two-dimensional space whose homogenous coordinates are 
A, Ау, Ay. ЕД, or A, vanishes, it is still true that only one point 
corresponds to the algebra-type, though the same point corresponds to 
more than one type. The algebras for which all the invariants vanish 
are excluded from this correspondence. The algebras for which 
A;=0, would be represented by points on the cusped cubic A,? 
+AA,?=0. The cusp A represents the normal algebra, the point 
of inflexion A, represents the inflexion-algebra, vtz., the algebra (2) IX. 


Vonsider now the factors of the resultant of D f. The factor 27A 
+36A,—16A, which is the disoriminent of D corresponds {ов 
- straight line PQ and the other factor 27A+9A,+2A, to another 
straight line PR. P is the point (—8, 18, 27) and therefore lies on the 
cusped cubic and is in fact the representative point of the null algebra. 
, Tt is further verified that PQ is the tangent to the cubic at P and PR is 
the tangent at R. It is also verified that Q corresponds to the 
primitive algebra and В to the algebra with a principal unit. 


Ex. (44). Examine how far an algebra-type is determincd by a given identical 
equation. 


Giving the identical equation is tantamount to giving D and:Le Hence writing 


A= (D, р), p — (D, L3)*, 


x AS — (0) 


_l 1 = 
мшш Ac Ata Ay 3g 


plas о ^ © 
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Hence (4+ +4320 -a(S -55) =0. 





Thus the representative point of the algebra-type traces & straight 
line pasłing through the intersection of (1) and (2), i.e., passing through 
P the representative point of null algebras. 
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Notes AND NEWS 


1 
` 


The following lines from the inaugural lecture delivered by Prof. 
G. H. Hardy before the University of Oxford on* some famous 
problems of the theory of numbers and in particular Waring’ s problem 
will be read with interest :—“ If I am asked to oxplain’ how, and why 
the solution of the problems which occupy the best ehergies of my 
life is of ‘importance in the general life of the commanity, I must 
decline the unequal contest....I suppose that every mathematician is 
sometimes depressed, as certainly I often am ‘myself, Ьу, з feeling 
of helplessness and futility. I do not profess to have any very 
satisfactory consolation to offer. It is possible that the life of a 
mathematician is one which no perfectly reasonable man would elect 
to live. There are, however one or two reflections from which I have 
sometimes found it possible to extract & certain amoünt of comfort. 
In the first place, the study of mathematics is, if an “unprofitable, в 
perfectly harmless and innocent occupation, and we' have learnt that 
it is something to be able to say that at any rate we do no harm. 
Secondly the seale of the universe is large, and, if we are wasting 
our time, the waste of the lives of a few University dons is no such 
overwhelming catastrophe.. Thirdly, what we do may be small, but 
it has a certain character of permanence ; and.to have produced any 
thing’ of the slightest permanent interest, whether it be a copy of 
verses or & geometrical theorem, is to have doné something utterly 
beyond the powers of the vast majority of men. And, finally, the 
history of our subject does seem to show conclusively that it is 
no such mean study after all. The mathematicians of the past have 
not been neglected or despised ; they. have been jewarded ina manner 
indigcriminating perhaps, hit certainly not ungenerous.” Indians 
born of a race of philosophers will perhaps add another clause to these 
arguments ard: it Js' this that -the solufion of an absorbing 
mathematical problem is perhaps the easiest proces: of attaining, that 
mental Samadhi which has ‚ been declared to be the aim of life and 
that it is a Joy by itself. 
. The issue of the Proceedings of t the ee Mathematical NO 
Vol. 19, Part 6, contains an obituary, notice of the Indian 
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mathematieian Mr. S. Ramanujan, F.R.S., by Prof., G. H. Hardy 
and. perhaps по one else is in a better position to tell the story of 
Ramamujan’s life than Prof. Hardy. “I have often been asked,” 
writes Prof. Hardy, “whether, Ramanujan had any special secret, 
whether his method differed in kind. from those of other mathematici- 
ans, whether there was anything really abnormal in his mode of 
thought. I cannot answer these questions with any confidence or 
conviction ; but I do not believe it. My belief is that all mathema- 
tieians think, at bottom in the same kind of way, and that Ramanujan 
was no exception. Не had, of course, an extraordinary memory. Не 
could remember the idiosyncrasies of numbers in an almost uncanny 
way. It was Mr. Littlewood who remarked that every positive integer 
was one of his personal friends...It was his insight into algebraical 
formulae, transformations of infinite series, and so forth, that was 
most amazing. On this side most certainly I have never met his 
equal, and I can compare him only with Euler and Jacobi. He 
worked, far more than the majority of modern mathematicians, by 
induction from numerical examples ; all of his congruence properties 
of partitions were discovered in this way. Bet with his memory, his | 
patience, and his power of calculation, he combined a power of 
generalisation, a feeling for from, and a capacity for rapid modi fication 
of his hypotheses, that was often really startling, and made him, in 
his own peculiar field, without a rival in his day." 


The issue of Mathematische Zettschrift, Vol. 9, nos. 1-9 contains‘ 
an article оп ^ Congruence properties of partitions " by Ramanujan. 
This is extraeted by G. H. Hardy from one of the author's manus- 
eripts which “© contains a large number of further results. Itis very 
ineomplete,. and will require very careful editing before it can be 
published in full I have taken from it," Hardy writes, * the three 
simplest and most striking results as а short but charaeteristie 
example of the work of а man who was beyond question one of the 
most remarkable mathematicians of his time." 


The following advanced courses in Mathematics are offered аб the 
Calcutta University during the academic year 1921-1922 : 

Pure Mathematics : Mr. S. C. Dhar: Higher Algebra and Plane 
Trigonometry ; Mr. S.M. Gangooly : Higher Plane Curves ; Dr. Н! 
Bagchi : Differential Geometry ; Mr. M. Gupta: Integral Caleulus ; 
Mr. N. K. Majumdar : Differential Equations; Mr. S. Ghosh: 
Differential Calculus ; Mr. M. Ghosh : Spherical-Trigonometry:; Mr. 
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I. B. Brahmaehary : Theory of Equations and Algebra of Quanties ; 
Mr. H. P. Banerjee: Solid Geometry and Caleulus of Variations ; 
Dr. S. D. Mookerjee, and Mr. Gupta : Functions of Real V атаб ; 
Mr. S. Gaugooly and Mr. Н. P. Banerjee : F'unetions of Complex 
variable ; Mr. I. B. Brahmachari and Mr. S.C. Bose: Projective- 
Geometry ; Dr. S. D. Mookerjee and Mr. S. Gangooly: Non- 
Euclidean Geometry ; Dr. S, D. Mookerjee and Mr. N. К. Majumdar: 
Theory of Groups; Mr. N. K. Majumdar and Mr. S. C. Dhar: 
Finite Differences ; Dr. H. Bagchi and Mr. S. C. Ghosh : Quaternions ; 
Mr. H. P. Banerjee and Mr. M. Gupta : Theory of Numbers. 


Applied Mathematics : Mr. S. P. Das: Statics ; Mr. K. M. 
Khastgir : Dynamies of a Particle ; Mr. N. R. Sen: Rigid Dynamies ; 
Mr. B. C. Das : Spherical Astronomy ; Mr. N. N. Sen : Hydrostaties 
and Hydrodynamics : Dr. S. К. Banerjee: Attraction and Potential ; 
Dr. D. N. Mallik : Higher Parts of Spherieal Astronomy ; Mr. B. B. 
Datta: Lunar and Planetary Theories ; Dr. S. K. Banerjee : Theory 
of Elasticity; Mr. S. C. Kar: Advanced Dynamices; Mr. B. B. 
Datta : Figure of the Earth : Mr. N. R. Sen : Theory of the Tides. 
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GRAPHIC SOLUTION OF SPHERICAL TRIANGLES — 
APPLICATIONS: TO ^ ASTRONOMY. 


BY 
G. H. Bnvax, ScD., 
President of the Institute Aeronautical Engineers. 
[Read August 14th, 1921.) : 


The teaching of astronomy to a class in applied mathematics loses 
much of its interest and stimulating influence from the fact that the 
great majority of problems in practical astronomy involve the solution 
of spherical triangles and that the only methods of solution commonly 
accessible to students are based on the use of the formulae of spherical 
trigonometry. In this way the attention of the pupil is diverted to the 
dredgery of algebraic work, and the geometrical significance of the 
conclusions is liable to be lost. 


It appears to me desirable therefore to substitute geometrical 
constguctions for the trigonometric solutions of the spherical triangles 
concerned, In this way the pupil will be required actually to draw 
and measure the angles involved in any problem and he will thus have 
an opportunity of visualising them instead of RAS meson down 
their numerical values. 2E 


The solution of в spherical triangle by ‘constructive geometry 
involves nothing more than the construction of a few plane triangles and 
once the geometry of the figures is understood the task should be easy to 
any stndent accustomed to work with a ruler, compasses and protractor. 


It will be desirable in the first instance to choose problems in 
which the sides of the spherical triangle are less than a right angle. 
In the later stages of the course, when & triangle occurs, which cannot 
be solved directly by the present geometrical constructions owing to 
few of its sides being obtuse, the solution may be made to depend ou 
colunar triangle. For instance in working a problem involving a star 
whose declination is south we might take the south polar distance 
instead of the north polar distance as one of the sides of our spherical 
triangle. The triangle would then be drawn below the horizon but 
at an-advanced stage of the work no very serious difficulty would 
be experienced. 


* 
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Solution of Spherical Triangles by Constructive Geometry. 


First method. Problems involving one angle only of the triangle. 
B. I. Given three sides a, b, c, to find one of the angles A. 


Construction :—See Fig. 1. Таке any convenient length OA, and 
construct the triangles A,OB,, A,OC, right angled at A, and call 
these triangles y and 8 having Z A,OB,— Z А,ОС, =b. Construct the 
triangle а ог О, OB, having OB, —OB, and /0,0B,-—a. Construct 
the triangle 8 or A,B,C, having A,B,—A,B, and C,A,=C,B,. Then 
shall C, A, B, be the required angle of the spherical triangle. ` 





Esperimental Verification. With О as centre and any radius т„йев- 
eribe a circular arc and let its intersectious with OB,, OA,, OC, and 
OB, be called B, A, C and D. Cnt the group of fonr triangles out and 
fold them about the sides of the inner triangle OA,C, soas to form a 
tetrahedron, the vertices B,, B,, B, being brought into coincidence. 
The triangle A B C formed by the circular arcs will be the required 
spherical triangle and on a-sphere of radius + about О, С, A, B, will 
become the dihedral angle between the corresponding faces of the 
tetrahedron that is the required angle A of the spherical triangle. 


After the figure has been folded up, unfold it and lay it out and 
fold it again several times until you clearly understand the construction. 


Inmitations. Since the triangles A,OB, and A,OC, are right- 
angled the construction does not hold good without introducing some 
modifications unless the sides b, с containing the required angle А are 
each less than 90°. But a may be either acute or obtuse. 


Case II. Given two sides b, c and the included angle A, to find the 
third side a. 


Construction. Construct the triangles y and 8 as before, but. пох 
construct the triangle ё having A, B, =A, B, and ZC,A,B,—4, 
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Then construct the triangle а having OB, — OB, and C lu B,. 
The angle C,OB, will be the required third side a. 


The evperimental verification and actual construction of the tri 
on а sphere of any required radius will be the same as before. 


Method Ia. Right angled triangles in which one of the angles only 
is given or is required. 


Tn this case (Fig. 2) if C is the right angle of the spherical triangle, 
the angles A,C,B, and OO,B, will be right angles, and it follows 
that each of the four triangles in figure lis a right angled triangle. If 
therefore any two parts of the spherical triangle are given we can 
construct two of the four triangles. There are however two cases to 
consider. 





° 4 
Case Та. Whed b is one of the two given parts. 


In this case the middle triangle B will be one of the known triangles, 
and the other one will be adjacent to it. ` There is no difficulty here 
about completing the ‘construction of the remaining right angled 
triangles. 


Oase Па. When the given parts are c and A. 


In this case the right angled triangle y is first constructed having 
A OB, =C, then the triangle A,C,B, is constructed having A,C, in 
the same straight line with B, À, and with 


A,B,=A,B,, £0,A,B,=A and 2A,C,B,=90°. . 
Оазе IIIa. When the given parts are a,c or a, A. 


In this case denoting as before the triangles which are to form the 
faces of the tetrahedron opposite to A,B,C,O by a,8,y,Š we see that 
in Fig. 1 the known triangles are not adjacent’ and it is therefore 
desirable to perform the constructions ns shown in Fig. 2 the triangle 

a now becoming the middle palo, of the figure, and L_ denoting right 
angles. 





AAR UNS 
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If a, c are given the order of constraction is a, y, 8, B, while if а, A 
wre given the order is a, 8, B, y. 


gond тећой. Жеп two of the angles of the spherical triangle are 
given or are required, 


To understand the method it will be bestin the first instance to 
make a copy of Fig. 3 leaving out the circular ares (with the exception 
of the are BACB about О) and to eut out the portion consisting of the 
triangles a, B, $, є and the quadrilateral y, the right angles in the figure 
being indicated by L~ аз before. 





Fig 3. 


Taking the quadrilateral у as base the remaining portions of the 
figure are to be folded over about the lines OA,, OC,, A,C, and C,D,, 
thus bringing D, into coincidence with D, and B,, B, into coincidence 
with B,. The figure will then become a five faced solid, three faces 
a, B, y being the faces forming the sides of the spherical triangle, and 
C, D, will now be the perpendeeular let fall from the point С, on the 
edge OC on the opposite face of the trihedral angle. The sides а, b, с 
and angles A, B of the spherical triangle are indicated in the figure and 
the cicular arcs as in the previous case show the lengths which are 
equal as well as the manner in which they are to be brought into 
coincidence in constructing the model. The various cases may be dealt 
with briefly. I 


Case III. Given two sides a, b, and the angle À opposite one of 
them. Е 


Consider first the non ambiguous case or the solution of the ambiguous 
ease for which the angle opposite the other given side is acute. 


РА 
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In Fig. 3 first construct the right angled triangles a, 8 with common 
hypotenuse OC. Next construct the triangle A,C,B, ‘having’ angle 
0,A,B,=A and C,B,—C, B,. 


Then A,B,C, is the required angle B of the spherical triangle 
opposite the UN given side. 


To find the third side of the triangle produce C, A, and first cut off 
A,D,=A,D, and A,B,=A,B,. Then with centres О, D, and radii 
ОВ, and D,B, describe arcs cutting in B,. Then A,OB, will be the 
required third side of the spherical triangle. 

The obtuse solution of the ambiguous case can be found etther by 
taking the obtuse solution for the triangle A,C,D, or by taking the 
second point of intersection of the circles constructed abont O and D, in 
the last step of the construotian. Both methods will evidently lead to 
the same result. The solution is shown in Fig. 4 which gives both 
solution. The latters B'', B''', B'* denote the points of construction 
obtained by taking the obtuse solution of the triangle A,C,B'', but it 
will be seen that both solutions lead to the same circle about D, and 
the same angle A, OB: ° for the third side in the obtuse solution, In 
this case the model (which is a little more difficult to construct) must 
be made by taking the acute angled triangle A,C,B, and not A,O,B'' 
and following it so as to double back D,B, ‘nto the position D Bee d 





‘Oase IV. Given two angles (A, В) and the side opposite one of 
them, viz. b. 


In this case the triangles A, C, D and A,C,B, are constructed from 
the required points. Then the trinagle a is constructed by drawing 
а circle on OC, as diameter to meet in B, the circle with centre O, and 
radius CB, the rest of the construction is the same as before. 


Case Y. Given two angles arid the side intercepted between them 
viz. A, B and с, 


. 
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First construct the triangle A, CB, having the given angles A, В, 
and draw the perpendicular C,D, Produce C,A, to B, and cut 
off AB,=AB, and ADS=AD,. Make the angle B,D,B, equal to the 
given"&ngle c, and let the perpendiculars at B, and A, to D, B, and 
D,B, intersect in О. Finally draw circles centrer O,, C, and radii 
OB, and OC,B,, and let these circles cutin B,. Then C,OA, and 
C,OB, will be the remaining sides of the spherical triangle. 


Inmitations. In this method the side a, b must be acute but é may 
be acute or obtuse. 


Alternative Solutions of Cases I and II, We have seen that in the 
first method the sides adjacent to the angle which is given or found 
must be both less than 90? while in the present method the side c which 
is adjacent to both angles may be obtuse. This circumstance enables us 
to employ the second method in cases where the first method fails, In 
this ease the constructions will be as follows. 


Case VI. Given two sides and the included angle, viz. b, cand A. 


Construct the right angled triangle Bof fig. 3. Make C,A,D, 
equal to A and drop C,D, perpendicular on A,D,. Produce С,А, to 
D, and make AD,=AD,. Construct the angle A,OB, equal to the 
side c, and drop D,B, perpendicular on OB,. The remainder’ of the 
construction now gives no difficulty. 


Case VII. Given the three sides a, b, c» 


Construct the right angled triangles а, B (fig. 3) and the make angle 
A,OB, equal toc. Cut off OB, —OB, and at B, erect a line at right 
angles to OB, meeting OA, produced in D,. The construction may 
now be completed. 


A 


с 


0 
Fig.5 


à 


Case VI. When the three angles are given. (Probably rarely 
‘occur in astronomy.) oF 
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. In this-case use can be made of the polar triangle but the geometrical 
significance of this method can best be illustrated by supposing the 
tangent planes to the sphere constructed at ABC the vertices “л 
original spherical triangle as in Fig. 5, these planes intersecting the 
three lines TD, TE, TF and BD and DC being equal tangents to the 
great circle BC. lt is obvious that angles such as ТОВ and TDC are 
right angles, and thus ETF is the supplement of EAF or the angle A 
of the original triangle; moreover the angle BDO is the dihedral angle 
between the planes TDBF and TDCE, and is ovbiously the supplement 
of the side BC of the original'triangle. The trihedral angle at T thus 
determines a spherical triangle the sides and angles of which are the 
supplements of the angles and sides of the original triangle and this is 
therefore the polar triangle required. 


Oase VII. Given the simultaneous altitudes of two known stars to 
find the latitude. 


Use the notation Z for zenith, P for pole and S, 'T for the two stars. 
Jf the angular distance between the stars is not already given let it be 
found by the construction of Case Il. Let d, and d, be the N. Р, D's 
of the stars, z, and z, their zenith distances and s the angular distance 
between the stars. The following construction depends on constructing 
ihe plane quadrilateral in the tangent plane to the celestial sphere 
through one of the stars 8. , 






Ps 57 ( it 
sx 


Draw a line OS ana draw TSP, at right angles toit. Make Z SOT 
=, £80Z,=3,, SOP,=d, TOZ,—:,, TOP,=d,, 0Z,=0Z, OP, 
=OP, construct the triangle STP, having SP,=SP, and TP,=TP,, 
and construct the triangle SZ,T having 8Z,=SZ, and TZ,=TZ,. 
Then STP,Z, is the projection of the figure found by the stars zenith 
and polar on the tangent plane through 8. Construct anywhere a 
triangle Z'OP’ having its sides respectively equal to OZ,, OP, and 
Z,P,, then Z/OP' is the required colatitude. If the constructions be 
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BY 
Panonanon Das,. M.Sc. 


(Read April 17th, 1921. 


When a line speotrum i is examined with the source АТУ a strong 
magnetic field, the line, when observed in a direction at right angles to 
the magnetic field, splits itself into three lines, of which the central 
line occupies the ofiginal position and the two onter components are 
equidistant from it; If it is observed in the direction of the field, the 
line splits itself idto a doublet. This phenomenon is known as the 
Zeeman-effect. But in a large number of lines, the magnetic resolution 
is not so simple; each line may be resolved into 4, 6, 8, 9 or even 18 
components and these are not always symmetrically placed relative to 
the original line. The theory of normal Zeeman-effect was given by 
Н. A. Lorentz on the classical electromagnetic theory, but this threw no 
light on the complicated Zeeman-effect. Sommerfeld? in 1916 utilised 
the atomic model of Bohr*, and successfully applied the Quantum- 
theory fb account for the normal Zeeman-effect, but even this had no 
marked advantage over the classical theory, in so far as Zeeman-effect 
was concerned.  Sommerfeld's paper is open to some criticism as he 
neglected the squares of the magnetic field. We shall show that these 
terms аге responsible for the assymmetry observed by Gmelin? and 
Dufour*.. Secondly, we shall describe an atomic model, which, though 
somewhat speculative in character, satisfactorily explains Runge’s law 
of multiple resolution which may be stated as follows:— _ 

The distances of the lines. from the central component are exact 
multiples of an aliquot part of the normal resolution. 

Thirdly, we shall show that an extension of the €: of the 
+H, ion, léads to the result, that a part of the secondary spectrum of 
аон should not show Zeeman-effect. _ 

Lastly we shall investigate the dynamical features of a hydrogen 
atom in & magnetic field, taking relativity into account, 

A study of the intensity md polarisation will be given in the 
next paper. 


1 Phil, Mag., 1913-15. * Physik. Zeitachrifte, 1908, 
. ? Comptes Rendus, 1910. . 
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The investigations o£ Sommerfeld were confined to the comparatively 
simple atom of hydrogen. The atom under опг consideration has an 

er ring of electrons and an external valency-electron, which takes 
part¥in emitting the visible radiations, all lying tn the same plane. 
Let the magnetic field Н be perpendicular to this plane. Woe take 
the direction of Н as the Z-axis of a system of axes rotating about 
the: same, and in the plane of the ring take polar coordinates v, 0, 
of the valency-eleoctron referred to moving axes. Let the prime-vector 
make an angle ф with a fixed direction at any instant. 


*, 


1. 


B 





Fig. 4, IE š 


4 


We assume that the nucleus has a charge -Ze, and that Z—1, 
negative electrons are. symmetrically arranged in a ring of radius a, 
which is small compared with r. If we regard the charge —(Z—1)e as. 
uniformly distributed over the ring, the potential of the ring at any. 
point in the plane is. 


дл: 
= (2—0 j dp 
m oJ vA +a! — arcos 


The potential of the nucleus is E 
Недев the potential-under which the valency electron moves, is 
Уу=— 2 4 (Z— Hel š 1+1 an ] | 


4 (= (Z—1)e*a* 
a 45 


+... 
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The equations of motion of the valancy-electron are 


m + —r (644 )°]= — j ~ 26 +4): ‚^ 
£e (0 + 4) = % +. 
If we put ф к ‚ where ј= 2 Se these reduce to 





76 =cost, and m( T —:0%)= — 91, тей, 


These are the equations of mction of a particle moving in в field of 
potential, 


. у=у,+”Р r? 


We now proceed to the Ham lton—Jacobian form of the equation of 
motion. 


If T be, the kinetic energy the function S defined by 


£t 
c Tdt is Jacobi’s Action-frnction. The generalised components 


о 


of momenta ara then p, =— —-—. 
The energy-equation T + V —t»tal energyz- W may be expressed in 


terms of p,,g, ete. and W. If ve replace p, with os we get the 
Hamilton-Jacobian partial differential equation. Thus, 


Тетте 403 = = ( р.+Ё} 





And V= pc em "P7 neglecting terms of higher order 
pa 


than a*. Hence Š 


(2: 5 Уу 2, 1 as ; )+2m [-5 в» pleta zem mir 54 
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os 
80 


This shows that 0 is a cyclic coordinate, and we get —ps--const. 


Mie gngular Quantum-condition is 


Qar 


j рейд=һі ог p = B 
т 


0 


as v. дте* ор} тај, m(Z— Dea? 
`. =( $3 0; атуу met — Bb E ga s 








бе 2. VES келк 


where A-9mW, B=me?, C=—pi, 


052225 n D, =>. 


The radial Quantum-condition is Jp. irm 


According to Sommerfeld the Planck-constant h is the periodicity- 
modulus of the complex p, arising from а closed integration ingluding 
all the branch-points of the function p,. Since the terms involving 
D,, D, are small the branching-points are approximately the roots of 
Ar?+2Br+C=0. These roots are real, positive and unequal. The 
value of the integral is thus the sum of the residues at the two poles 
r—Ü and r—oo. We may write, 


| Оов o —i 
fra={ Mat? Sore (a TE ) Di a, 
Т 


„ыз. 2C 6 aca x 


From this it follows that 


Kh 


Mgr ur d изи 


{3п (п + п/а) —5(n-- n -a)*], 


Or * me* 


awhere а is a constant, and N= 3 
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` This is the total energy relative to rotating axes. We shall now. find 
the. total energy W’ relative to fixed axes. ; 


Wet itd) tT 0. ° 





= Gran) F аф EV, us 2. 


E eire ре б mW ipe 


| Nh h 
or Ws C (nna)! dau + if 1 yor ^) 


where F(n,n') z3n*(n--«' +a): —S (n n --a)* : 


If W, be the total energy w-thout the magnetic field, Ў 


'__ Hi f 
W =W tp пһ— iss Finn’), ^ 
| | AW= аһ РЬ p 
al š 128r N ө), 


1t AW'.be the value Sores ponding to another ТВ" of 
which the Quantum-numbers are p,p', then 


hAv=AW AW = (рп) {Ёк [Foe (ьн), 


ог Ave BL (р-п) of [Few Вън), 


where fae E 


Jf we measure e in electromagnetic units, and write N Qu 
с 


= Rydberg's constant, we get 


dV e H n—p 1 (1.2 Н ) S Urso) (^J d; (y: 


м me wm 8 E m c 

By Besunarbeld's ае principle, n—p=0 or +1. Thus; the 
second term shows that we heve an assymmetry proportional to the 
square of field-strength. Ib ів also obvious that this 'aswyrumetry 
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is of different magnitude in different lines, The following :data are 
from Gmellin's experiments on the yellow line of mereury.A—5790 :— ` 








Here dÀ, is the increase in wave-length of the central-line. 


. Substituting these values in 





formula (I), we find that the number (n4-»') must be between 8 and 

‚ 10. Thus although the line does not belong to any particular series, 
yet assuming that it а we find that ita quantum-number is of the 
right magnitude, 

Dufour has observed a kind of assymmetry in which the ‘side. 
components are slightly shifted from their calculated positions, “He 
finds this shift to be proportional to the square of the Tignes field- 
strength, which also follows from our formula. i 


If we plot Av against Н we get a parabolic arc. This differs slightly 
„from Voigt’s experimental result. He found' that the arc was hyperbolic, 
which asymptotically approached the straight line кааран to 
normal Zeeman-effect. 


$. 8. 

T£ s electrons are arranged in a ring round the positive nucleus, then ` 

a state of motion is possible,” such that the angular distance between 
these electrons remain constant and the variable radii vectores from 
the nucleus to the electrons are equal to one another at the same 
instant. Thus the circle-locus on which they lie at any instant is 
either contracting or expanding. Let O be the nucleus and A, B, C ete. 

' the negative electrons. Then <A0B=<BOC= «COD ete.=a, for all 


7 
* Of. Sommerfeld бшшшде. und Rontgen-Spektren. " Physik. Zeits. Bd. T 
1918. 
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time, and ОА=ОВ= ОС ete.—r, at any instant t. Ifthe number of 
electrons is s, the angle. ace. The number of coordinates, which 


` ” 
specify the position of such a system is only two, viz., + and the amgle 0, 
which any radius vector say OA, makes with a fixed direction. The 
potential of any electron is ` 
. ве ‚е? 1 1 1 — 3° ,L 
š a * 8а RU PS 1]=- 2 +; say. 


`a 








The equations of motion of the pth electron are 
"| ror (ez ia) * ]=-® в" Ш 


r: "тз! 
m d А кри. Y N- 
and Z perO a]=0; 
or т) = = +h. 
and 110—const. 


Thus the motion!of each of them is an ellipse with the positive 
асаа at one iie The equation to the path of the pth electron is 


=1+ econ(0-1-p— 1a)... 


When the xit field is brought in, we should expect that each 
of these ellipses will acquire a precessional movement. So we take 
moving axes such that the prime vector makes an angle $ with в fixed 
direction at any instant t. 

The equations of motion of the ae 7 A, become 

ml r—r(b+4)"J=— ©, + D E 00) 


y* 


and m de dp © 


As before, put 2 һе fee: E Thus, 
mene zE gs „т and.r*0—qnonst. 
T 


TAS bre the equations of motion of & particle under | 8 potential 
__ st- ге : 


TRU 
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- We shall see that the square of the field-strength does not take part 


m 





in the multiple resolution, so we negleot a š 


` 


The kifletic energy T of the system ів 
T= > (r° +7264), 
And the potential energy is 


әт 


Then р„= = = sm", and po 91 =smr*6, 
2 


-. the Hamilton-Jacobian equation is T+ V= W 

1 з рб 8 L 
m бет. [ 2 +8 |+ go 
From Quantum-conditions p= and fr. irm 


Let W' be the absolute value of total energy 


w= $penocrbneg b 


—w 9" [s j N 1 e L 
=W 5 [r 4 720*] "fe ot > 


1f we make the hypothesis that when 8 homogeneous radiation takes 
place, all the electrons jump together into another configuration, the 
number of Quanta of energy emitted by them must be at least shv.! 





eee _1 еН a= 
Thus AW,-AW,=s hAv— — с ^n р) 
= 1.е.Н.ө—р 
9r Ае mes 


Sommerfeld's Selective principle, which states that n—p=+1 or 0, is 
known to be violated, in may lines.* For the kind of atom we are 


1 Compare Wolfke’s Viellinieon Speoktrum de Wasserstoff Physik-Zeitsolite, 1920, 
* Ef, Franck und Reiche, Zeito-f-Phys. Bd. 2, B. 159, footnote, 1920. 


ON THE THEORY OF. FHE-ABNORMAL ZEEMAN-BFFEOT 78 — 


eousidering, Wwe discard the principle altogether and lay down that, n, p 
may have any values. The igo formula is then peur ERE 
ав Runge's law. Pd ; 

` If the term involving the square of the RE field bé idm TA 
secóunt, which is easily done, the multiple resolution will also show an 
assymmoiry. Again, the _caleulation of total energy W, without the 
thaghetic field furnishés us with а new serial formula, which may ‘te- 
present many lines, for which any serial relation has hitherto been un- 
known. We find that i ¿ ' 
e MEX p" = з. a ELE E: s 

w, We TEN Spa d 
whe 8 te = : ate 
re = = te 
| : sin Š ш жг, 


sin 


а, 

2 ‚8 

This gies- e= (1—8 na €] 
UL Geb CR D 


This i is similar to Balmer's formula in form, but the Rydbierg-constant 
N has a он factor aud on the number of outer electrons. 


а 


` We have already referred to a paper by Wolfke, in which be finds а 
series’ formula for the Schuman region of the secondary spectrum of 
hydrogen. He starts from Stark’s’ statement that the secondary 
spectrum of hydrogen or at least a part of it is emitted by the positively 
charged hydrogen molecule. Wolfke’s model of such a molecule 
consists of & negative electron at rest and two positive nuclei describ- 
ing the same circle about the electron. In conformity with the 
generalisation of the motion of such в system, we may regard the 
positive nuclei’as describing ellipses with the electron at focus, while 
they lie on the same circle at any instant ¿ Thus another Quantum- 
number, viz., that oostosporiding , to >, bécomes ‘available. The series 
formula: has the form E 


we 


t 


1 
dee a zs mae Coo oe } 
and the Zeeman-effect is given by ` 
[En вА = Meus L А 
(`) ее \ Apr m = km zh) = Р cad 


Y, Atombau und Spektrallinien, . : 
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where М is the. mass of а positive nucleus. Since we have now the 
additional numbers т’, п’, we can give any positive integral values to 
. mtm. and n+n', while we put т—п== +1 ог 0. Thus we get а for- 
mula fer'Zeeman-effecs consistent with the series formula. Now М is 
неч ihousand times as ipto ag the mass of a mapa electron. 


Henes the Magnets -resolution ot atii йө: is ee j xx th part of & 


normal ' regdlution, and therefore cannot be measured by means of the 
instruments available at present. Hence these lines apparently ‘would 
not show Zeeman effect'at all. Itis well-known that some lines in the 
secondary spectrum of hydrogen do not show any magnetic resolution. 


< 
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The oceurence of doublets and triplets of constant frequeucy- 
difference in ordinary lines, was shown by Sommerfeld to be а relativity 
effect. Thb gradual-overlapping of the lines of-a doublet into a’ single 
line in the presence of a magnetic field is known as the Paschen and 
Back! effect. Sommerfeld'undertook to add a ralativity-corréction’ to 
the. Zeoman-effect ‘of hydrogen in order to explain this. But as he 
fond that the relativity-correction did not point to such an overlapping, 
he did not publish an account of his method. Recently Bohr calculated 
the relativity-correction by the method of planetary perturbations.. He 
is said to have explained the distribution of intensity satisfactorily. By 
a different method we shall investigate the dynamics of an electron- 
system in the presence of a magnetic field and adopt the principle of 
relativity in so far as it regards mass as a function of velocity: Ав. 
Sommerfeld has done we lay down as axioms that, 


a jj (momentum) —impressed force, 


and assume that the ordinary laws of vector-algebra hold good. 


‚Ав before, we take n fixed set of axes. (OX, OY, OZ) and a ИТЕ: 
prime vector which makes an angle ф with the X—axis. The equations 
e motion of the eleotron i ds | 


d OE MT 7 
gj 097-2 ES y Q5 
d ` 1 FE T i 

PAG EE .. (2) 


1 Annalen der Physik, Bd. 89, 1912. 
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Multiplying 11) by © and o by? and anding them, we get 
à d анн)" -5-7 F өн. E ° 


m 


Similarly, multiplying (1) by y and (2) by? M taking the difference 





We get, t 
Ame фр Sn, | 
If we put ¿= И , where fae 2a these again reduce to 
r*Ü—constant. 
gud | а (өй) mb Ка r 


As m is variable $ is not constant, and there is no potential function. 
Hence Hamilton-Jacobian equations of motion cannot be formed. 

If we neglect the term mf*r, a potential exists however and в compu- 
айо; ОЁ total energy in terms of Quantum-numbers becomes possible. 
For kinetic. erergy we } employ the cela iesus: value (m—m,)c*. Thus 











the energy eqtation is: ° ` 
4 * ' E ? 1- —1 p- ; 
` H МВ т 
РКС E 2 Е { 
where p —. . med 
TR s. (n 
“© т 


And Br pee @+ф)*] 


re pup, | 








H 


eH 
where рә=тт*ф and w. 
PE 


D 
We have, `’ | рв@Ө==пЬ or p, = 


» 
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Then we get › Boe 3 














? = 
EM " a 
X" 2B С 
pr=A + — +35, 
© 1 
where A=2m,W Y up, Bem, SN, i 
OE DNA 
c= pi. 
S аа TG ) 
1 s ` 
where 1+ 0, =( 14 ЕЕ e is {1+ —*— | 
nds e ` x (Qu м? —a3) 
where am 








78 (asy iy MEE 


E чен ) 
р 9 -(ntn')*\ 4 n J 


Thus, the first term represents the series term, the second tho 


Zeeman-effect and the third, the fine structure of the lines. 


My thanks are due to Prof. C. V. Raman for the helpful 
has taken in this paper. I 
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ON THE THEORY CF CONTINUED FRACTION 


[ Foerth Paper] ` 

- -BY "s 

Harrapa Darra, М.А: (Epix.). 
(Read: Janxary 16th, 1991.] ` 


I. Let a, +a,2-+032? +... we (1) 
Se eee Т ose к= .. (2 
ae 1+ 1 + . : 


qe t Tagine: s 


Е ' polynor-ial i in æ and of degree (n—1) 
The э “convergent= polyromial i in w and of degree n 


E А 
, 
polynomial of degree n p 
: EE = ynom ot de „ =e 
and (2n+1)th convergent: polynomial of degree-n ` 
If the n convergent is converted into в power-series in г, then the first 
n terms of this series will coinc de term for term with the first n terms 
of the series (1).* pu св 2; 
. The sixth convergent is of tha form 
Yo t yit Tha 
T+ Biot Ba? Bua | 
and -a,-4-2,2-4-a$42! -ta o? tatt +a @5 - Am? +... Bc XL 
Now multiplying both sides by tae denominator of the convergent and 
éq titig to zero the coefficients of 1°, v* and «*, we obtain 


а. В, +а, В, +a,8, +a,=0 aoe 


t 


a, B, +а, B, +a,3, +a,=0 . ` K | Š 
9.8 а, В. +93, ta wu CSS NE S put 
RE P, 1K, =K, °K, 





=- K, , B = = $a Bim K, . 
Where ! K,, *K,, ^K, and K, are determinanta,;and obtained by deleting 
the Ist, 2nd, 3rd and the 4th column of the array 


a, , 


as 24 as . G А 


* Thia was firet shown by Stain. 
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Ав f,=(a,e+a,2+1)f,—a,a,Af, ms 
80, by, equating the coefficients of both sides of (3) we get 
• I=1 
_*K, __*K, 
kK E PP 
SK, К, эк, SK; 
R. K, "К, CR, Ce 
SES _ _ K, K, °K, °K, 
ЕСЕ, OR cec Tuer 
1 к 1K 
dE amas ED a 


(3) 


Multiplying’ the rows by a,, as, а,, а, and a, In order and adding up 


vertically we obtain 


š 
O=] a, a, a, a, | -E,—a,a0; |a, a, а, 
а, ос, Q, а, a, а, а, 
а, а„ as ae а, a, G, 
a, Ug Qa G 5 . 
50,0; = =* ° E ` 


e 


Thus we can show that 


M 1й -KaKa 
Q0 Ganla = aus DEM 7 . 
aston SB у. Ар, e. 
Again š f =1 P, + Р, c P, v7. 


Where P’s are determinants of order 3 and obtained from 


а, as a, a, 
as а, а, s 
а, а. а, а, 


And — }„=(аа+а„+41)/,—а,а„а*],. 
Hence in the similar way we can show that 


— P,P, 
D PE 


4,05 





. 0), 


- 
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and LITTLE Peak МУ 05) 
From (4) and (5) we have 1998 ES PO PN 
е 
- Qa ,=— K,- ` Pi. = P 
Fan E; PI. = : 


a E e “Ky, px x DOES: t LE. 


anm gs Бра j 


The convergents are ` 














*K, K, > К, „ J 
fast Erap BE ca Ез, | 
2x ; (7) 
ИС we Mu S i VIP, a 
Fansa =1— P. g+... +L (—1)! P. 2 
IL. Let us convert the series 


qd фа. i ` 
into the С. Е. of the form (2), where 

Ta, —2a, +a, =a, —2a, фа, —... .. (8) 
and bam. Ф dO. Е 
From 48) С 


 a,=}(p—3)(p=2)a,—(p—3)p—1)a, +}(p—2)(p—1)as  ...(8) 


G) K.=| g .4. g 4% 


а, Qs в, 2, 
m qd q g 
a r 2 Я 
vs Ts as a. 
4 q 4 q 
T R р | 
а,` ак аў a, н 
9 9 9 9 
rt + ы X 
E üa Fa, +a +a а, —GO a. а„—@ 
= * 5 7 1 + з 5 8 5 
: 54 š q q q 
а —0, а, —0; G4 7 a, 
- g 
f 4d ЫА 
E a,—a a,—2, 95—95 
go vot * q^? 
73 р 
а m йү : 
Е a,—~a, а, —9; 0—9, 


48 ZoscVo t HARIPADA. РАФТА С С, 0 
еу (by row, —row,, row, —row,, row, =н ым 2 
mg q^ (1-437 * уа 9 2,019 Xa а, (Le). 
. r : | 
gag 96 Fos ) `4°*(1—@°* —9,—0, +а,) 
(9, an 4 
(1—4 791—9 b q's(am queen) 
gh (1-487 t +) 


ч | | M ae . 
Palla poser А. um rq omes) 


qa (quu ) 


T 


"which by (9) becomos Es 
=g" (1-7) ( 1-97") ( NC ma 
‚7, Similarly | 


Lus 


ca A a me 
cur (inn) pn) (eese 
x er nt JAG) C- E 

Greens. 
xeu (on) oer f1- 2) 


. —21 
| ~ I " —q )j K,., 
9 Quen (Qum Em | 
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Q-g)-0770.0-4-7) — [yas 
M crum In Qc = | 4 } 
then, 





"K, _ secte [i -nl ] i 
' K. =g 1 


Hq Gn ass) [1-27] 


e t 


Í 
Ee nne) Fes] 
ч 6 


which by a 


эк, _ Кое) [ag ] 





ас IOS K. (a, —2,) "D —nl 


<= EE 


IK, 1% ; *—n)n+2)}1—n(a,—a, ). ` 


Therefore fj.-1-[ 1 rJ pe UT 
zT E 


+[ 1- | | EM MU 


oy gm mF 2) HG, aa) ge, — (10) 


By increasing the suffixes of a’s by unity, we obtain 


TEES [ Ip | Gn Beate a ж... 


+(—1)" gin nn D E17 8(2,70,), ge. CY) 
— —2 — (n--1)l 
GD =e (1-0) (19477) «(i 009) 
n=) 
Peut. ES 2 bs 
а= з ` p: =—q'"— | 


Ea Pea 7 a- rv) Tanti а, | 
ко де Р, q q 3 J 


[* For the contracted form of C. F. for the quotient of two series, see “On the failure 
af Heilermann’s Theorem" Proc. Edin, Math, Вос. Vol. XXXV (Part 3) 1916-17]. 
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ү s 
Ex pp эра tq? аб pusha +... 


a |, . —q* "ti B 

* | 
аз»+1=(1—47#^ )g*"** p Hissenstein 
Lbeng2  —— 

Ex, 2. If a,=A+B{m+(m+1)+...+(m+r—1)} 


+ C{m(m+1) + m+1)(m+2)e+ ...(m+r—1)(m+r)} 
Then l=2r 


gene Or(4n-+r—1) 


› 


ton 


ght + Oran en td) 


x( 1-98" ) ] 
À, B, C, are constants. 


Ex, 3.1 a, =m? + (m+ 1) + ...- (m+ r—1)*, 
then l=2r 


gas үЧт+т—®) | | š 


E = nt?) ( ig n ) | 


Ех. 4. The following known series satisfy the relation (8): 


205 4-1 


94-1 
(буле а дш ые ЛЫ а pus ED a 


l=4 


8 18 6 2n* 2m 


(ii) 1+ 4° 2? +9 Кы +q w +..+9 S +... 
l=4 
[Jacobi, Ges. Werke 1, page 230.] 


This series is same as that of Ex 1. 


^ ` ^ i - i * ` Ж е . 
ON THE INVERSE OF AN UNDEGENERATE NON-PLURAL: 
QUADRATE: SLOPE. 


BY 


SASINDRAOHANDRA Daan. 

(Read арт 171, 1991. Ji 

1. It is definitely known that the inverse of в simple slope is also 

в simple slope whose non-zero elements can be uniquely determined in 
succession ; but the corresponding cage of a compound slope haf not 


yet been completely investigated. "The object of this paper is to show 
that the equation given by the skeleton matrices, . 


E. EE. G, ` OG, s. G, ` Gy а .. G, ; 
° d 
9, A. А,,, ыы А,, X; Xi. pee Xu 
а, Asi; Ayes eee А,, Ran X. ... Xi. 








| NE oce I t. apio ease Rae |) Tas СТ bun 


of the type {r, т} [z, v) -— (v, т) in which A is a given undegenerate ` 
non-plural quadrate slope, by which is meant a quadrate slope in which 
the index numbers are all different, and І, aunit matrix, has a unique 
solution in which X is also а non-plural quadrate slope and to find all 
the elements of X. We ‘cose here no’generality by supposing the index 
numbers а,, as, ... а, which are, gli’ different, arranged in order of. 
magnitude. ° | : 


The equation determining the element common to the sth horizontal 
апа: ө jth vertical rows of X,, is that obtained by equating the pro- 
duct sf the ith horizontal row of the uth horizontal. minors of А and 
the: jth vertical row of the vth vertical minors:of X, to the element 
common to the tth horizontal row of the uth horizontal minors of I and 


"E 
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the jth vertical row of the eth vertical minors of І, s.e, by aking the 
equation 


Xi. 
X,. . 
[A, 1? А.,, ... Are] —I,. ... (2) 
TX. 
ien MAT +. AT... TT, = .. (8) 


where Т,=А,,Х, s 


and equating the elements common to the ith horizontal and jth Yerel 
row, that is | LANA e d 
E(u, v; i, DEt, t +... Ft/+ uuo Ft, =y, кага, A) 


where y=0, unless e= ‘and j ї==4, in which. case yet. 


2. From the general theorem on the evaluation of the cds matrtr, 
of Prof. Cullis,* we find that , 


(2) When [в] y erg te. ABZX ig а produet * ‘of hoo most 


general matricos having given basical nullities, and з, is а non-zero. 


. Ы m" 


element of [т] , the non-zero terms in the expression 


` 


r,,=2a,,b,, > m Pos ... (5) 

are o given by | PNG I " 
. Pian wbp—B, PS » i 
1 . й I | "Me (6): 
анаа" аф), | | 


where .a,, В, are the least effective diiference-weight; a,, B, the 


horizontal nullities and а,, £,, the vertical nullities of -A-and B 
respectively. 


(it) ‘When A is a-general simple spas and B: a: к! аве 
matrix, this range becomes 


; 
+ er! 


udi+a,, upp c К EM i 0 dy 


* Dr. C, E, Onllis, Bull. Gal, Math, Вос, Yol, XI, No. 3, p. 147 (1920). 
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` (йт) "When ` `À. and В ‘are both general simple slopes, the range 
becomes  : ау? 
. ‘wXt+a,, up j—f,. ` ‚ -a (8) 
From tlie above relatioris it wóuld be easy to get the developed ex- 
pression for (4), for £, can be written as 


һ=з OA . 70009 Em 
S t EC 


where l; p. ‘isan element of ‘А, and А.г, of X,, and the range of 
p, cin be-easily obtained from'above. | 

3. Tf we'call the element common £o the-1th horizontal and the jth 

vertical rows of X,, as æ, the equation (4) can be written as 

E(u, v; т, j)=ar+8= =y, 
where y=0 or: 1, 24-0 and В is a function (if all snch- MBPS &re 
suitably atranged).of known quantities. 

From an éxamination of the forms obtained in the ИРЕ ЕН article, 
it Pu be ab once evident that 

- (i) the expression E(u, v ; ї, j) тз tsobaric in fhe Messe -weights % tha 
elements of ‘A and X, having constant differenco-weight (j—1i).. 

(sz) the coefficient а of x in the expression E(w, t ; 1,3) is always a 
diaganal element of A; lying тп the same horizontal line of tt as v ocoupies 
mx. 

For, from the manner by which (3) is в obtained, we find that if ә be 
the element of X,, common to the 4th "horizontal and jth vertical rows 
of it, then it occupies a position in the compound matrix’ X, obtained 
by taking the element common to the (a, +a, +../-+a,_:-+%)th 
horizontal and (а, +а, +... Ба, ЕЈ) Ы vertical rows. Hence the 
element of A by which it is multiplied is obtained from ‘the left-hand 
multiplier of (2 ) by taking the. element common to the sth horizonal 
and (a, +a, +.. +a, VEOb. vertical rows of it. This latter eldment, 
. théréfore, occupies a position in the 6ompound matrix A, common to 
the (a, +a, +... +a, ,-Ff)th horizontal and (a,-+-4,-+.:.4+a,_,+#)th 
vertical тача, а hence js-a diagonal element of А. . Я 

4. The necessary and sufficient conditiong that the compound matrix 
A of the given. class shall be an undegenerate, guadrate Ld аге that if 


k,, be an element s 8 constituent matrix of A, tie, of p , then 
E ` 


k, ,=0, it Га елы when >к 
or š ` L a .. (10) 
k, ; —0, if j—5«0, 'whàn i us 
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Hence if we assume А to be sn undegenerate quadrate slope, the 
equation (4) can be written, by the help of the relations (7) and (10) as 


e En t: т, jst tit. tt, +... +t, y, .. (11) 
where y=:0 or 1, and „=з A, Р for integral values of p, given by 
(i) (a,—a,)+í<p,<a,, when scu ies (12) 

(ii) t<p,<a,, whenusecr .. (13) | 


5. We will now proceed to prove that when A is a quadrate slope, X 
їз also а quadrate slope of the same type as А. For this purpose, let us' 
proceed to find the elements of X in the following order :— 

We determine in succession elements having negative différence- 
weights in the order . 

1—2,,2—2,, ... l—a,,2—a,, ... 1—a,, 2—a,, ... —1, . 
with this procedure that in finding elements of difference-weight k (say) 
lying in в constituent matrix X,., we shall find them in the order 
Titino Tates,  бЭ+ззз› n 
and further, that we shall find the elements of difference-weight —k- as 
they lie in parametric diagonal lines, beginning from the. base and 
gradually proceeding to the apex. 

If we adopt the above procedure, then for instance, in determining 
the element z,,,,, of difference weight —k, contained in X,,, we 
will find that the expression (11) will contain only elements of difference 
weight less than — as well as elements of difference weight —k, which 
have been already determined. , 

The above will evidently hold, if we can show that the expression 
E(u, v; 1,3) can contain ‘ | 

(3) no elements of difference-weights greater than (— E) 


(if) no elements of difference weight —k belonging to + 
to the constituent matrices X, ,, Xaos ... X... 3 | 


(14). 
but may contain | : 
(sit) elements of difference-weight (—k) belonging to 
Kayes Xen) Reyes 
If we now put i=j +k in (11), (12) and (13) we get that 
ty big +... tt, fb... +t, =0 


where t, ==, " kp p for integral values of p. given by 


в,—а„ TjkmEp, za when s< 
j+k<Sp,Sa,, when user. 
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Therefore, $,,. б, ... t,-, cannot contain elements having their 
difference-weights 


>j—p., where p, —((a,—2a,) -j-- k] 
£6, >—k~(a,—2,) 
>—k; 
but however, #,, £,4.,,...£, may contain elements having their difference- 
weights : S 
“ <} —р., When u<s>r апа р, =] Ко 

` i y S -—k. 7 
Hence the relations (14) are proved. 

In determining the element’ having the least difference-weight viz. 
Gap i. We find that it must be zero. Hence from above, elements of 
difference-weight 2—a, must be zero and во also elements of difference- 
weight 3—a,, and so on. Hence generally, all those elements of x, which 
have negative difference-weight, must be zero, that is, if £, , bean element of 


the constituent matrix ap of X, then 


¢,,=0, if j—i<0. ^. 15) 

. 6. We will next prove that the elements of difference-weight o, 
contained in constituent matrices having negative difference-weight, are all 
sero. Here ‘also we, calculate the elements in succession, by adopting 
the same procedure as we have used in the previous article. Hence in 
calculating the element X,, (say) contained in Жү, where uv, we 
will show that E(u, v; r; 7) can contain no elements of difference-weight 
greater than zero but may contain elements of difference-weight less 
then zero and elements of difference weight zero, which has been 
already found. ' This is easily seen by ‘considering (11), (12) and (13) 
when: j=, for then: it will be seen that ¢,, ¢,,...¢.., cannot contain 
elements having their difference-weights t.e., 

> t—p,, when s<u and p, —((a, —a,) 1] 
>i—{(a,—a,) +i} 
t.e., >0 , for (a, —a,) is pos., 
and further that tas fu_y,...¢, may contain elemente, having difference- 
weights ` + ` 
&, í—p, when u<egr and p,=: 
<0, 
Hence from what we have proved in $5 and also from the above ` 
property, it will be easily seen that these elements of difference-weight 
vero, must all vanish, te, if ¢,, be an element of the constituent 
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matrix [£] : of X, where А> p, then 
£,;=0, if j—7—0, --- .. (16). 


7.' We now proceed to determine elements of positive difference- 
weights, ranging from 1 upwards, lying in constituent matrices having 
negative difference-weights. In finding out elements of pos. difference- 
weights contained in X,, (say), where wv, we shall determine its 
elements having difierence-weights from + up to k, where k<a,—a,. 


Here also we determine in succession elements having difference- 
weights :—1, 2,...ete, in the same order asin § 5 and $6— that is, we 
shall determine elements of a given difference-weight as they lie in 
‘parametric diagonal lines beginning with that line that lies nearest to 
the base and gradually going up to the leading diagonal line of X. 

` If we adopt the above procedure, we will now prove that in 

determining the element (say) #,, ,,, of diff-wt. k, contained in 
X,, where «>v and k<a,—a,, the expression E(u, v j 1, 7) cannot 
Contain. үз 


(z) elements of difference-weights greater than /, 
(її) elements of positive difference-weight contained in X,,, X,,, 
X, i ` 1 


(iii) elements of difference-weight k containéd in X nia va 


X. r š 
Li . 


ms 


but may contain’ . I ‚ 

(iv) elements of difference-weights k contained in X.,, X, ii. 

Xe " ; " ; 

Now, examining the relations (11), (12) and (13) we get that 
t,, £,,...6, cannot contain elements having their difference-weights 


"D 
v 


>t+k—p,, where p,—(o,—2a,)- 4 
3.65, >k—(a,—a,), which is-a negative quantity. 
Also, 5,44; Ёа: хо cannot contain elements having difference- 
weights код MR 
TN | RERA Pa When. vès>u and p, —(a,—a,) +i 
тв, >k—(a,—a,), where vgs <u ET 
ie, Dk, : Soo x NES 
And further, ¢,, é.4,)...¢, may contain elements having difference- 
weights I wiz a š 
. <t+k—p,. when wosgr and p,=t.-., 
Q9 XE us „. Box CAU 0 
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Hence it will be easy to prove that all such elements are "zero. 


Ze. if Z,, where: be an element of (a. where Ap, then 


£0 df j—-$cA—g. e (17) 
"Thus from (15), (16), and (17) we have that if D» be a consti- 
tuent matrix of X, then 
£, =0, if j—:«A—pn, when A>p 
| (18) 
£, ,=0, if j—i <0 when А< y. 


which are the necessary aud sufficienti conditions that X is a quadrate 
slope of the same type as А. 


8. We have obtained above that the inverse of an undegenerate 
quadrate slope must also be an undegenerate quadrate slope and 
therefore, from (8) and (9), we get 


E(u, v, 3, j) i, +i +... ÉL +... ft, у, 
where £, =D., , p, Ap, ,, for integral values of p, given by 
(a) when u« v, 
(t) («,—2,)-F*xp,€j. when s<u 
° (2), t<, Sj, e) uU .. (19) 


(itt) isp, <j—(a,—2,)... о<з<+. 
(b) when v<u 


(т) (a, —2.) iS p, Sj, when ғо ) 
(зї) (e, —2,) 1x», €j—(2,—a,, when ini . (20) 
(#1) t<p,<j—(a,—2,), when еге | 
(c) when v=. 
(0 (а,—а,) ip, <j, when s<u UN 
(it) t<p.<j, when s=u | .. (21) 


GR) | i<p,<j—(o,—a,), whonu<e<r. J 

9. We will now proceed to find the other elements of X such that 

the relation (1) is satisfied. In doing so, we shall calculate successively 

by (19), (20), and (21), the elements having their difference-weights in 
the order 0, 1, 2,...efc. 


In calculating elements of & given гадое: -weight + (say), we 
shall find them as they lie in parametric diagonallines, beginning with 
the line nearest to the base and gradually going towards the apex, and 
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further, when finding elements of a given diagonal line of a constituent 
matrix, we shall calculate them in the order : 
Fidis Pasktas зойдзе 

TÉ we proceed to find the elements in the above way, we will prove 
that when finding the element 44A sen of X, ,, E(u, v, z, 7) cannot 
contain 

(т) elements having difference-weighte greater than k ` 
(s£) elements of о: k contained in 
| Biv, Xaoso Kany t 
but may contain 
(iii) elements of difference-weights k contained in 
XosXlnueeXe. 

This can be at once seen by supposing v<u,v=u or v>u and 
considering the relations (19), (20) and (21) respectively. For instance, 
if we take v>u, then by (19) we will find that ¢,,¢,,...¢,., cannot 
contain elements having their difference- weights 

>itk—p,, when s<u and p, —(a,—2a,)--i 
1.0. >k—(a,—a,) e 
Т.е. >k, i 
but f.s, t.4,,...¢, have elements having difference-weights ° 
<t+k—p,, where u<s<v and р, =i 
Sk, 
and further £,,,, £.,,,..6, can have elements having difference- 
weights | 
<Stt+k—p,, ©<в<т and p, =t 
Sk. 

Hence E(u, v, т, 7) for determining v,, ,,, can contain no elements 
which has not been already determined, Exaetly the same thing may 
be proved when #,, ‚+; belongs to X,, where s<. 


Now,in the above scheme of determining the elements of X, we 
shall have to starb with elements of .the leading diagonal line, whose 
values ате ‘evidently the rectprocals of the corresponding element of A 
and therefore non-zero. Therefore, all elements which shall find after 
it, will also be non-zero and it is easy to calculate them successively 
by following the procedure indicated above. Y 

Before concluding, I should like to acknowledge my indebtedness to 
Dr. C. E Cullis at whose suggestion I took up the problem. 


— nd 
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PxnoussroN FIGUEES IN IsorRoPro Erasto SoLIbs. 


BY 


SuDHANSUKUMAR BANERJI. 


[Read August 14th, 1921.) i 


In 8 note published in Nature (October 9, 1919), Prof. C. V. Raman 
has given some photographs illustrating the manner in which rapture 
takes place in an isotropic elastic solid under the stresses set up by 
impact when these exceed the limits of perfect recovery. His pictures 
of the percussion figure produced on the surface of a thick glass plate 
by the impact of a polished hard steel ball are reproduced in Figs. 1, 
2 and З given-in the plate. е The fracture occurs," writes Prof. Raman, 
“at or near the margin of the compressed area in the form of а fine 
circular crack which spreads inwards into the plate obliquely in the 
form of а surface of revolution, This is clearly shown in Fig. 1 which 
ів a front view of the percussion figure in reflected light, the dark circle 
in the middle being the uninjured area of contact between the ball and 
the late. Fig. 2 is a side view of the internal fracture seen through 
the edge of the plate, the lower half of the picture being the image of 
the upper half formed by the reflection of light at the interior surface 
of the plate.” Prof. Raman concludes his nate with the remark that it 
seems clear that the internal fracture practically occurs along the sur- 
face of maximum shearing stress set up during the impact. It appears 
that this remark agrees with the suggestion made by Coulomb’ long 
ago that the greatest shear produced in the material is a measure 
of the tendency to rupture. It is the object of the present note to point 
ont that the observations made by Prof. Raman can be explained on a 
hypothesis concerning the conditions of rupture not very different from 
the one suggested by' him. This hypothesis firat enunciated by Tresca 
followed by G. Н. Darwin? makes the maximum difference of the 
greatest and least principal stresses the measure of tendency to rupture. 


t Qoulomb, “ Essai sur une application des regles de Maximis ote,” Mein. par 
divers savans, 1776, see alao Love's Elasticity (third editon), pp. 119-20, 

з Darwin, ' On the stresses produced in the interior of the earth by the weight af 
continente and mountains,” Phil. Trans, Roy. Soc. Vol. 178 (1882). The same 
measure is adopted in the account of Prof. Darwin's work in Kelvin апа Taits Nat, 
Phil., Part V, art. 882, 
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And as is well known the shear of any two rectangular lines intersect- 
ing at any point is equal to the difference between the elongations along 
the internal and external bisectors of the angle between them. Ав а 
mattem of fact, from experiments on metal tubes subjected to various 
systems of combined stress J. J. Guest has concluded that the stress 
difference hypothesis is the one which accords best with observed 
results. * 


The nature of the fracture cannot,’ however, be easily explained 
from Hertz's? drawing of the lines of principal stress in the plane pass- 
through the line of impaot, for the reason that his drawing was in part 
conjectural and misleading, as the differential equation determining the 
direction of the lines of of principal stress cannot be integrated exactly. 
His drawing is reproduced in Fig. 4. His results mainly are that near 





Fig. 4 


the centre of the compressed area the principal planes of stress are 
nearly parallel to the coordinate planes. As we go from the centre of 
the compressed area along the axis of e, the component traction that is 
nearly parallel to the surface falls to zero, changes to tension and 
increases to a maximum near the edge of the compressed area ; it then 
diminishes more gradually without changing sign again. The other 
component is pressure, which continually diminishes as we go into the 
interior of the body along a line of stress starting near the centre 
of the compressed area. In Fig. 4, 0 is the centre of the compressed 
area, AA’ is the trace of this area on the plane of (2, z); lines like 


! Phil, Мад. (Ser 5), Vol. 48 (1900). Mohr has criticised Guest (Zeitschr. des 
Veroines Deutschen Ingamenure, Bd. 44 (1900). 


* See Love's Elasticity (second edition), p. 195 and also Hertz, Ges, Werke, Ва, 1, 
p. 174. I 
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those ending at P are lines of pressure throughout, lines like those 
ending at T are lines of tension throughout, the lines ending a^ R are 
lines of stress in which the traction in the central (dotted) portion is 
pressure, and in the remaining portions is tension. 


A more exact result has, however, been obtained by 8. Fuchs! by а 
method of approximate integration in the case of & sphere resting on & 
plane. The diagram given by him differs in many essential respects 
from that of Hertz. The lines of principal stress in the body are 
represented in Fig. 5, where the full curved lines are the lines of 
prineipal stress along which the traetion is pressure, and the dotted 
lines are lines of principal stress along which the traction is tension. 
It will be observed that near the compressed area both the principal 
strésses are pressures. This feature is also apparent from Hertz’s 
diagram. This explains as noted by Prof. Raman that the fracture 
originates at or near the margin of the compressed area. A little 
further away one set of lines shows tension near the surface and 
pressure in the central portions. Still further away the same set of 
lines shows tension throughout. 


P 
yO SS SAREE 
` > ОТ 
"m 





Since at the points P, Q, В, etc. and P,, Q,, R,, ete, noted in the 
diagram (Fig. 5), one of the principal stresses changes from pressure 
to tension, this principal stress must be zero at these points. Conse- 
quently the stress difference must be maximum at or very near these 
points. Rupture will therefore take place along a line passing through 
these points. If therefore а surface be supposed to be generated by 


1 Fuchs, Physikalische Zeitachr., 1918, р. 1282 See Love's Elasticity, (third 
edition), p. 196. 
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(i) ON THE EVALUATION OF SOME RECURRENTS AND 
BIGRADIENTS (ij) AND ON THE EXPANSION OF 
SOME FUNCTIONS AS POWER-SERIES. 


Bx 2 
HaniPADA Daira, М.А. (EpIN.) 


[ Read, March 18tÀ, 1991]. 


L. Let the recurrent 
її GG. © dU] c0. d 
he hay 45-9 “O 0 
b, а, а, 1 0 0 
b, i G, e ... 
be denoted by u+, and the bigradient 
s 1.0 0 0 1 
Eo d. de E „ж 
me do % Xe oo 
b, b, b, a, a, 
bs oS bp ap Q 


by J (b,), (2,), | ‘ 
where З denotes the number of b—columns and 2 denotes the number 
of a—columns. 


Now it ів to be shown that the per-gymmetric determinant of order 


Thy 182. 


И 4 
B. = By B... 
B. Вох Beng 
(n—1) 

=(—1) , Í (,.-). Gud] 


t.e., & bigradient of order (2#—1). ` 
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Let us take a determinant of order 4, 012. 

| В, B, ` B, B, 

* Bs Bs В. В; 

BO в в, B 

В, B В. B 


Performing on this determinant the operations 


TOW, —6G, TOW, +a ,rOW, —G4TOW, х= —IOW, 
row, -—G,rOW, +a,row, = row; 
row, —@,row, -—-—rowi 


we obtain ' 
Н (—1)* row, {=(—1)*D. 
TOW; 
row, 
row, 


The determinant D, when bordered with 3 columns and 8 rows, 
becomes 





1 0 0 0 0 0 0 ° 
b Y 0 0 0 0 0 

ho kh 1 0 0 о 0 

b, b, b, ! 

b, b, b, D 

b, b, b, 

b, b, b | 


Now by 
(2) col, -F col, =pol;. 
(27) col, — 8,001; = — col, 
col; + со], —col; ' 
(ай) col? —,col; = —col; 
eol; — f col; = —col;* - 


col; * + сої, =cel}'' 
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we obtain—| (5,),(a,), | 

If the persymmetric determinant is of order n, then the bigradient 
is of order (2n — D. : m POOR А ° 
The number of additional. columns is (Dy 
The first set of operations.is А 
TOW,—G,rOW, ,--G,fOW,.,— ... +(—1)*"7a,_, row, -(—l)row;"^! 


TOW,., —G,row,.,-- .. (10) "а, зго, = (41) гані ст 


row, —G,row, = —YOW; 
And the second sets of operations are ' 
| (1) colapi 4-c0l, 7, —00l;,, 
(2) col, 4, —8,c01;4,, — —00li,, © 
! . | col; , + бО1„ +, —celzi, 
(3) вої, В.о, ——col;,, , 
coli.., — 8,001; 1, == —colzi s. 


+з 


col;i, -col,.., coli; 
MOL CU UE 
colia Васо  —col11,. 
colita — Bacoli = —00158; " 
coliii-4-col,., z —colii, 
and во on, 1 : j 
The persymmetric determinant. . 
B. Bear aes. Brana 
B... Bras sar: Bran 


. m 


i Brinza Bo ... Bera 


v(r—1) . - 
=(—1) (Боз). (баа) а-а 
n antras 
Even if the E of the determinant is broken by. deleting any 
column and any row, still the determinant thus obtained, ean also be 


transformed into a bigradient. 
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As for example fet, 
1 ‘Bs B, | = | 0 1 B, B, 

. 0 B, B, B, 
Ж. 1 R8 B В, 
B, B, B, 0 B, B, B, 
aes X^ 0) б “oe € “oO —0 o 

b, 0 0 0 0 0 1 a, 

b, 0 0 0 0 1 a, dg 

b, 1 0 0 1 а, a, as 

b, b, 0 1 a, а, а, a, 

b, =- b; 0 b, а, а, a, a, 

b, b, 1 b, a, а, a, а, 

b, b, а, b, a, а, а, а, 


If the persymmetry of the determinant is broken by deleting any 
number of columns and the same number of consecutive rows from the 
bottom (or from the top), the determinant thus obtained, can be 
transformed into a bigradient. 


II. Now we consider an example of the forgoing theorem. 
Let b,=y"/nf and a, —2"^/n] 
It is evident that the recurrent 8, 


1 
© 8i 41 31 2] 
multiplied by the determinant 
1 1 0 0 


0 0 
D 1 '0 0 0 
0 0 
6 0 


н gt da 12. 24o 24 





5 PL Bet 202° 60s? 1202 
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This determinant —(e—y) 


x[ 1 1 0 0 ‘0 
aty Qe à 0 o 
at tay ty’ 323 6z 6 0 
a* азуу ty? 4c? 12.2 94.5 25 
gt toy taty’ ay? ++ Sut 205 60.2% 1204 


By the operations 


TOW, —2LOW,, TOW, —4TOW,, l'OW, —ZTOW,, TOW, —4TOW, 


the last determinant becomes 


1 1 0 0 0 
y æ 2 0 0 
у? a? ШЕТ; 6 0 
y? аз буз 18r 94 
° | y a Bi `$ 962 
=2.3.4 1 1 0 (0 0 
y " 1 0 0 
y! аз Qn 2 0 
у? g3 Зе? 62 6 
y* at des o. 122 24 [- - 


=4! 2! 3! 41 B, 


—Hence B, T B. 3 (s—y)* 
` (ts СИУ N 


Similarly B, = eg) м 25 TN | 
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"Therefore the bigradient fitr RE ; 
[а o 0 Q 0 0 71, 
| | y 1 0 0 0 1 z 
| | 
i y z" 
| р y А 1 0 1 E aT 
y y* 1 j gt w? 
3] 2] 4 i 2| — 3l 
yt yt эё at co yal 
Í АГ $r 21 y 21 31 41 
v Ж y y 2 at at 
51 41 3r 21 8] 4i БЛ 
с = te—y)? (—9)' 
=| 1 z—y 5] 3l 
е (&—y)  (e—4) (2—у)* > 
EC l si a x 


sio (а—у)* (@—y `° (0—у)* (а—у)" 
əf DE g 





(e=)?  (e—)* (e—)' G-y* 
3—  — 4 oW 


This determinant has ipis been evaluated.* 


i 


5 ган а 


(r—9)'*. 


Similarly bigradients of higher odas can be ани 
PETRUM 
(a—1)(a* 1). (a* —1) * 


1 a 
` (a—D (2*1). (2-1) d 


(ity Let b,— 


and а„= 


* On the Theory of continued Fractions, see (c).(Proc. Bain. Bath. Soo, Part: (UT); 
(1916-16). 
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Hee В,= EIST 
x| 1 1 0 0 ° 

y a a—1 0 

у ga (a*—1)»  (a—l)(a? -1) 

y og (a3—1)s* (a*—1)(a*—1l)a 
This recurrent—(x—y) 

= 1 ' a—1 0 
ety (аз —1)с (a—1)(a*—1) 


a*-Fay--y*  (a3—1)s* (a*—1)(a*—1)» 
This determinant again 


=l |: mS 0 


^ a.a? 
z+ ay (a3 —1)z (a—1)(a* —1)a 
z*-Fays--y* (as—Ul)s (а? —1)(a? —1)az 
whore s=. 


The last determinant transforms into 
1 а—1 0 
| у _(a—1)z (a—1)(a* —1) 
| y' (0—1) (a* —1)(a* —1) 
which-(a-—1)(a*—1) 1 і 0 
y z a—1 
y" 2* (a* —1)z 
Thus we see that 


us s „шту 
B. as—1 a*—1 -а—1,„, 





— (®@—y)(au—y) (at »—y) 
(a—1(a* —1)(a* —1) 


© Q Se 
> ch 
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Subtraeting the last column from each of the' other columns of . the 
above ditermInant, we have this determinant ; : 


uto (a—l)(at—1)(90—1) „o 
(a* —1)(a* —1)(a5 —1) 




















- x ` 
a c 1 1 ; 
a—1 as—1l as—1 
1- 1, 1 E 
а* —1. аз —1 а*—1 
T 
TN l, E 1 
i a3—1 +] a*—l ' ^ 
Performing on this determinant the operations 
col, —a*col, —(a* —1)col] i | . 
col, —acol, —(a—1)eol; _ 
we obtain, . - E : 
H " R 
(a*—1)(a—1) 1 EET | 
(аз —1)(a* —1)(o5 —1) &—8. | a*—1 
1 1 
E а*—1 ` ` a5— 2 
` 1 1 
. a3—l| а*%—1 a pee 


This determinant* again 








2 бара) „| 1° _1 
^ (a*—1)(a*—1) a—1 аз —1 2 ‚з 





W Ses the paper “on the dior “oF continen Fractions, Proc. Edin, Math. Boc. 
` Part in (1916-16.) р 


— t 


А 


` 
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the last determinant becomes 


= (= j (= 2 s—a5y 
a 


a? a? 





i= 
— ' '— + e° 5 
^ ` 





1 1 --- - 1 1 
Е: i 1 1 1 
a—1 ‚ a*—1 аз—1 а* —1 
1 1 1 1 





(аа) ë œ Dey (w-Da-1) @-He-) 





1 1 Loo ` 1 
(«4—1)..(a*—1) (a*—1)..(a*—1) (а#*—1)...(а®—1) (a*—1)...(a* —1) 
Now by | 


(1) (1--a*)row, --row, —a?vow; 
(1—a)row, +-row, —arow; 
(J) (1—a)row; +row} =arow! i 
the last determinant reduces to 


a? I а а. 
l—a* 1—a 




















1 1 1 
аз —1 a*—1 a5 —1 а% —1 
- 1 
Similarly Basi w a*—1 P. 


—(Ce— (as). (a* ey) = - : | D 
(a—1)(a* —1)...(a* —1) eg JOD 





А 


inant which 
x 


3 (a3 —1)*(a* 1) 
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Hence the bigradient of order 7 consisting of 4b— columns and 
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3a— columns, becomes the persymmotrie dete: 
*(ay—q)*(a* o — 
(reg) Corey) (aeg) eqs 


-— 
= 


(90) (1—9) — (sy pam (рв) qoem (17.9) (=), 
(i—u,v)"(fi-z,9) (Ae yn) (6.0) (Rayo) (ficto) (0—20) (Ет) 








' a 














tI) Me) etme) eee C2} 
(4—u,0)(h—2 со) (A—u,0)(h—2 sn) (A—2,0)(A—an) R—»m5)(fiCa) ` 
I— Te? Ics? | I=? 
fi~@ 0 ñ— m 9 выр ` fw 
T I І I ' 


з 
4 

i. 
3 
з 


з 


row 


(n—ay) 


arow, —zrow, =(n—ay)row 


(i) arow, —zrow, = (#—ay)row 
QYOW, ~—aTow, 


By the operations 
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Gn) a*row; —zrow =(2—a'"y)row{! 
a*row; | —grow! =(e—a*y)row! ! 
(зїї) a*rowi'—arow;'-—(s—a3y)rowi'' 
, Hence tne bigradient 


__ ol(e—y)*(ae—y)*(a*—y)][(2—ay)*(a—a"y)*(w—a%y)] 
7^ 00—10) (a3 —1)* (25 — D (a* 1)5 (a5—1)*(a*—1) 








The bigradient of order (2n —1) . 


ligy)" any)? ...(a*-3£—y)][(z—ay)"-: .(e—a*71y)] 


(a—1)(a*—1)* a... (a 71 —1)*71(a* —1)*71(an*1—1)*7* . (a3 73 —1l) 
i(n-2)(n—1)a 
xa 





ПІ. From (1) we seo that 


| 1 d а 
1+ — yet (a—1)(a3—1) ys + ... 


`1 1 3,3 
1+ ast (a—1)(a*—1) а*2*+ 
Apri (y m) s + m @ 
=1+% vt (a— l)(aí— 1) * ‚ ( ) 
Therefore 
у—2 | (y—2)(y—a2) 2 -1 
eS et (a— ;—1)(a—1)" * =) 
y (e— o eo) „+ .. (4 


. =1+— + (a—iy(ai— 1) 


From (8) we have 


irr Kas: ie ^ 
-= w+ E an”. 


(009—1) ^ vec 


1 Bon) 
+207 ganet ct 
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Let the series, on the left hand side, be denoted by f (a, z) and the 
series on the right-hand side by $ (a,—2). ` 


Thus— 
Коз) _ (а ) Sep (A) 
flay) 4(—2) ' | 
Therefore 
B= 1 1 0 0 
а 
a—1 ale gm 
ау? az? MN. 0 
(а—1) (9—1) (а—1)(а#1—1) g~t 
f Лажа 
= (0—9) (9—8)... arg | 0 
G-Dw-D ы @—D с 02:000. 
To prove this independently of the other, we have š 
— g— E 
B= Сату) 
x 1 al v . 0 
an+z z(a* —1) (a—1)(a* —1) 
| аз? --a* zz taz? a2(a* —1) . a(a* —1)(a* —1) 
This determinant of order 3 a 
= 1 і. 0 
2 w E а-=1 
as? аф? | (a* —)o 
MEC E : 


(a? —1)(o* “Deen 
u na adu x 
(a—1)(a* —1)(a*—1) 
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And 


» um 
c 1 0 : 
M са sas 1 
(a—1)(a* —1) a—1 
w? e ` e 
(a—1)...(a*—1) (a—1)(a*—1)  a—1 
TUM ibo [T E | 
= a-i eien) ^ ы Дд 
a  (a*—1)s (a—1l)(a*—1) 
"a^ (a*—1)a* (а#—1)(а5-—=1)а 
This determinant | 
|| e a—1 ` 0 


0 a(a—1z (a—1)(a?—1) 
‘0  a*/a—1)z* (a? —1)(h*—1)ax 
=a" x(a—1)(a*—1) 


t 


a a—1 








w? (а* —1)2 





hy C R 
vo ami (о—1)(а*#—) 
Similarly a 
2 1 in(n—1) , 
„В (атудан 1) дасл)" ees a x. (6) 


py, С) (ary) (ates)... (ав) 
(k—yz)(l-—ayz)(l—a yz)... (ayz) 





E 


- qo yma (—eXy—a) ,, _ | 
DUE (a—1)(a* —D * e (7) 


" (Las) (Í—a*22) (1 —a*22)... 
` (Tye) (I—a*yz) (1—a*yz)... 


uu gm ‚ бу—п)(у-—-а^®) 5 __(у—")(у—а*»)(ў—ап) „ 
= CDU (espe e-n- © 
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, Ce co 
T (1—a)ü—a*)—a^) . 





=t i (1— 2-а), 2 (1—2)1 —e*2)(1—a*2) I 
=1 lo ерке (a3 — 1)(a* —1)(a* —1) +.. (9) 
Hence NL NC 


(1—a*3)(1—a*)(1—a*) ... 
асап ee gee _ 





ia =DD] (а—1)(а* —1)(а®—1) , 
=1+ > a Zit aia) аа y +... 09 
But also . ' I - 


(1—a2)(1—a*4)1— 52) ...» 
(1—а)(1—а°)(1—а°) 


ар l-z, , (1—2)(1—a*) (1—2)(l—aaM1—a*s) р. 
азу" + Aad aAa) a? 4... (11) 


" (0—a)(i—a*)(1—e* .. 


s d 


‚‚ 45-10 
=l1-+a-+a +a + 2. +a `+ "d 2) 


Hence from (10) and (12), we obtain 


1+ 5 ы. et (а= Ла at laca? at a? Jes. (13) 





From (9) and (11), equating the co-efficients of z, we see that | 





1 1 a - : 
= iH, 521°" ox Das Е ° nd j 
1— ha" + са "eidcm at. 
= il" (a—Ty(as— =)" ~ (a—D)(a*—I)(a*— T) 
zv d m 000m a 


From (9) and (11) - ME К, 
(+ 1-а „y (19 (2*9) a+ БЕИ a+. = 





a3—l  (a*—z)(a*—1l) (a* —1)(a*—1l)(a* 


1- (1—2)(1—av) as (1—2)(1—anY(1—2a*a) ав 
Sl зә) Т а) Е) гу tt 


* [Jacobi :—Ges, Werke, p. 231]. 
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Hence 
iK аа, —& yi (2,2) (а, —tz)} 
х {f(a* wt) f(a", —a?)f(a*, min" fat, in) 
=f(a", —a). .. (56) 
Similarly 
С $(2)aa) . 
= 1 з 1 ` 
=l+ = m tje t+ 
=(a*,0*) a (17) 
and 
(4,0) $(a,—2)p(a,8z)p(a,—t2) 
=¢(a*,x*). 7 .. (18) 
Ав 
1 
(1—)(1—аз)(1—ат)... 
gos == L. cig (19) 
i a—l (а—1)(а* —1) 
Therefore 
1 
(1—a)(1—2*)(2—a?*)... 
1 1 
= ы (a—1)(a*—1) . ... (20) 
From (17) 


1 as 
ix E кы 
a —1)* z 
7 Ge E [err i SS 


1 1 
G1) ан uec D" ауса D 1) 


l 


08 
= g(a--I) (at 1)..-(e ЕГ), E s. 


| 
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And from 
i 1 


GHID.(ar—1  (a-D0i(a5-1..(Q73-1) 


1 et 
+ (a—1)(a*—1) a**?—1),..(a7"-37—1)} —...-(—1) 


1 1 
s= s ы TT == Lt m u nlt 
{субет = ишп * C 0 асу (7-71) 


= 1 
B 2(a4-1)(a3 +1)... (a4-1") 
/' When n» is even (21) z(22) | 
and when s» is odd (21) = —(22) 


(22) 








V. Let 
в.=] 11 0 0 ; 
b 0 1 0 
;, 0,0 1 
b. O a, 0 
=—| 1 0 1 0 s 
b, 1 0 0 
b, O a. il, 
b, a0 O 
etd odo ^6 jS 
b, a, 0 0 b, а, 
J 0 1 0 
b 0 а, 1 
Similarly 
B,.=(—1)*"*] b, 1 0 0 0 |. |z(—1)D, 
‚| b, a, 1 00 
b, а, a, 1 O 
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and | | А : i 
В..-1=(-1) [1.1 0 =(—1)'В, 


© 


1 - — 








i Бе = oye). a) 
and i 
аза — NEM 
з (—a*) (E—a*)...(1—a**) 
then 


er 1 ` M2r—3)(2r—2) 
Rx) Sesh a ec 
and - : | I | 


к 


er S LI CHE: NR 
пе (a—1)(a3 —1)...(a$*"1i—1) ° 


IM d | 2 А 


Similar results can also be obtainéd from (17) . os а. ah 


Vi. it o mE ( 


B= à, 1 0 
jeu. uda b b. 1 
b-b b, 
then : b 1 0 2.0 |=(—1"b, , 
Bl. b, 1 - 0 
В. B, b, 0 


For by - : NS of ; 
roW,-—b,row,., "Eb, row, съ... С)", row, i 


we have all the elements of the Hu row. cs the first one, zeros, and 
this elementis —5- ^ ' -E —- - 


116 . . . | HABIPADA DATTA 


Ex. ioe 3 
=I : К 
(2—y)(az—y) #—у 1 
(a—1)(a*—1) a—n 
(2—у(02—у)(а*%2—у) (e—y)(ar—v) ау 
(a—1)(a*—1)(a*—1) (а—1)0а%—1) а—1 

By 





y—» (у— т) (2—2) 
TOW, 170". + ту) mte 
(y—2)...(a*7*y—2) 
+ aiana 55 


we obtain the above recurrent 


—(—1у* Gy)... (at ya) 
(—1) (a—1)(a?—1)...(a*—1) 


for 


4 


(s—9)(az—9)...(a* 7? 4—y) 4 (7— a2 p)... (2*7) | 
(a—1)(a* —1)...(a* —1) &—1 (a—1)(a)—1)..(a*^7!-F1) ` 





(y—25)(ay—9) | (z—y (as —3)...(a* 3 2—y) ders 
(a—1)(43j—1)  (a—1l)(at—1)...(a" ^ * —y 


p Qm m(ay2). (atn hy а) ау 
(а—1)(а*—)1...(9"72—1) а—1 


= (y—2)(ay—2)...(a**y—2) © 
E (a—1)(a* —1)...(a* —1) 





The above relation can be written as 


T, 4-8, T, ., +S... +... +8,- T, +8,=0, 


VII. Let 
o= L 1 ` 1 
1 1 1 
(1—2a)(1—a*) l~a? 
1 1 1 


(Leay Qaqa „(ае (168) лк | 500154 
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uu cd | 1 

э (ü—a)y1—a*) (1—a)(1—a*)ü—a3)ü—a*) 

x|11 0 I . 
1 1—a ` (1—a)1—a*) 


; ' | 1 (1—a)1-a* - (1—a)(1—a*)(1—a*) 
Performing on this determinant the operations 
TOW, —TOW,, row,—row, — 
and then multiplying the third column by (= а), we obtain ilis: deter- 
minant 

















| =a U -e«0-23ü0-e BR 
7781 а-а) —ai(1—a)(1—a—a* +a") | 
Lz(—l)?, 1  .'1—a x (1—a) 
l—a 1—а—а* +a’ 
Again by row, —row, this last determinant 
E zb 1—a* € - 
—& —a(1—2*) R 
-—saü-aü-a) qo 
gs i 
1 1 


(1а na a) I= 


=—a(1—as)°% decus era (6)]. 


Hence : Bo odes 
G = 1 = a’ 
* (I—a) (1—а*)...(1—а*) 


After multiplying by the denominators _ and then performing the 
operations 

TOW, —IOW,, TOW, —TOW,, TOW, “ТОЗУ |, and 0 (ss as 
(1—a?) outside, we obtain from Ou the determinant . 

—a 1—a? | 0 


—a*(1—a) a*(1—a—a? 4-a*) 1—a* 


' Ca*(1—a)(12-a5) a1 aat жаг) aiaia pa) 


. 
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Now multiply the second column by a and the third by а?, then taking 
out the common: factors! we have 


d l—a* 0 
1—@ l—a—a* ta? 1-—a* 
(1—а) (1—a*). (1—a3) (1—a—a* +a’) l—a*—a*--a?) 


By row, —row,, row, —row,, then SENE the third column -by 
жа we have 


E 1 0 
—а | —a(1—a*). —a(1—a) 
| ~a? (l~a); .—a*(l—a-—a*-Fa*) ;—a*(1—a—a*4-a) 


Taking out (—a), (—2*) and then by row, —row,, we ‘have 
1 1a? 0 


1 ` 1—а* 0 1—а# 


—a —a(1—oa*) | —a(1—a*) 


=(—1)*a(a? -Íp (a—1) (a1) +, 





x 
1 
ШЇ 1 0 
1 ` 1 1 
(as—1)(a*—1) а? —1 
1 1 1 


(a*—1)..(a*—1) (а°—1)(0*—1) а —1 
This last determinant [Ьу (6)] 


e" 1 в 
~ (а*—Ту(а*—1)(а5—1) ^ 





‚ Aenee- 
C.=— г. al 
$ (1—a)(1—2a?)...(1—2a*) 
Similarly — | ; 
g.- CD 1 a(n—1).(2n—8) ou (23) 


1—0) (i-a). (Earn) p: 
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Thus we obtain 
hof ese а i. 
Uaia) "*ü-sü-a) dca)" + 


JH MOM, MONA 
ica °F =a) daar” КӨЙ ате Шу” b" 


1+ 


1+ 


=1+ 1. a+ ш Oe 
agda) ^* azaü-a)ü-e)i-a) 


1 15.9 
90а) =e) euma pus. 


1 (808—1) е... (8A) 


taolo Ia)" 


. = M 1 = І ч Ж Š 2 ue 
^ cer). dar) 


мс UE © а), 
" (1—a)(1—a*)(1—a3)...(1—**) ` 


Then t Fu,- 5 big Dg F... т, +u, 
"(-—e)1—-a*)—a?)..(4—a)" . 





(к) Let 
ш„= Кылы ы. эу т E E 
* (1—а)(1—ва?)...(1—а**) 
. The recurrent i I ML 
1 1 0 O 0 
| ш, vi 1 0 0 | 
ш, Us Vi 1 0 s 
e incl 
` =u ' 
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and the recurrent 








1 1 0 O n 0 
° v, wv, 1 o ec 0 
© w, w, 1 sis 0 
+1 
= 1 qn (5— 1) 
(аз —1)(a* —1)...(a** —1) 
(it) | 
Е,= [1 EE 0 
(I—a*)(1—a3) i—»* 
I P E 38 
(i—«a*)(1—a*)(1—a*)(1—a*)  (1—a*)1—a*) l—a* 
=(—1)*- 1 n(m+1) 
B,=(—1)"” тауа ая) aT 
The proof is similar to that given for (23). - 
Hence 
1 i 1 
к= лии еей em y Т^ 








LI 1 > 


1+ү а Pb EGO SR 22 +... 





== 1 & E 1 YN s 
“нт уйу T a a aey T 








: CIE) а? +... 


taaie ан) ° (25) 


Relations and recurrents, like those obtained from (24) can also be 
obtained from (25). | 


Tf [$ 


ON THE EVALUATION OF SOME REOURRENTS AND BIGRADIENTS’ 191:' 


and _ 1-а 4. 
8 ат a^ 9, 
thon — 84-8, Las eR cata F... т, x 
1 1 0 0 0 
йс m EE 
5” 8 m 1 0 
owe 0 +1 
PR [ 
апа 
\ П 
1 1 0 0 0 š 
8, оту 1 0 0 
8, т, 7, 0 EC 0 | 
+1 
Um 1 40% 1) 
“(а (а*—1(...(а#*—1) 
(5) Let. 
dict. wed 0 0 
; a al (а—1)(а#—1) 0 LT 
as а(а#—1). (а"—1)(а%—1) (a—1)(a*—1)(a*—1) 
a*, a*(a*—1) — а(а®—1)(а*—1) ` (а*—1)(а*—1)(а*—1) 
—(a—l)(a:*—1)(a*—1) 1  a—1 0 


а  a*—l (a—1)(a?- 1) 
а? a(a*—1) (a*'—1)(a*—1) 
—(a—1)(a3 —1)(a* —1)d, 
=(a—1)*(a?—1)*(a*—1) 
Similarly Й ' : í 
Baya — (a—1)^ (a3 —1)*71... (a*71 —1)* (a^ —1) . 
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Let 7 
NE 1 000 n(n—1) 
| 17 (аж ТУ(а*—1)...'аз*—1) 
f=| 1 1 : 0 0 
WB owe d 0 
Be X Wes d ; 
tos ue Ga gs | 
E 1 I 
(a—1)5(a* +1) (a3 Т) (а —1) (a5 —1)(a5—1) 
x 1 1 o c 
a a-l i (a—)(a* —1) 
a^  a'(a—1)(a3—1) (a—1)(a* —1)(a*—1) 
ats a*(a—l)(a*—l1Y(a*—1) a*(a—1)a*—1ya*—1Ya*—1) - 
! "NE о 
0 


(a—1)(2*—L)(a*—1) 
(a—1)(a? —1)(a* —1)(a^ —1)(a* —1) * 


D 


The last determinant becomes. 

-—(a—1)*(a^—1) 1 2E ваш, 
t ume UB Vga deasa 

."af(a—1)(a—1) a*(d39—1)(--a*—a*4a! > 

(0 


t 


т ГУТУ 
i | (a OE абда, 
Ву row, —a’row,, row, —a?row,, the above determinant.becómes- ..; 
р as—1 ` 0 ; š xd 
a* a*—1 x (a* —1) (a* —1) | 


a*(a—1) - а*(1—\а*<2а%+Бв' t (&&-: 1)(1—a5—a* ta", 
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Similarly 


—( yi 1 ` 
f.=( 1) (a—1)(a* —1)...(a3*73 —1) P 


` We have also 


W, Fu, Wna Fu t. alt + X Fut, at +x 44,0" 71 mu. 


This again by row, —a*row, becomes 


=—| l at—1 0 =4,(а*). 
a? а! —1) '(a3 —1)(a* —1) 
as at*(l—a*)  (a*—1)(a9—1) 
Hence 
je e эз) 
А š (a—1)(a* —1)...(a* —1) 
VII. (з) Let i 
zl 1 0 0 
a a a—l ` 0 


a? а? a(aà*—1)  (a—1)(a*—1) 
as a? u*(a*—1) a(a*—1)(a*—1) 





ао at a'(a*—1)  a*(a?—1)(a*—1) 
0 
0 
0 
(a—1)(a* —1)(a*—1) 


xA а(а* —1)(a? —1)(a* —1) 
By col, — col,, it becomes 


-(1—a)| a*—a* (a—1)(a*—1) 
a3—a* a(a*—1)(a? —1) (a—1YXa? —1)(a* —1) 
at—a* a*(a*—1l)(a*—1) —«'a?—1Y(a3—1)(a*—1) 

—-(—1lj(a—1l)*(a*—1)?(a*—1)*a a 1 0. 

| a a a—l 
di a" a(a* —1) 
-(-D*&-D*(G—l ай нан, 0 ` 
z(—1)* (a—1)*(a* —1)3(a* —1,*a*. 
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Similarly 
gaa (а) ан) (аки. (a2 t= 1)? 
^ (a3*71—1)*a^*' and gx, =0. 
Hence 
1 1 me 
е Gaia re 
1 1 
l--——. MPO LBS 2.3 
dome (à—I)(a*—1) ах c? 5 X 
—— 1 2,8 1 Ont 
art gral”? Gangrene 
+ 1 gh +t) E x (20) 


(a* —1jx(a1* —1) 
Here it is to be observed that 
1 1 0 =u" 1 1 0 


~ 
- 
8 
a 
Ге 
& 
m" 
емч 
oy 
a 
ы 
pai 


3 PLI 
b,a? a,«* ax 


e 
м 

a 
æ 

R 
- 


x. x Xx mtl x x x dati ° 
(т) Let h, 
= 1 10 0 0 
1 1 a1 0 0 


a 1 а#—1 (a—l)(o?—-1) 0 
as l a*—1 (a'—1)(aà—1) (a—1)(a?—1)(a*—1) 
a® 1 а*—1 (a'—l)(a'—1) (a*—1l)(a*—1)(a*—1) 
z—(a—1)| l—e  (a—l)(at—-1) 0 l 
l—a«* (a*—1)(a*—1) (a—1)(a*—1)(a*—1) 
l—a* (аз —1)(а*—1) (a*—1)(a*—1)(a*—1) 


=(—1)*(a—I) | a—1 (a—1)(a*—~1) 0 


A 


a(a*-1) a(a*—1)(a*—1) (a—1)(a?—1)(a*—1) 
аз (а —1) a*(a* — 1)(a* —1) a(a* —1) (аз —1)(a* —1) 
z(-—1)*(a—1)* ia* —1)* (a? —1)*g,. 
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Similarly 

g. (—1)*(a -1) (a? —1)* :* (aT —1)g...,. 

(в) Let | 
i=] 1 1 0 Oo; > 

а, a 1 0 

a, a? a 1 

Qs а? a’ а 


; ' - I 
Mutiplying the third and the fourth columns respectively by z and a° 
and then dividing the second, third, and the fourth rows кереез чы by 
a, G*, and aš, we obtain 


, i, =a?) 1 1 0 0 


By col, —col,, col, —col,, then by row, —row,, 
$,—(—1)'(4,—aa,) 1 0 0 
0 1 0 
ó 0 1 
in- = 1)" (a, —22,.1) 


Note :—The source of.this paper is the following two theorems :— 


(1) 145, eb n3 5, х 
1+a, sta, +a, а? + X 


ш 1 1 `] z+ 1 I 0 ја х 





b a b, а, 1 


b, a, . ay 
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$ 


(ü) ON A THEOREM IN DETERMINANTS. (2) ON ALGEBRAIO 
REMAINDERS. (9) ON A THEOREM IN SIMULTANEOUS 
EQUATIONS AND (4) ON THE SOLUTION OF A ВЕТ OF 


SIMULTANEOUS EQUATIONS. 


By 
Hanrpapa Darra, М.А, (Eprx.) 


І. Ona theorem in determinants, We have * 


G, 


Gs ` 


Cy 
Cy 


Cy 


m 


d 
d, 
"d 


d 
4, 
d 


c, fy 
f. 
с, fs 


Cy 


0 0 б |- 


0 0 0 


000 
b, c, f. 
b, c, fs 
b, o, f° 


а, 


0 
0 
0 


РЧ 


| (їп these determinants five columns are common) 


b, e, 
b, са 
b, Cy 
b, 0 
b 0 
b, .0. 


0 
0 
0 


сұ 


Cy 


05 


di 


fs 
f 


1 Л 
А 
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(by row, —row,; row,—row, ; row, —row,) 


In the case of the determinants of order 4, we have 


ау б, 
G, б, 
ad, Cs 
a, C, 
0 0 
о .0 
0 o0 
0 0 


4, 
4, 
d, 


e 


d 
0 
0 
0 
0 


f 
Ss 
fs 


А. 


Һ 
fh 
Ў, 
f 


0 


© o o 


оо © m 


0 


Cy 


0 
0 
0 
0 


d, 
3 


d 
d 
0 
0 
0 


сз e ° 
LJ 


J 


o о © o « 


0 
0 
0 
су 
бз 


Cs 


m 


= 


€, 
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(of which seven columns are common) 


=—| a, .b, с, d. f, 0 0 0 
dy “he Aw Wy Ke сб: uU. v0 ? 
а, b, с, d, f. 0 0 O 
а, b, с. d, у. 0 0 0 
0 b, 0 0 f. c d, g, 
0 b, 0 0 fa C d, g, 
0 b, 0 0 Ts c d, g, 
0 b, 0 0 f. e, d, g. 





(by row,—row,; row,—row,; row,—row,; row,—row,: and then 


by col, --col, ; col, +col,) 
{ 


=] b, с, d, fh в, с; d, h 
b, с, a f, а, с, d, Ў 
b, в d, f. as es d, ts 
b c0, d, f, a, с, d, f, 


In general, if | a,,a,,(n—4a,,-,G,, [.denotes a determinant of order 
п, [where (n—4) stands for the (n—4) consecutive elements, a, y; a, ,,..., 
NE of the first row] then » 
| а,,(®—4)а,„., | 121, (0—4)0,. |—] а19,(9—4) | 1(*—4)а,,.үа,, 
=Ja,,(n—4)a,,_,.] |@,,(n—4)a,, |. 
IT. On algebraic remainders. 
Let 
f(n) =a," a, e+. Fa eta, 
When f(x) is divided by «-Fy,, the quotient 
day, а) ma 2771 (ула, ta, OEE Pa ya ci s ou )2 71 8... 
(у la, Куг faa ood, à) 
and the remainder 
R,Gy,)=f(%) : 
Again if $, (y,z) be divided by s—y,, the quotient 
ds (yet) mau nt + [(у, Hya), ra a ese 
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and the remainder 


"RBAQaya)mdiQquyi) Ha FHS T.2)31^* +... 


ү Уз, 473 X a ades 
ҮҮ, Ye 


gres + 1—17 
Yı Ys ` Yan Yı 


Ар) foo | 
=f) =f) 4 


I" | 





Go 


Thus R,(y,y,ys) => de %, (луз) 














Ys—Ys NE 
EE | [fe o _ fq Aqu 
Yas » Е "| ЕГ | 
fer) fo) JG.) 
Ti Ts Ys š 
1 1 1 
Yi Ys ` T 
1 1 1 
Generally R(yiy, ... y) | жа 
JQ) Fa Fm) pp УТ "ТҮШ 
ү vro? Үт". ya teya T 
Y Wya’ T 
; Y. mos Ya 
Be we 1 1 1 
1 p. 





š ` i E 
Hence evidently ф„_,(у,у»...уж-1@) is obtained|by putting 2 for y, in Ru, 
lf some of the quantities ув аге equal, the expressions for the 


remainders or quotients, at first sight, seem to be indeterminate, but 
as & matter of fact, they are niob so, . ^ 
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Suppose y,=y,+h, where 4=0. 


Now. by Taylor's expansion and subtracting the first column from 
the second, we have R, (y, ysYs Y+) 


=h | fy) FOr) fos) Жу.) [FAL yt 8y? y! уз 


п у. mv y > yi ?n у vi 
» 1. Ys Ys Yl vw» 
1 0 1 1 1 0 1 1 
Again, if also, y, =y-+ k, where k=0, 
R.QOiiYs Y.) 
—hk* | finn) fn) Ж Уу.) Ду. [+h у} 39v Зу, 7 
п m 1 Y: ys 2, 1 X 
m 1 0 Y. nli 0 x 
1 0 0 1 1 0 0 1 


. ПІ. Ona theorem in simultaneous equations. | 
If a's are integers and if the determinant з a multiple of 
a, a, x a, 


b b x b 


Cy в, х Ce 
x x `x ` x 
for all integral values of 
the ul ths X - u, 
: , І 
а, а; а, х G. 


x x x x x +1 
ws then the n—simultaneous —equattons 
Go T- 0,0, +937, + X Hansa =O 1 


‚ by by, + X 45,2, =0 | 
Е eo tem, tX : eue, = 
‘ x x J 


. will be satisfied for the integral values of the variables. 
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Suppose 

Ho th шу X ti, |—f(eyuw,—h.)| a. a4 X as, 

°“ а, G, X ә а, TD b, b, + b 
b. L b, x b | ' . c, G X a` 
x X X x x n+l ` Xx, X x' x 


. Here itis to һе seen that. Киот, —t,) is a linear function in ts and the 
co-efficients of ts are all integers. J 

‚ With the references within my possession, Lam notin 8 position -to 
do proper justice to the paper. 


> 


IV. On the solution of & set of n simultaneous equations. 


er. ny рл,+1=0 


To solve the simultaneous equations 
1 ` 


` EIN u +b, x n.a, tats thi o 
u +a, otra Taha, К uad, 


Qu EB у Qs Eb (s +b,) (usss +.) HD) 9 
(v, a.) ^ Qn a, Gs Fay)? T Cuan Fd, (usai Tas) 


x NR : x 
° 
Let О, . 
= 1 i 1 
w, +5, u +b, j 
u, +a, ` t“ (+a, 


(a ERU ЫЫ ЗС 
(u, +a, )(u, +a) (u, +a, )(u, +а,) 


Сое Ce Ce 
(ч, +a,)x (и, +a,) (а-а) xX (u, ta) 


. 1 - ` ` 1 
us +b, : s +b, 


ty, +a,' un w, ta, 


x (в, +b, Yu, +b,) (u b.) (9; +5,) 


(s, ta) (9, +a,) . (Gu +a) +65) 


(и, +b,) Xx (u, +45) (e, +6,) x (4, +b.) 
Vs (s, 25) X (v, -2,)1. (5, +4,)x(u,+a,) > 


ON A THEOREM IN DETERMINANTS ETC. 
By the operations 
, (1) row, —row, =(b, —a,row,, 
row, —row, —(5, —a, )row!, 
row, —row, =(b, —a,)row;. 
(2) row; —row; z(b, —a,)row;', 
rowi—row;-(b,—2a,)row;'. 
(3) row," —row; '=(b,—a,)row,;'', 


wo have 0,=(b,—a,)(b,—a,)*(b,—a,)® - ` 


x 1 1 
i TD А” 
u, +a, u +a, | 
1 ud 


(u, 3-0, )(u, 24) (s, +a, (ug tas) 


1 1 
(u,--a,)X(s,—a,) (u, +а,) X (v, +а,) 


1 1 
1 1 
"sa, u, +a, 
1 1 





(u, aT) Cu, +a?) (s, +a, ) (a, T5) 


Let this determinant be denoted by B,. 
By 
(1) row, -- (a, —2,)row, —row;, 
row, --(a,—a,)row, =row}, 


(2) row; -- (a, —a,)rowi —row;', 
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we obtain 
B,= 1 
° š (a, а, (а, —a;)(a, —as) 
multiplied by 
1 i 1 1 
1 1 1 1 
tt, ba, tly +a, thy +a, t +a, 
1 1 1 1 
=“, +a, the +a, “x, $a, 164 +a, 
1 1 1 1 
%, +a, t +a, ч. +a, u, а 


This last determinant is due to Joachimsthal. 
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NOTICES RESPECTING New Books PRESENTED TO THE 
LIBRARY. 


l. Introduction to The Theory of Fourier Series and Integrals. 
By H. S. Carslaw. Second Edition, completely revised, pp. 1-323. 
30/- net. ( Maemillan & Co., Limited, 1921.) 


This book forms the first volume of the new edition of Prof. 
Oarslaw's Fourter’s Series and Integrals and the Mathematical Theory of | 
the conduction of Heat which was published in 1906 and was for some 
time out of print. In view of the extensive advance that has been 
made in recent years in the Theory of Fourier Series and Integrals and 
their applications to Heat Conduction, the issue of this excellent 
treatise in two volumes which has enabled the author to incorporate in 
the present volume some of the latest developments of the subject will 
be welcomed by all mathematical readers. The volume begins with a 
` historical introduction and the first three Chapters deal with the 
convergence of infinite series and integrals and the development of the 
idea of a limit and & function founded upon the modern theory of real 
numbers. In Chapter IV, the Definite Integral is treated from 
Riemann’s point of view and in Chapters V. and V1. are discussed the 
theory of series whose terms are functions of ‘a single variable, and the 
theory of integrals which contain an arbitrary parameter. Chapter 
VII gives а treatment of Fourier’s Series depending on Dirichlet’s 
Integrals in which a prominent place has been given to Fejér’s work, 
both in the proof of the fundamental theorem and in the discussion of 
thé nature of convergence in the Fourier Series. Chapter IX is devoted 
to Gibbs’s Phenomenon, and the last Chapter to Fourier’s Integrals in 
which the work of Pringsheim has been used. Two appendices are added. 
The first deals with Practical Harmonic Analysis and Periodogram 
Analysis and in the seconda "bibliography of the subject is given. 
Lebesgue's theory of integration and the functions whieh this theory has 
introdueed into the Theory of Fourier's Series and Integrals have been 
considered too advanced Dy the author for the treatise. It would how- 
ever have been very useful if in the text or. in in an Appendix the theory 
had been defined and its bearing on the Theory of Fourier Series and 
Integrals had been pointed ont as this would have prepared the grounds 
for the students who would desire to pursue this fruitful development of 
the subject. The book will be found to be very useful by all students 
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who want to have а comprehensive grasp of the subject but the price 
of the book, namely 30 shillings net, will be considered too high by the 
Indian readers at the present rate of exchange. 

e 

2. Géométrie Synthétique des Unicursales. By E. Bally. Pp. 1-98. 
(Gauthier-Villars et Cie, Paris, 1920). 

Contents: 1. Preface, 2. General Survey of the Cyloids. 3. 
Tangentral properties of the hypocycloids with three points of inflexion. 
4. Нусус101 as inverse to 8 circle inscribed in the triangle formed by 
the points of inflexion. 5. Various properties of hypocycloids. 
6. The cubical developments of its tangents. 2. Notes. 

8. Lecons sur les Fonctions Automorphes. By G. Giraud. Pp. 
1-193. (Guthier Villers et Cie, Paris, 1920.) 

Contents: 1. Historical Introduction. 2. General Properties of 
certain automorphic groups. 3. The linear groups. Groups of 
Poincáre, of M. Picard, and if М. Fubini. 4. Quadratic groups 
comprising the hyperabelian groups. ©. Groups formed by several 
other prolongeants. 6. The functions of Poincare. 7. Appendix. 

4. Les spectres Numeriques By Michael Petrovitch with a 
preface by Emile Borel. Pp. 1-107, (Guthier Villars et Cie, 1919.) 

This book has been very severely criticised by Prof. G. H. Hardy. 

5. Cours de Cinématiqne Théorique, By Н. Lacaze. (Cuthier 
Villars et Cie, Paris, 1920.) 

An elementary treatise dealing with, (1) vectors, (2) kinematic of 
D pont, (3) motion of a soid, distribution of velocities, (4) composition 
of accelerations, (5) displacement of vectors lying on в plane, together 
with supplementa on these subjecta giving fuller details. 

6. Précis de Calcul Géométrique. By В. Leveugle. With a 
preface by M. Н, Fehr. pp. 1-400. (Guthiei Villars et Cie, Paris, 
1920.) 

The present volume gives an interesting treatment of vectors and 
quaternions and their applications to geometry, kinematics, Newtonian 
potential, motion of solids, theory cf elasticity and the electromagnetic 
theory of light. 

7. Table Des Nombres Premiers et de 1% décomposition des 
Nombres de 1 a 100000. By G. Inghirami, Pp. 1.35. Preliminary 
Explanation, рр. I VII.  (Guthier Villars et Cie, Paris, 1919.) 

8. Reflexions sur la Métaphysique du Oalcul Infinitesimal. 
By L. Carnot. First Volume, pp. 1-117, Second Volume, pp. 1-105. 
(Guthier- Villers et Cie, Paris, 1921.) ^ 
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The vclumes deal with the fundamental principles of infinitite- 
simal analysis as embodied in the differential and integral calculus and 
calculas of variations. 


9. Elements de Géométrie. Ву A.C. Clairant. First Volume, 
рр. 1-95. Second Volume, pp. 1-103. (Guthier Villars et Cie, Paris, 
1920.) ч 

10. Mémoir sur La Chaleur. Par MM.Lavoisier et De Laplace. 
pp. 1-74. With two plates. (Guthier Villars et Cie, Paris, 1920.) 

11. Géométrie et Analyse des Intógrales doubles. By A. Buhl. 
pp. 1-67. Scientia, No. 36. (Guthier-Villars et Cie, Paris, 1920.) 

19. Bulletin de І” Institut Aerodynamique De  Koutchino, 
Fascicule VI, Gauthier-Villars, Paris, 1920. The volume contains the 
following papers of interest to students of hydrodynamics and applied 
mathematics generally — 

D. P. Riabouchinski: I. Sur les de glissement dans les fluides. 
JI. Cinematique des movements discontinus dans les fluides. ПІ. Sur 
Ja résistance de l'air aux grandes vilerses, IV. Sur l'antorotetion des 
projectiles. V. Del'influence du vent dans le reperage par le son. 
VIL. Théorie des fusées, VIII. Considérations générales sur les hólices. 
IX. Sur les’séries de Fourier. 


13, Oeuvres de Q. Н. Halphen publiées par les soins de C. 
Jordon, Н. Poincaré, E. Picard, ауес 1а collaboration de Е. Vessiot. 
Tome I, H and III (Guthier-Villars, Paris.) 


Tome I contains 39 papers mainly on Geometry, integration of 
linear equations and Probabilities. Pp. 1-567. 


Tome II contains a portrait of Halphen and 42 papers mainly on 
Geometry, differential equations, elliptic functions Fourier and Abel 
series. Pp. 1-560.. 

Tome HI contains the following four memories of Halphen :—(1) 
Memoir on the reduotion of linear differential equations to integrable 
forms. (2) Memoir on the classification algebraic curves. (3) On some 
linear differential equations of the fourth order. (4) On the invariants 
pf the linear differential equations of the fourth order. pp. 1-514, 
(Gauthier Villars, Paris, 1921.) 

14, Oeuvres completes de Thomas Jan Stieltjes publiées par les 
soins de la Société Mathématique D’ Amsterdam. Tome I and II. 


Tome І contains a portrait of Stieltjes as frontispiece and 47 
papers on various subjects of pure and applied mathematics. 


* Tome II contained 37 papers. (P. Nordhoff, Groningen.) 
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15. The Fundamentals, Vol I. By Jogendrakumar Sengupta. 
pp. 1-85. 


The author gives in his own way a discussion of the fundamental 
principles involved in (1) the Euclidean axioms, (2) the first postulate 
of Euclid, (2) the tenth ахіога, and (3) Euclid's second postulate. 

16. А criticism of Mr. R. D. Oldham’s memoir on the structure 
of the Himalayas and of the Gangetic Plain as elucidated by Geodetic 
observations in India. By Lieut. Colonel Н. McC. Cowie, R. E. 
Published by the Govt. of India, 1921. 


8. K. B. 


17 . | | D 
NOTES AND NEWS. 


Àt the meeting of the Society held on the 26th September, 1921, 
the Society extended its heartiest greetings and warmest felicitations to 
M. G. Mittag-Leffler, emeritus Professor of the University of Stockholm 
and an Honorary Member of the Society on his completing the 75th 
year age in March last. 

Nature has published a special number (vol. 106, Хо. 2677) Febru- 
ary 17, 1921) devoted entirely to discussions of various aspects of 
relativity theory. It contains papers by Professor А, Einstein, Mr. E. 
Cunningham, Sir F. Dyson, Dr. A. C. D. Crommelin, Dr. O. E. 8t. John, 
Prof. G. B. Mathews, Mr. J. H. Jeans, Prof. H. A. Lorentz, Sir О, 
Lodge, Prof. H. Weyl, Prof. A. Eddington, Dr. N. Campbell Miss. 
Dorothy Wrench, Mr. H. Jefferys, and Prof. H. W. Carr. 


The Journal de Mathématiques pures et appliquees which was founded 
in 1886 by J. Liouville and is now edited by O. Jordon has entered в 
new phase in its long career. The Managing Committee formed by 
some gf the most distinguished French Mathematicians including Pro- 
fessors Appel, Borel, Picard, Hadamard, Goursat, Painlevó, Lebesgue. 
and others are thinking of establishing the Journal on broader lines 
and have invited the English-speaking mathematicians to contribute 
to it. We appeal to the Indian Universities and all Indian Mathe- 
maticians who take an interest in advanced mathematical work that 
they may usefully subscribe this journal which is one of of the best 
known among the Mathematician. The firat number of the fourth 
volume of the eighth series for the year.1921 of this journal opens with 
‘an obituary notice of Professor Georges Humbert of the Ecole 
Polytechnique and the Collège’ de France, member of the Paris 
Academy of Sciences in the section of geometry, who died January 22, 
1921 at the age of sixty-two years and, also contains the following 
papers :——(1) Sur les formes Ф Hermite ternaires dans un corps 
quadratique imaginaire (champs ^/—1 et /—2); par M. "Georges 
Humbert. (2) Transformations of surfaces applicable to a quadric, by 
L. P. Eisenhart. (3) Sur quelques quéstions de minimum, relatives 
aux courbes arbiformes et sur leurs rapports avec le calcul des taria- 
tions ; par M. Henri Lebesgue. 

At the meeting of the Osleutts Mathematical Society held 
on September 26, 1921, the following papers were read :—(1) 
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Mr. Brajendranath Chakravarti: “ On the distortion of the rings and 
brushes as observed through a twin crystal.” (2) Mr. Panchanan Das: 
“On the disturbed electron orbits in electromagnetic field. (3) Mr. 
Satischandra Chakravarty: “ Оп the transformation of a general de- 
terminant into a continuent and а recurrent and a new method of solv- 
ing simultaneous equations.” (4) Pandit Oudh Upadhyaya: (т) On 
the failure of Legendre's rule in a problem in the theory of nmbers. 
(41) On a problem considered by S. Ramanujan.” (5) Prof. Sudhansu- 
kumar Banerjee:' “On the dissipation of energy of a vibrating, 
membrane.” (6) Mr. Mohitmohan Ghosh: “On cyclic and asymptotic 
lines,” š; 


The following courses of instruction to be deliverod in the Institut 
de Mathématiques de l'Université de Strasbourg have been sent to us by 
Prof. Fréchet and are published for the information of our students :— 


Helped by the favourable exchange level, а number of students are 
coming to study in French Universities. It is important to bring to 
their attention that, since November, 1919, the University of Stras- 
bourg completely reorganised, is working in full order. Its teaching 
staff is more than equal in number to what it was under German rule, 
and its equipment, already excellent in many respects has been greatly 
improved where it was deficient. 


Concerning mathematica! teaching, young students will be offered 
in ‘Strasbourg the usual standard courses on Analysis, Mechanics, 
Astronomy, whose programme are permanent and should require the 
atudent’s activity for two or three years. Further more, a set of 
research courses have been arranged for the use of candidates to the 
“ Doctorat de l'Université de Strasbourg,” and of scholars generally. 
(French diplomas are required for registration in view of the doctor- 
ship, but can be dispensed with on production of equivalent foreign, 
diplomas, with cc of the student's SED by one of his former 
Professors). 

Programme of research courses duas the academic year 1921-1922, 

First Semester (lat Nov., 1921— 28th Feb., 1922). 


Mathematical Physics: M>. Bauer: Statisticel theory of heat. 


З lectures в week. 


Higher Analysis: Mr. Fréchet: Extension of. the notions of in- 
tegral and of number of dimensions to the theory of abstract sets. 


3 lectures a week. 
Second Semester (1st March, 1922—30th June, 1922). 


NOTES AND NEWS 141 


Mathematical Physics: Mr. Bauer: Dynamical electricity and 
restricted relativity. 

8 weekly lectures. | ° 

Highar Analysis. ^ Ms Frecha: Interpolation and adjustments 

8 weekly lectures. 

Hydrodynamics : Mr. Villat: On recent applications of usual 
transcendental functions (Legendre, Bessel—...) in physical mathe- 
matics. 

3 weekly lectures. 
Differential Geometry : Mr. Péràs: Minima surfaces. 


2 weekly lectures. 


Theory of Functions : Mr. Valiron: Study of an analytic function 
near an essential singularity. 


2 weekly lectures. 


For further information apply (in French or English) to М, le 
Directeur de l'Institut de Mathématiques de Strasbourg, Bas-Rhin, 
France. 


- Details concerning lodgings etc. will be supplied by the Comité de 
Patronage des étudiants étrangers Université, Strasbourg, Bas-Rhin, 
Frence. " 


Students who want to improve their knowledge ‘of the French 
language during the vacation may apply to the last address for the tract 
on “Summer Courses,” organised by the “ Faculté des Lettres de 
Strasbourg to meet their wishes. 

Altogether fifteen volumes of the great edition of Euler's Opera 
Отта have been published by the Euler Commission of the Swiss 
Society of Naturalists and of these volumes five have been issued since 
the outbreak of the war. АП these fifteen volumes have been received 
in the Society's Library. 
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ON THE SOLUTION OF THE EQUATION v*y—0 
IN BIPOLAR CO-ORDINATES. 


A Question of Priority 


The partial differential equation of the fourth order V*+~=0, 
where V*=V*.V? and \у* is the two dimensional Laplacian 


гі 

the two dimensional slow steady motion of a viscous fluid, the stream 
function y satisfies the equation V *y--0. It was shown by Airy that in 
the two dimensional ease the stresses may be derived by partial 
differentiations from a single stress function and that in the absence 
of body forces, this stress function x (say) satisfies the equation 
Vtx=0. : 

The two dimensional solutions of V *—=0 have been obtained in 
several systems of curvilinear co-ordinates. The solutions in Cartesian 
co-ordinates are well-known. The solutions in polar co-ordinates were 
given by Michel. An outline of the solution in elliptic co-ordinates is — 
given in Love’s Elasticity. 


e + Z is of fundamental importance in many problems. For 


The solutions of the equation’ у *0=0 in bipolar co-ordinates 
(ёл) for which the co-ordinate curves are co-axial circles and which 
are defined by 
— 


гед 


z+iy=c tan (£419), 


or by 
a+ily+e) 


¿ë+ =log ids 


is of some importance in view of the applications that cap be made of 
them in many physical problems. The solutions of this equation in 
the above system of co-ordinates were first given by Mr. Bijon Dutt, 
who worked as a research student under my direction and guidance. 
The solutions were given by him in connection with the problem of 
the steady motion of a viscous fluid due to the rotation of two rigid 
cylinders about parallel axes. His paper was read before the Calcutta 


t 
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Mathematical Society, on March 9th, 1919 and was published in the 
Bulletin of the Caleutta Mathematical Society, Vol. X, No. 1 which 
waseissued in June, 1919. The solutions are given in pages 54-58 of ~ 
this issue of the Bulletin. This paper by Mr. Bijon Dutt is noticed 
in Revue Semestrielle des publications mathématiques, Vol. XXVIII, 
p. 13, 1919, April to October. 


In the Philosophical Transactions of the Royal Society, Ser. А, 
Vol. 221, pp. 965-998, Dr. G. B. Jeffery gives exactly the same 
solutions of the same equation in bipolar co-ordinates in connection 
with the problem of plane strain and plane stress in these co-ordinates 
and writes as follows: “In this paper the complete solution (of 
V*y-0) is given for bipolar co-ordinates for which the co-ordinate 
curves are co-axial cireles. This solution enables us to treat the 
problems of an infinite plate containing two circular holes, a semi-infinite 
\plane bounded by a straight edge and containing one circular hole, 
and a circular dise with an eccentric circular hole.” This paper by Dr. 
Jeffery was received by the Royal Society on May 15th, 1920 and 
published in November 8th, 1920. It would, however, be clear that 
І anticipated Dr. Jeffery when I suggested this problem to Mr. Bijon 
Dutt nearly a year and a half earlier and that the results obtained by 
Mr. Bijon Dutt were also published more than a year earlier than 
those of Dr. Jeffery’s. | 


That the author of a memoir accepted for publication in the 
Philosophical Transactions of the Royal Society should be unaware of 
the results on identical matters published in the Bulletin of the 
Calcutta Mathematical Society in recent years of which a large 
number of copies are sent regularly, as each number is Ышы 7” 
the learned institutions, Universities and several mathematicians in 
the British isles is rather unfortunate. This is not the first occasion 
when I had to draw attention of mathematicians to a question of 
priority of this kind (see for instance my letter in Nature, No. 9498, 
Vol, 97, April 6th, 1916, p. 123). 


S. К. BANERJI. 
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Hlustrating the distorted " Rings and Brushes" as observed 
І through а twin Crystal. 
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THE DISTORTION OF THE “ RINGS AND BRUSHES” AS 
OBSERVED THROUGH A “Twin CRYSTAL.” 


By 


BRAJENDBANATH CHAKRABARTI. 
[Plate] 
1. Iyrropvotion. 


Crystals are frequently found which are obviously of a composite 
character, that is, are composed of more than a single individual crystal 
of the same substance and in which the parts belonging to different 
individmals, are united in a definite and regular manner, the peculiar 
‘mode of union being characteristic of the substance. 


The explanation of the formation of twin crystals is rather difficult. 
Lord Kelvin? however, has touched upon the problem. Не has given a 
very lucid exposition of the whole process of crystal-building from a 
solution. Inthe particular class of crystals producing twins, he 
considers the constituent molecules symmetrical on the two sides of a 

N plane passing through itself and also on the two sides of а plane 
perpendicular to this plane, that is to say, his crystalline molecules are 
egg-shaped. A real crystal whichis growing by addition to a face 
would give layer after layer regularly. But,if by some change in 
internal circumstances, the molecules that would go to the formation of 
a layer are all oriented to 180°, with respect to the- molecules that 
formed the previous layer,a twinning plane is formed and if the 
remaining layers form in the same way as the last mentioned one, then 
we shall get a crystal having two different parts separated by a twin- 
plane.between. 1f, again, the process of orientation continues only 
ёо 'воше layers and then due to the re-establishment of the initial 


1. Baltimore Lectures, Page 620, Part 87-38. 
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conditions, the layers form ав at the start, we shall get two portions to 
the two sides with similarly oriented molecules, enclosing a thin layer 
in which the molecules are turned through 180°. The case will 
resemble that of Iceland Spar. But the main difficulty in the explana- 
tion is to understand what їз that change in the circumstances, that causes 
the crystalline molecules to turn through 180? in the process of crystal 
formation and how is і ір the case of Iceland Spar that the initial 
conditions are re-established after a thin layer is formed under the 
changed conditions. The difficulty is still greater when we come to 
consider the case of repeated: twinning ав іп the case of potassium 
chlorate crystals where it is found that a very large number of twinning 
layers may be formed with a most surprisingly regular periodicity and 
constancy of thickness. Thus there isa good deal in regard to the 
mechanism of formation of these twinning layers that is as yet but 
imperfectly understood. 


9. OPTICAL BEHAVIOUR OF А Spatu HxarrTROPE. 


On looking at а source of light through а twin crystal of Iceland 
Spar, generally it is found that three images of the source are formed, 
the central one of which is always stationary. If the source of light 
isan incandescent electric lamp, then the images are beahtifully 
coloured, the nature of the colour changing with the orientation of the 
plane of the crystal to the incident beam. 1Ь is also observed that the 
two outside images are polarised in perpendicular planes. On rotating 
the crystal, the two outside images are found to rotate about the central 
one and in the course of a revolution there are positions in which both 
of them disappear, the remaining one becoming the most brilliant for 
the time. 


> — Y 
The author has also found that when а beum of light is allowed to 
fall проп & crystal cut perpendicular to the axis and also polished in 
such a way that the lines, in which the twinning lamina cuts the planes 
of the main crystal, are on the surface, some interesting diffraction 
effects are observed. Fringes are noticed in the region of the trans- 
mitted light which show s remarkable asymmetry. The edges of the 
lamina also appear to be luminous. The phenomena appear to belong 
to thé class of laminar diffraction effects but there are certain features 
regarding them of which the explanation is not olear. The author is at 
present engaged ina fuller study of these effects and the investigation 
mentioned above will probably prove of considerable interest in relation 
to the determination of the optical nature of the twinning layer. 
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On examining the crystal with convergent plane polarided light and 
between crossed nicols, the ordinary rings and brushes are found to be 
distorted, the amount and the nature of the distortion changing with 
the orientation of the crystal. However, is some cases, the distortion 
more or less, resembles that produced by the superposition of a 
quarter-wave mioa-plate upon a crystal of Iceland-Spar. eut per- 
· pendioular to the axis so that the plane containing the optic axes of the 
mica-plate make an: angle. of 45° with the vibration planes of the 
crossed nicols. 


The explanation of the phenomena of refraction has been given in. 
text books on Optics. There the formation of. the three images and, 
the polarisation are all explained. The disappearance of the outside 
images in certain positions as stated: before, is connected with the 
orientation of the optic axis of the oci. làyer to that of the 
main crystal. : 


The problem of the form of the rings and brushes through a twin 
crystal has been treated mathematically, but they have all considered 
the case where a twinning plane separates two crystals. The problem 
of the two similar orystal wedges separated by a thin twinned lamina 
inserted between them in an inclined position appears not to have been 
solvedand an investigation in this direction forms the subject matter 
of the present paper. 


8. EXPLANATION OF THE PHOTOGRAPHS.. 


The crystal that was employed in the following experiments was 
cut perpendicular to the axis and the portions free from the twinning 
Jayer showed the ordinary “ Rings and Brushes” peculier to crystals 
cut in such a manner. The angle which the twinning plane makes with’ 
' the faces of the crystal is determined by observing the marginal 
outline of the plane as seen on looking through the edge of the 
erystal. 


Al the photographs were obtained. keeping the analyser and 
polariser fixed (crossed-position), and by rotation of the crystal in its 
plane. Itisfound thatthe changes repeat themselves four times 
during а turn of the crystal through 27. More-over, the change in the 
nature of the rings due to the introduction of the thin twin чөн is the 


1 Mascart-Traite D'Optique Vol. II, page 192. 
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most prominent near the central part of the system. Figs. 1 to 4 
(Plate) represent the changes for a rotation of the crystal through x/2 
when the analyser has its plane vertical and the polariser horizontal. 
. In Fig 1, the crystal is placed so that the twinning layer extends 
vertically up and down so that its section with the faces of the crystal 
are vertical straight lines. Light is always allowed to fall normally 
upon the first face of the crystal in order to get rid of the disturbing 
effect of the three images formed by refraction. Figs. 2, 3, 4, are 
obtained on rotating the crystal in its own plane through 7/2, when 
the system again correspond with Fig. 1, but rotated through 90°. As 
we proceed further beyond 7/2, the Figs. 2,3, 4 comes in the reverse 
order, Fig. 4 being followed by Figs. 3 and 2 and at т we get back to 
Fig. 1. On rotating further the figures 2, 3, 4 comes in turn similarly 
ав іп the first quadrant and the figure at 3/2 correspond with one at 
7/2. The order of ‘succession of the system along the last quadrant 
correspond with that of the second quadrant. Figs. 5 to 8 were obtain- 
ed by keeping the analyser and polariser in some position other than 
the crossed and at the same time rotating the crystal also. In general, 
the systems are cumbrous in these cases, and four cases are selected 
out as showing the change rather more systematically. Figs. 7 and 8 
have the peculiarity that they are complementary in nature to Figs. 
4 and 1 respectively. : 


! 4. PHYSICAL TukORY OF DISTORTION. 


Since the crystal may be considered to be composed of two crystals 
viz., one the regular, cut perpendicular to the axisand the other the 
thin twin layer outin а direction inclined to this optic axis, we may 
consider the total path-retardation ô in any direction as made up of 
8,+4,, where БЕ 


8, —path-retardation due to the main crystal, 


з 7 path-retardation due to the twin layer. 


The expression for path-retardation due to any thin crystal may. 
be obtained in the form, 





8 A/V*—a3sin*é , (a*—c*) sin x cos Ө sin z 
T @ a’ cos*x--c* sin*x 
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Š, (a? сов? - c*sin* )( V з —c*sin*:) —c* (a* —c* )sin* ycossÓsin?: 
+ a? cos*x | c*sin?x { 


where, a, b, c, are the axes of the ellipsoid of elasticity, 
V=Velocity of light in vacuo, 
i—angle of incidence, 


0—azimuth of the plane of incidence with respect to the plane 
& which contains the greatest axis oz of the ellipsoid of polarisation and 
x= ¿Z ZOE. 


Hence 
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be equidistant from the centre as in the case of a regular crystal where 
we ges the rings; but the distance of the points will be the 
greatest along 6=90°, and the least along 0—0. Hence the curves will 
logé their circular nature and become more or less elliptic. ^ ^ — ^ — 


20 
ON THE POLARISATION AND INTENSITY IN THE COMPLEX 
| ZEEMAN-EFEROT. С, 


Bx 
PANOHANAN Das. 


In a previous paper! the eather showed how the complex Zeeman- 
effect obeying Runge’s law, might be accounted for by an atomic model 
based on Sommerfeld’s ellipse-verein. But the question of the polarisa- 
tion and intensity-distribution of the components as well as the limit 
to the number of these components "were not discussed there. An 

-attempt to discuss these on Bohr's i al ace Principie*. will-be 
made here. ` 

Runge’s law may be stated as follows :— 

If a be the resolution of a normal triplet, the Е А пете ihe 
complex-effect, is given by У 


. Av= La -- ~ 
8 : 


3 


where q and s are Runge’s “number” and “ denominator" respectively. 
The formula deduced from theoretical considerations in the paper 
previously referred to, is й 
Ave (Ea. 
- where s is the number of electrons_in-the. ellipse-verein, - &па m, n are 
angular quantum-numbers in the final and initial orbits. 

We had arbitrarily discarded’ Sommerfeld’s Principle, vix. 
m—a= +1, for our particular atomic model, but no restriction was 
imposed on the limit to the value of. m—n. , We shall show that it has 
roughly a limit equal to s, although there might be a large number of 
exceptions to-the. rule, . 

Ав Sommenfeld has done, we shall suppose that dang the diniasion 
of energy-quanta, the classical electromagnetic айы approximately 
hold good. | pre 

t Bulletin of Caloutta Mathematical Society Vol. XII; No.2, 1921. 
з Memoirs of the Copenhagen Academy, 1918, 
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We shall follow Rubinowicz? in calculating the moment of electro- 
magnetic momentum radiated during an emission from the ellipse- 
verein. 

е 

Maxwell’s equations in free ether are :— 

18H, 1 дЕ 
28:7 UH 5 ӨР 

If we put H=curlourl А, where A isa vector, А satisfies the ` 

equation, 


=eurl H. 


. If we assume that the radiation is- ‘monochromatic spherical 
wave, we may put 





A=P-.  _, 
T 
where P-—p:e^'*! s ay 
pa7ae'* 
pz py=be 8 
р,==св'Ү 
L0 Dm 
and K= — = S de š 


It сап then beshown thatthe moment of momentum (electro- 
magnetic) radiated during an emission has the components, 


Ne= W. 2bc sin(y—B) 


m a? +5 et 

N= у=. 2a sin (a—y) 
о a! b* c? 

| New 22b sin (8—a) 
o atb’ 4с? 


where W is the total-energy radiated during an emission, 


1 we choose axes properly, so that the X Y plane coincides with 
the “equivalent Oscillation-plane.” the fe aed c becomes=0, and 
then-we can write 


if we replace B—a with y. 


1 Physik. Zeitschr. Bd. 19, 1018. 
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ГІР p be the angular momentum of the system of electrons ‘constitu- 
йш the ellipse- -verein, we found i in the previous paper that: 
n e ` 
берйн or p= = ' | * 


„Н the angular momentum lost by the system during radiation be, 
Ар, we must equate this to ЇЇ; thus. 
EUR SO E | 
N=Ap= = =(m—n) Bd | E e 
, Again W =s.h in conformity with our hypothesis that the number 
of energy-quanta radiated from a union of selectrons is s, and we may 
put o=2mu Thus, i i 
| s.h 2absiny | 
N= . Š ` as 405. b ... (3) 
Üomparing (2) and. Gv we see that 
= _, 2ab sin 
An=m ~n=8-~ Lee TA 
Since a + b* > 2ab, this shows thatthe maximum value of m—n is +s. 


Of course this is admittedly a very crude calculation, as the vector 
P in (1) is hardly representative of the radiation from an ellipse-verein, 
Bo it 18 only to be: ев that quite as often as nob, m—n may be 
greater than s. 

When the invariable йе of the system -of electrons does not 
change during radiation, the oscillation-plane determined by the vector 
Р is identical with this invariable plane. Butif there isa change іп 
inclination of the invariable plane, the oscillation-plane is determined 
. by the difference vector Ap=p,—p., where p,, and p, are the angular 
momenta vectorially represented by perpendiculars to the initial and 
final positions of the invariable plane respectively?. 

When: An=0, either a orb ory equals zero, hence the light is 
unaffected by the magnetic field and is linear-poharised. _ 

When An=1,2,3, eto, the angle у has-then definite values and we 
would expect the light to be elliptically polarised ; ; апа ав An арргов- 
.ches the value s, the angle у t pas 90°, and the Mod E 
becomes a perfect circle. 

° When the direotion of observation is transverce to the fiela, some 
morë- or less arbitrary assumptions are necessary to acccount for 
the relative polarisations. | 


* Bee the figure.in-Somverfeld’a Atom-bau and Spektrallinien, _ 
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Much ір the same way as in the classical theory of Zeeman-effect, 
the electrical displacement-vector is resolved into the three components, 
along dhe line of observation, the direction of the field, and the direction 
perpendicular to both of these respectively. Then the component parallel 
to the field is unaffected by the same. We resolve the remaining two 
components into clockwise and counter clockwise circular vibrations, 
which will acquire а precession of positive and negative senses under 
the influence of the magnatic field, and therefore have ейге of 


radiation =v+ — - а (m—n). 


If we assume that for small values of An, the invariable plane 
undergoes в change of inclination, the oscillation-plane being perpendi- 
onlar to the vector difference Ap, will be parallel to the magnetic field, 
and radiations of frequency for which.Anis thus small, will have 
components parallel to the field. When An is large, we suppose that the 
invariable plane is unaltered, hence the oscillation plane coincides with 
the invariable plane and is. perpendicular to the field. Hence the com- 
ponents, for which An is large, will have their electric vector perpendi- 

‘cular to the magnetic field. Summing up the result, the central 
unaffected line and the lines close to it are generally polarised parallel . 
to the field and the rest are polarised perpendicular to the field.- 


The question of intensity is however more obscure than: that -of 
polarisation. Whena Quantum-radiation takes place, very little is 
known about the paths that the radiating- electrons are describing at 
that moment. So we have.to make very Vague asgumptions as regards 
the kinetics of electrons during radiation., We can then expand the 
coordinates of the system’ in trigonometric series and. apply Bohrs 
Correspondence Principle to derive expregsions for intensity. 


It is found advisable to. give a brief account of the дуваше 
methods that have come into use in Quantum-theory. 


If q, 9,...вге the generalised coordinates and p, p,...the corres- 
POE mamenta of в dynamical system, the definite ышан | 


J, — fpidq, etc 

are e called: the кынына "ut 

If the system is conditionally periodic i.e, if it di coordinates 
which oscillate between definite libration-limite, it is possible to choose 
these phase integrals as the impulse-coordinates, and certain other 
variables known in astronomy as the angle-coodinates-as the conjugate 
position-coodinates, which conserve the canonical form of the Hamilto- 
nian equation of motion. If S be the Hamilton-Jacobian Actionpotential, 


ta 
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it is possible to express S in terms of thee: coordinate q’s and the 

phase-integral J's. 

Thus, i 
8=Б(а, q,...J, J,...) 


which gives 
o8 98, 
SES 8g, *Z35" 8Ј,. 
Writing р, = SS and w= (BE , these reduce to 


§(S—3So,J,)=S7.84, — 57,0. 


Hence the condition for contact-transformation from р, to J, ‘pis 
fulfilled. Therefore Hamilton’s canonical equations hold good for 


J. o, te, 


It can be shown that H is a pure function of the J's and indepen- 
dent of w’s and is constant during motion. 
Ns 
Hence “+ —0, or J, —constant. ° 
uai. T M Sa 





ән 
di 757, a say. (4) 
А es w, —v,64-0,. | е (5) 


It follows from the definition of a phase-integral that if 8, and S, 
are the final and initial values of В when the coordinate д, makes опе 
complete circuit between its libration-limits, then 


` 8,—8,—2, 


If we differentiate this partially with ' reference to J, and J,, 
we get P f 

E o! * — oh zl, o! *— a! =0, FER. 

k, e, u, eto , are aloa at boton: 


This shows that when the coordinate q, returns to its former 
value after a complete circuit, the corresponding angle variable 
increases by unity, while the rest remains unaltered: Conversely, -when 
‘the angle-coordinate increases by unity, the coordinate g, returns to its 
initial value.' The ув are then рөнойтв funetions of the angle- 
coordinates of period unity s .-:... А 
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. Tt follows that the з сап be developed as а function of the o's in: 
Fourier's series of the following form :— 


° 
q=50, ,, е2" т1%1 +7504 + e) 


=50 Enl tTa +. DIERON +...) 
тт TiTa ' 


1 it were any mechanical or optical system, we might expect from 
it radiations of frequency given by 


устуу тур *+ | .. (6) 
And the square of the co-efficient C 2 would be a good measure of the 
n 2:3 


intensity of radiation. | 

Substituting v, etc from (4), we have, since H=W —total anergy, 
OW, „ӘН, `` | 

y 817," + oJ,” + А : m (7). 


‘Sommerfeld has shown that the correspondenee between the 
elassical and quantum-theory of Radiation is that between a differen- 
' tial-and & difference-co-efficient. 2 

We know that the system of electrons iu Bohr's atom doés not. 
radiate energy in the stationary paths; energy-radiation takes place 
only during the transit from one stationary path to. another. If AW 
be the difference of total energy between the intial and final paths, then 
we know that - 

AW 
h , 


yc 


аз was shown in the previous paper. 

We next split up AW into a set of partial: differences AW, AW, 
etc, such that when a quantum-number -n, changes by An, the 
corresponding change in AW is AW,. Thus, 





у= А: ъам. 


Now Danih ¿í AJ =h. An. 








Атан Аз An el (8) 
Li 


T£ we regard An, as occupying the - place of т, in (7), the analogy 
between (7) and (8) becomes evident. When. the А quantum-numbers, 


POLARISATION AND INTENSITY iN THÉ. COMPLEX ZEEMAN-RFFROT 157 
‘themselves are very large, Ње difference-cóefficients become Qilforential 
coefficients in the limit and the analogy becomes an identity. 


Now, for an atomic model based, on the ellipse- verejn, the 
sca e is given by 


E SAv—AW 
n AW, Атту AW, Ап, О. ө 
Hes Ad, 8 + AT. UB +. че (9) 


‹ This suggests that the coordinates ofthe system admit re expansion 
ih thè form ' : 
| 2= 
` а==Отут,..6 ç (тур ту +...) + 2 o0 .. (10 
This forces us to the conclugion that during the process of radia- 
tion, the form of the paths are not necessarily elliptic. Indeed that is 
only to be expected, because the excitation of energy-radiation must 
always be ascribed to some external influence, be it a thermal colligion 
or the impact of an ion, etc. -Hence it is only too кан, that the 
elliptic paths would be disturbed during radiation. 


Now the application of Bohr's Correspondence „Principle is 
genefally carried out as follows:—We form the sum of the complex 
atiy for all the electrons and expand it in ‘terms of the angle-variables. 
From this expansion we pick out those terms only, of which the order 
numbers r,, 7, etc are equal tothe possible changes An, étc in the 
· qnamitum-numbers. The squares of these co-efficients are taken ase 
measure of the intensity. . 


If the azimuth of the system be qaqaq hy 6 Gand the | correspond- ' 
ing angle - variable be w, =v,t+8,, Bohr has shown that the vector 


ey in the invariable does not plane contain e oer Pm Bayt ato, 


provided that 6 is a cyclic coordinate. Butif we assume that during 
Quantum- radiation, the azimuth 0 ceases to be a cyclic coordinate due 
‘to external influences, then S(e+1y.) may. involve ‚ exponentials of 
multiples of iw. 2m. We assume in conformity "with the result (9) that 


.the interactions of the s electrons are*auch that multiples. of io. 9T -&re 
' 8, 


г 
) 


also present. 
Thus | 


2тұ 
ve (т.о, 4,0, +...) 
m(e+u)= 2B, „е s ` 
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When the magnetic field їз imposed, the whole system acquires а 


precession of magnitude 5 2B in azimuth, Bohr has shown that if 


, 


@ is cyelic, z+ can be then expended thus :— 


is ж) ы 
; — +7 0, +. Ç. 
zy) -EB,.. „24 С + Ly POLI .} 


We may then reasonably suppose’ that when 6 ceases to be cyclic, 
the expansion is 


art oc ‚ -l í HN So 
®(«+шу)=>В, т.° 8 (nnam s) ray tin 
173 


It ia then evident that lines corresponding to changes in frequency 
of magnitude 


will spring up as а result of the imposition of the magnetic field. This 
can be easily interpreted as Runge’s law. 

With our previous notation т, = An, =m, —ñ,. 
i “H A(m,m,...) be the number ОЁ · molecules in the state eU 


by the quantum- -numbers Ж ry ete, 'andif Qn Th be the стае 


1y Thy vee 
lity‘ of transit from the:state (m,m,...) to (n,n,...) then it is ‘ obvious 
‘that the неран. of of any рош! is well 1 represented by 
Ao i К 
mna Ty. s. d 


Bang e Туту 


A(m,m,... 6, 
When EE “Bohr has shown that an approximate agreement with the 
classical theory may be gained by assuming C as proportional to the 
quantum-number which is undergoing а transit. But іп опг theory т, 
may have s values other than unity and the probability factor C is thus 
governed by the unknown statisticallaws of the dynamics of quanta. 
and'no estimate of it can yet be made. However it may be remarked, 
that the non-appearance of,- some components corresponding to some 
definite values of т peculiar to the particular line in question, might be 
due to'the probability C of the corresponding transit being very small. 


í This generalisation of course needs an independent proof. The agreement 
with observed resulta justifles 16 to some extent. 


Fatti i 
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EXPRESSIONS. FOR THE PRODUCT OF BESSEL FUNCTIONS 
IN A SERIES OF BESSEL FUNCTIONS. 


By 


ABANIBHUSAN Datta. 
[ Read, August 14th, 1921.] 


1. It is well-known that the product of two Legendre functions, 
in a series of Legendre functions was obtained by Adams! by a process 
of induction. The corresponding expressions for the preduct of two 
Bessel functions do not appear to have been given by any previous 
writer. The expressions are of some importance in many physical 
problems. For instance Prof. S. K. Banerji in hia paper? “ On the 
Radiation of Light from the boundaries of diffracting apertures ” 
evaluated an integral of the type 


R, 
T= / J (Ar)J, (Br)dr 
R, 


by an approximate method, But by expressing the produot of two 
Besselfunotions ina series of Bessel functions, the value of the 
integral can be exactly determined. 


The object of the present paper is to obtain the expansions of the 
product of Bessel Functions in series of Bessel Functions, The 
expansions have been obtained by two different methods. The first one 
depends on a methcd given by Neumann? for expressing any arbitrary 
funotion in a series of Bessel functions and is applicable when the 
orders of functions in the product are all integers. The second 
method is based on а result obtained by Schónholzer for expressing the 
product of two Bessel functions in an “infinite power series of the 
argument and the expansion is valid whether the orders of the Bessel 
tanctions in the product be integers or fractions. 


1 Adams, Proc, Royal Soo., London, 1878. 
‚ ? Banerji,'Phil. Mag., Vol. XXXVII, January, 1919. 
» з Neumann, Journal für Math., LXVII, p. 810 (1867). 
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2. Let JG)=3 (e) J, (z), where р and v are integers. 
° 
We know that for all values of n, 
2J',=J,_,—J,+,. 
Differentiating J, with respectto z, m times successively and 


denoting T 





J,(s) by "n (г), we have for all values of n, 


>” 


ans" (ғ) = Jaza (z) Ed. ci T © V. uda 
* А з ... 
+(—)' 70 Jis es CO Sate * dd) 


Now as J,(0)=0, n=£0, and J,(0) —1, itis tobe noticed tlmt J (в) 


will be equal to zero unless J occurs on the right hand side of (A), and 


J, can not come in so long as m« n. 


ç —1 1 
0)=0, J’ (0) =0...ЈЁ 0)=0 2"j"(0)—1, JHO) = = 
Hence U^ )—0, us ) ix (0) i )=1, „O " 


o2rt p jr =(—)” ы 
K 
Similar resulta are also true for J a 


Differentiating f(z) n times successively, by means of Leibnitz Theorem, 


we have 


» я 1 8-1 А T s-r " 
poc d t С,Ј J, +... + сз, oS .. (B) 
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Bubstituting the above values in (B), we have 
fl0)=0, f(0)—0.../^(0) <0... ^ * "—1(9)—0. 
УС 


+», уу rra JË Y оу Е 
0)= CJ (0) (0)= : 
fe tro) S DES 





pu (0) —0. 


` +2 y 
АОИ ОО gat (0) (0) 
p р Dd " y 


y 


pkv+2 v+2 pv-T2Z 
"UN C du c tte 
gp v2 Г 1 є+2 1 


1 о д+у+2 pvy-T2 
(gerer SS “1 


+71800) =0. 


gettin (0) Уто оул + (0)+ 
Kk v 
Кыз мы? на ? (0)4-... 


Ка 
p 


v 





E oras 
A 


+v+2r p.20 v 2r—2 ds 
pr € ,4.2 Cy C. I+ 


pv ar p 2e 
ы бн e] 


v4-2r +У+2 

ао lt Š 
pr * 

== eae 


ptr ?r Yo, ete. 


4 
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Neumann has shown that 


f(2—2«.J.6) 


where 








[О gf M+ ESOS 0€] 


Now substituting the values of f(0), f(9)...f*(0) obtained above, we 
find that Р 


J GM, (2) = а,], (ғ) 


were 
a, =0, when п is less than u-+ v 
and 
(Tbv 2n pyr д 
а yb Or 0 ) Or 0, 
° 
М r—1 p v-F2r—2 ' weEy4T2r—2 
+( ) Ty FOr?) idus €, a 
r—2 оу E v 2r—4 
+(—) (etetan) reum) Cypr—2 
py + 2—4 g 5 
pum 


п 


3. We shall now consider the expansion in the form 
1007,0 Sa nt „+, 


when и and v may have any real value. 
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It has been proved by Schinholzer? that for all values of д and v, 


| 2л 
JG = CO TU) gente tom 
K y ms ml (p 4m M 1)T(v - m 1) P. v m1) 


=> jtm 


here Б (у? T(p+v+2m+1) 
whet S тата рат) 
co 
Fe 2 qnn Sus 
со tid- idv 2 AG 2 
E GY ы ыр! з. 
n=0 9 2 T(n-- pv 1), N 2 J n+u+v+1 


4 
i(i ermiereera 7] | 


oo 
=Š a фу +m. 
n=0 ^ 


Equating the co-efficients of s from above, we have 


а _ T(u+r+1) 


ыш аа —— 
T(u+v+1 Det 1)! (v - 3)P (o 4 v 4-1) 
a|, =0 

—T(p--v--8) 


аз _ NEM 
D(w-+v+3) T(g4-v4-2) Па) 9) (a -v 4-2) 


a, 30 
eto. 
1 Behünholzer, Über die Auswertung bestimmter Integrale mit Hilfe von 


Veränderungen des  Integrationweges, p. 18: Bern, 1877. Also Nielsen's 
Oylinderfunktionen, p. 20. - 
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NONE > ш ау,—$; {ык (Су aa е... 
T(u-4-v- Zr 4-1) T(g4-v--2r) T(a+v+r+1) 
° T 
t=) T(u+v+2r+1) 


vrlP(prr-Fl)T( tert 1)P(a+v+r+1) 


Itis easy to find the values of a, a, Go etc, from the above 


equstions. 


TH 


4. Now the series Sb, (faery tam satisfies Cauchy’s first test of 


convergence because 


pd tnt? 00 Goes Bm) uty 2m—1) y 
bay (РУ im? тет) (nem) Grm) 


+ 
and for all integral positive values of mis less thank, after a certain 
‚ limit, where k is в definitely assigned proper fraction. 


š a J 

In this case the limit of — 7. TEH Шш ышы 
а„—9 m+ p4-»—2 
bm (фә tnt em 


18а ——. 


and the series =a, J uay 


is absolutely oonvergent. 


My best thanks are due to Prof. 8. K. Banerji for his suggesting this 


problem to me and also for the interest he has taken in my work. 
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ON THE TRANSFORMATION OF A GENERAL DETERMINANT 
INTO A CONTINUANT AND A RECURRENT AND A NEW 
METHOD OF SOLVING SIMULTANEOUS EQUATIONS. 


Bx 


SATISCHANDRA CHAKRABARTI. 
[Read, Sept. 26th, 1921.) 


` gL 


We shall first show how to transform a general determinant into 
8 recurrent. I ' 


Let us take the rectangular array ; 


Qinti йул, йм» с, 04, ву, 
e ану Agr, а, +++ Qst Gsi 
ET 
Quanta Gans а, „уу 


and let K, be obtained from it by deleting the. first column and "К, by 
deleting the (r+ 1)'* column. 


Then we get the identity 


Š -1 
a,,"K, _ Gs" К, 


k Hy +e (10) "71а, = +(—1)"*a,,+-=0... (a,) 


` Й 


Putting 1, 2, 8...for n in (а,), we get the following identities 


“K 
a, » —a, , =0 ett (a,) 
1 z d 
a, |! K, = Say Da +a, =0 ... (a,) 
1 2 
Qm E, mE. na ES c - 
= = СЯ (a) 
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бы STs oe no +. (1) a,n m0. n (an) 
am} 





We also have the equation 

аА, ym A, 7-0, A, —...(—1)*0, Аа 
‘ —(—l)'E,,,...(a.41) 
where K,,, is а general determinant and A,,,.A,,,A,,...are respec. 
tively the minors of a,,, a,,, @,,...obtained from K,,,. 


Assuming K,,, and all a’s except a,, as unknown quantities and 
solving for K,,, we get the general determinant 


К, =the recurrent (—1)" an| үк 





K, t 

K, K, 1 

K, к, 

UE CE. К, | 
K, K, K, 





§ 2. I 
(3) Weshall now show that the general determinant K... may 
also be transformed into a continuant. . 


A n 
Let Вора, у= CD арар AM + CD" аА 
where (1,2,...Љ) at the root of s indicates that the expression contains 


all the terms, except the Ist, 2nd,...4°4 of the left hand side of the 
equation a, ,41À, 4, Tii .À Fb (1) 0, A. KL 


Als Jet PO = ——— a 
ax (2,5,.. A) а К, + (—1)'a, ааз  K, 4 ...(—1)"a,,"K, 


2 [It was given by Т. Muir in Trans. Roy. Boc, Edin., Vol. 80, p. б]. 


TRANSFORMATION OF A GENSRAL DETERMINANT 167 


where (2,3,...) at the root of P denotes that thé denominator of the 
fraction contains all the terms, except the 2nd, 3rd...h'* of the 
identity - a IE ND Vio e da 

8, 41K ,—2; ,! K, о, *K,—...+(—1) *a,,"K,=0 
and (r) at the top of Р indicates that the numerator contains the . 
determinant "-:К, . as a factor, where ris an integer intermediate 


between і and A+1. 


Then we get the equation 





P =G), at (S zx )- 91. gun es (a) 
(1,2) (1.2) iti (1,2) 
and we also have - : s 
° i , d (t 70 
91041 + dus p(?) + Giai p(9) =0 one (a,) 
(2,3) ‚ (28) 
9а F airi р(2) + G,,-s p) =0 e e (ag) 
(2,3) i (2,3) Ë 
p 
—60,, tag (2 ton р(9). =0 tse (an) 
(2,8) (2,3) 
u . ; ғ í 
~a, tA, pO =0 e (aua) 
„(8) -. 


є 


Assuming Azas Gys Figs 11 and K,,, ав unknown quantities 


and solving for K,,,, we get I 
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- * Ky,, the continuant 


m S Biss с}. ENT 
E UE Виш 
с p p 
(2,3) (2,3) 
—1 pl?) р(8) 
(88) G8) 











і pO p 
(2,8) à 3) | 
= рё) 
(8) 
Let this continuant be called C,. 
(зї) Let us now take the equations 
E LET Aus 
70,444 S 7—1, 8 ° 
50,23) (1,2,3) (1,2,3) 
4 





аз + PO а,,+ PO) a... + РО? uU 10 ... (а) 
(284) ” (23, (23,4) 
^1 


аф p» аук t Р) ain- at pn Qa. — E (a,) 
(2,8,4) (2,3,4) (2,3,4) 


ущ, PO а,,+ PO а,,+ PO 


a,,=0 .. (a,_,) 
(2,9,4) (253,4) (2,3,4) . 


—@ + р?) od р) a,,=0 s (а„) 
(2,3) (2,3) | 


4 


—a,, + p(2) &,,—0. ^ en (8) 
` (2) i | 
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OF A GENERAL DETERMINANT 


TRANSFORMATION 


улу and K,,, as the unknown quantities 


Assuming a,,, 4, ,,.. 





and solving for K,,,, we get 


(e 
(gd T 
(ge) (eg) А 


(gd (pd T- 


(ec) (966) (velo) 
(Gd. (gd (gd FO 


(eg) 


T—-w 


(g)d 


gg) 
(є)Ч 


т-— 


(Pg) 
(a 


[721 = 
(s'&'Da BD, 


Lain a 


чү: 


г 


iet 
(6202 
rete 





(EBD 5 Tipe ty 


+ Cy. 


rminan 


Let ng call this -dete 
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Similarly it may be shown that О,, С. C,...O, are all equal to the 
general determinant K,,,. 

° 

Thus we geta series of determinants C,, C,, Cp, C,...C, each of 
which is equal to K,,,. 


By multiplying the even: columns and even rows (ог odd columns 
and odd rows) by —1, it is éasy to show that C, is the same recurrent 


‘ 


as given in Art 1. 


§ 3. 


Making use of all the equations, except the lst, of Art 2, and 


solving for a,,4,, we obtain the continuant 








pO PO 2 
(28) (8,3) Ў 
ap po» 2 ? 
a pp) | 
(03) (23) 
Зна 
P dii 
' — pP® p 


-1 r9 p) 
(2,8) — (2,3) 


apo p 
d) 





Let this determinant be denoted by D (2,3) Then similarly as in 


Art 2, we can geta series of determinants Dia» D(a3) Desay 
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Dias n--1) each of which is equal to “asta, The last of there 
gets 11 » 


determinants, viz., Da 3,541) 18 the recurrent! * 
395... 


1K, 
K,’ : 
K, 1K, 1 
K,’ K: " 
sK, *K, 1K, 1 
K, ' E. K,’ 
"MESS. i MEI. IK, 1 
K,., K,- „=l 
"K, "AK, 3K, 1K, 
k.” К, ' E," K. 


8 4. 
А. new method to solve simultaneous equations. 
Let ns consider the following four equations 
Ow, Haat, Faty aue, +а„:=0 
bia, Ьа, Б, а, Ьо, Hb, =0 
сусе, -- 6,0, oe +e, 20 


dw, 4,8, do, d.n, d, =0 


Take the determinant а, a, в, а, 
б, b bs b b, 
A в, [A с 


1 Bee "On Some Symmetric Determinants” by Haripada Datta, Bulletin, 
Oaloutta Math. Soc., Vol. XI, No. 4, 1919-20, p. 235. 
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and on this, perform the operation col, +в, col, +r, col, +z, col,, then 


the determinant becomes 


° i } 


G; as а, —4,0, 
1 
b, b, b, —b,e, 
Cs с; с, ——;2; 
1, dy d, =d, t 
Hence| a, LA а, a, -{ 0, а, а, ay 


b b, b b =al bh b, b. b, 


Thus e, is determined. 


The general case may be similarly treated. ' 
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ON THE APPLICATION OF MATHIEU FUNCTIONS 
TO PuxsrvAL PROBLEMS. 


Br 
BHOLANATH Par. 


l. Harmonic functions of elliptic and hyperbole cylinders can be 
-determined from the solution of Mathieu's differential equation. As 
Prof, Whittaker* has remarked, this equation, comes up for study after 
the hypergeometric equation has been disposed of. It is of higher type 
than the hypergeometric equation and its degenerate cases, and its 
solution presents difficulties which do not arise in connection with 
those equations. It has been studied by various investigators includiug 
Prof. Whittaker, Lindemann,® Stieltjes,  Floquet, Maclanrin,® 
Watson,’ Young,’ Lindsay Ince” and others. It has been pointed out 
that i$ has interesting applications in many physical and astronomical 
problems, for instance in the problems of, (1) tidal waves in a cylindrical 
vessel with an elliptic boundary, (2) the scattering of electromagnetic 
waves by a wire of elliptic cross section, (3) certain forms of -steady 
vortex motion in an elliptic cylinder, etc. It has also wide application, 
though in a different way, in Celestial Mechanics in the treatment of 
perturbations and oscillations about periodic orbits.? But none of these 
applications appears to have been worked out in detail by means of 
Mathieu functions which have received such a remarkable development 
in recent years in the hands of Professor Whittaker and his pupils. 


Mathieu, Liouville’s Journal (2), XIII (1888), pp 137-208. 

Whittaker, Proo. Int. congress of Math. , Cambridge, 1912, 1, pp. 306: 371. 
Lindemann, Math. Ann., XXII, рр. 117-128. ^ ° 

Stieltjes, Astronomische Nach., OIX. 

Flognet, Ann. de ГЕ’ colo Normale Supérieure (2), XII (1888), pp. 47-88. 
-Maolaurin, Trans. Camb. Phil. Soc., XVII, pp. 41-108. , 
Watson, Proc. Edinburgh Math. Воо., XXXIII. 

Yopng, Proc. Edinburgh Math. Воо, XXXII. 

PEL Lindesay Ince, Proc. Edinburgh Math. Soc., XXXIIL 

(4 19 Burns: Ast. Nach, No. 2538, 8, 198-204 (1883) and -No. 2558, S. 129.132, 


(1884). 


m э о > w = Mw.» >” 
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In the present paper I have pointed out how the functions which 
have been so far developed can be made use of to solve definite physical 
problems. 


2. Mathieu's differential equation is 


Ty + (a4- 16qcos2z)u=0., © 


In the equation, if we change the independent variable by the 
substitution cos*z=2, we geb the following transformed equation 


ro) 7*1 (1—89) 9 +1 (а—16у+39ь)в=0. o (D 


When “a” vanishes, the equation (1) can be very easily integrated. 
When a=0, it can be written as 


(4:002 — 4-2] (i8 f u=0. ‘ 


Putting 


and integrating, we get 


log 0+ Пор (2—2?) =e 











` _ _А 
1.6. v= Jane 

* da A 
Therefore ij, 8qu= ZEE 

ER E Agtt TN g^ 51 
° HC М'а—@ dcs = 2 dz+B 
as 

3.6. a= Ав" ей ds+ Ве» a, 


` 


8. In opes (as distinguished from astronomical) problems the 
constant “ "іп Mathieu's differential equation is to be chosen to be 
such a ый of q that the equation possesses в periodic аА 
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These periodic solutions, which, in Prof.. Whittaker’s notation, 
are written 


EDEN А cao (zg, се, (zq), св,(29),... | я 


вв, (2,4), se, (2,0),... 
are infinite in number, and according to Hilbert they may be regarded 
ав the eigenfunktionen (or autofunctions) of э certain integral equation, 
of which the corresponding eigenwerte (or autovalues) are the values of 
“a” concerned. 


Let св. (2,4) and ce,(z,g) be any two of these functions, so that 


p + (a, -- 16gc082:)ce, (2,0) —0, 


and тыр + (a, +16gcos2z)ce, (2,9) —0, | 


where a, and a, aretwo functions of q, corresponding to ce, (s9) and 
свх(ғ,4) respectively. 


Multiplying the first by се, (,4)-апа the second by ce„(s,q) and 
subtracting one from the other, we have 


а? ce, (2 


аз по.) — EE Ice (1,4) + (а. —ü „)св„(2,9)св, (2,4) = 0. 


се, (2,9) — се„(2,0) 


Integrating between the limits —т and т and writing ce', (2,0), 
ce," (5,9) ...for Heats), dere (e) " 
. -d : 


i 


1 Hilbert: Gottingen Nachrichten, 1904, B. 213-234. 


There is some difference between the Hilbert intogral equation and the ima 
equation given by Whittaker. The kernel of the former bas а discontinuity, where 
as the latter has a continuous kernel. 
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‚ We have 


d [ces (с.а) се", (2,9) — се. (2,9) св" . (2,9) ]d: 


=| ce, (z,q)ce „(т,д) —св„(2,@)се' (2,9) 





=0. 


Thus 


Ж 
denen when m-n. 


-T 
Now put m=n+ On, where On is very small. 


Therefore 2: 


т ° 


Qut Jerem. enn restau) | rs но) | 


was qp. 





“| ca, (5,4) + ano ce, (2,9) 14 ce, (zq) , 


т-т 





= Ән ces (n) гү ев, (rud) 


. 





d d г d 
^ da ce, (z,q) ds ce, (z,q) La 


* cf. Whittaker and Watson: Modern Analysis, second edition, p. 404, 8 19°31. 


This result has been given by Whittaker inthis Modern Analysis, but the 
method is quite different. 
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So'that;whén' m=2n; in the limit we have . 
Mur Ee us Sal oM ae > а ADU els ШЕЛГЕ" 


t т . Е! ` - 
fts seq) | аба, o oe) p Gun m i ead | 


т ох р err 


a 





- Эу toe ee w hae 


T 


А š Е. 
These relations enable us to determine. ‘the ço- oae when an 
arbitrary function of z is ene asa series of the. functions 


ceo (2,9), се, (2. q), ce, (z,q),... 


That ів to say, if, for a fanction f(z), an expansion of the form 
Ка) zal, ce (2,4) + a! ee, (esq) +... Ра, в, (nq) +... 


exists, and if it is permissible to integrate term-by-term between the 
limits —' and s, then 


да, | 7 ` 
q = асас = (=. @Ф/Ч)й. 
ce, (z,q) Әп = a(g) — се G0 34 85 A T 
—T 


rae ionis will be true for 5e, (2,7). 


4. From Floquet's theory of linear differential equations, we learn 
that the solution of Mathieu’s differential equation 


s + (a-+-16qeos2s)w=0 


is of the type 


u=A6 ф, (ғ) Ве Ёё d, (2), 


where A and B denote arbitrary constants, z is в constant depending on 
the constants a and q of the differential equation, and $,(z) and ф,(2) ` 
are periodic functions of z. In some special cases the constant p 
vanishes and the solution then reduces toa purely periodic function of. 
г; butin general » is not always zero. Thus though we can know the 
general character of the solution, great difficulties are experienced in its 
actual analytical determination, itis very Ф ешь to find p in terms 
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of aand у. Hills method of determining д introduces infinite deter- 
minant into analysis and to find u as а root of an infinite determinant 
becomes unmanagable. The determination of the solution in the above 
form is however of considerable importance in view of the fact that‘in 
physical problems we often require solutions which themselves or their 
space derivatives have to vanish at infinity. Prof. Whittaker’ has 
recently given a method of obtaining solutions of Mathieu’s equation in 
the above form by introducing a new parameter c in placeof a. He 

has obtained a solution ; 


u= АА (2,0,0) + ВА(ғ,—0,9), 


where А and В are constants, А(5,0,0) is of the form e""u(z), д being 
expressed in terms of c and the parameter т, and u'z) a periodie func- 
tion of z, and A(s,—o,q) is obtained from A(z,7,4) by merely changing 


т {о —c. When с has either of the special values КЫ 0, р vanishes, 
A(s,7,q) and A(z,—o,q) ‘become identical and the solution reduces to the 
periodic solutions ce, (2,4) or se, (sq). 

A. W. Young” has given & method of constructing the general 
solution which reduces to ce,(z,q) or se,(s,qg) when o=— go 0. We 


Shall denote these funetions by 
А, (2,059), A (2,0,0),... A, (2,049) 00 


In the case of the function which reduces to ce,(z,g), т is not 
introduced and we leave that out from this series. 


We have А 


~ 


Agzsin2o [ 


А, (8,0,9) =e sin(z— oc) -- qsin(3z— o) +q’ { 3sinZecos(3s— o) 


1 


+совдовїп(8»— о>) + i sin(5z—c) | PM ] 


2 Whittaker, Proc. of the Edinburgh Math. Soo, Vol. 32 (1918-14). 
3 Young, Proc. of the Edinburgh Math. Soo, Vol. 82 (1913-14). - 1 
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where | m ; 
42-1 4-8qe082o — 8q* (1 4- 2sin*2c) +... 


LÀ 
A, (rm) =e! trino [ sin(2z+-0)-+q { 2віпс+ S sin(4r-o) 


+ Lg'sin(6z-)-... ] 
where 


а=4— (2-39) ge 


А, (2,0,4) and A,(z,0,g) reduce to ce,(s,q) or se,(s,g) and ce,(s,g) or 


зв, (s,q) respectively according as c=— š От 0. 


In this way a solution А, (2,0,7) is constructed, which reduces to 


©. ог 0, by assuming 


ce, (#,q) or se, (z,q) respectively, according as o — — à 


for it эп expression 
satio авео) +ga, (o) gta (8) |, 
along with 
a=n" -q-B,(s) +g - Bs) +... 
апа substituting them in the differential equation., 


The corresponding second solutions are obtained by merely chang- 
ing c into —c in the above formulae and we shall denote these 
solutions by 


А, (2,—0,0), А, (8, — 0,9), A (55), 


Thus the most general solution of Mathieu's differential equation 
шау be represented by , 


co 
= ХАА. (во) В.А, (5,04) H 
n=l i : 


5. We now consider the problem of diffraction of an incident wave 
gystem by a screen of finite width. 

Àn incident system of rays, travelling in the direction of y negative 
can be represented apart from the time factor, by 


iky - 
` 


=g. 
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Introducing real variables ë defined by the complex equation. .. 
24у = оов (ё йр), C 


во that 
== ћсов совт, y=hsinhésiny, 
we have | 
gael einhésing 
Р $ 

ie. ф=6 nont сот, where kh’, and tat, a=” <l. 
Now we have 

[4 bos 

cos созу „=; Atos Rios бу," > 

a= 


Е E 
where A, is an arbitrary constant and ce,(#.q) and ce,(x,g) are 


Mathieu functions of »‘* order, and у= BET 


32 
‘From the above relation, we can easily obtain 


т 


т 
| cud | [ «eo гае, 
—т ae Aa 

all other terms vanishing by the relation | 

т | 
| ce, (£^,4)co, (£,q)d£ —0, when mÆn. 
—т 


Since even Mathieu functions satisfy a homogeneous integral 
equation of the form 


G(n)=d | akceosmeos0 G(0)40;+ 


we get 
A,= eee TM 7 ^ 


af [cen (£,9) ]* d£ 


t Whittaker and Watson, Modern Analysis, (second edition). p. 405. 
+ Whittaker and Watson. Modern Analysis, (second edition), p. 402, 
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where’ A if gow cantant and’ . ` 5 ВЕ uc 


Peo 


k: (Cs Ф mae”: = au ce Gu) > Ë od Ea) хелу DA p > 


rm 5 t MERE On * ` A 


`r г zn" ¢ eae 6T 


page 
dE 


S sn ИИ i N "oM amu OP ap. йд 
Let us assume for the diffracted system of rays I | 


ф' == A’, aA „(#›—е,д)св„ (30,4), 


n= 


where A’, is an arbitrary constant, aad A,(€,—9,q) ів а function 
representing the general solution of Mathieu's equation of the 2nd kind. 


The-constant А’, will be determined from the boundary condition. 
lf we take f'—a, ав the boundary we geb the case of diffraction by an 
elliptic cylinder, and we have 


(А —0- 
|è S (Ф+%) | ju 
where On is an element of the normal to the curved surface ёа drawn 
inwards. К . 
° 
On the curved cylindrical surface, we have S „1 8 , where А 
i On BOn 


and B are the functions occuring in the linear element ds?=Adg* 
4 B'dy? йз". 


Hence 


= 8 = 383 ; 
Á, — i WO Um j —o,q)=0. 
ale * Өз ce, (4 е (00g) - =, A’, a ce, (q gs 9,4) —0 


4 
Eduating co-efficients of CED io zero, we obtain ' 
. ио Al =A, ce, (aq) 
ee Л f E К,(а,—0,0)' 


where A, is known, and therefore A’, can be determined from 
this relation. К 
é=const. represents the ellipse 
foe 4 


2% y? 
— t —oMÑ T = 
h*coshsë h*sinh*£ 


* Given before. & 
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Giving different values to £, we get а system of ellipses haying 
their common foci at the pts. ( -- 50,0). i 


When £—0, the ellipse reduces to a str. line joining the foci (+h,0,0); 
So that when £—0, the cylinder reduces to a rigid lamina whose section, 
in the z-plane is the line joining the foci (--A,0,0). We obtain in 
this case, the case of diffraction bya rigid lamina ог a screen of 
finite width. 


In this case 


A! A Tim? [ een. : 
: Š A,(a—o,q) 


6. To solve the problem of diffraction by a rectilinear slit, а 
problem which has been worked out by the method of infinite series of 
images by Schwarzschild? from Sommerfeld’s treatment of the diffraction 
problem by а semi-inifinite screen, we expand the incident wave system 
in the form 

TE : oo 
p= einhésing LSA (sm) A. (Eie). 
n=l i, 
Now assume an expression for the diffracted wave system of the type  . 


oo 
Ф =5В,А,(,—о,9)св, (17,7) 


n= 
which vanishes at infinity. 
Tf the boundary is determined by 7=8, we have 


[ 2 (Фф) jet. I 


and we get the case of diffraction by a hyperbolic cylinder -and the 
unknown constants are easily evaluated. 


When 7=0, ie, т= 5 , we get the case of diffraction by a rectilinear 


slit. ë 
1 Math. Ann., Bd. 55 (1902). 
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` -ARvaBHATA'S METHOD OP DETERMINING THE MEAN 
v MOTIONS or PLANETS. 


By 
P. C. SgNGUPTA, 


1. Introductory Remarks. 


The writers of Indian Astronomical works are generally silent as 
to their method of finding the mean motions of planets. Aryabhata 
however, has left us something definite in his work on this point, The 
stanza from the Aryabhatiyam that is, intended here to interpret 
rightly will, it ів hoped, throw в flood of light on the history of Indian 
Astronomy. It seems that none of the commentators have been able to 
ünderstend ib rightly and must have confounded the scholars by their 
misinterpretations. 


fafa «fa tfi «рт жеб <: | 
бте айч аттап; ub: | 
Doc Gola. 48. 


2. The Stanza from the Aryabhatiyam. - 
` This may be translated as follows :— 


“ The gun has been determined from the conjunction of the earth 
(2:6. Ње horizon) and the sun, and the moon; similarly all the ‘ star 
planets’ (i.e. the five planets Mercury, Venus, Mars, Jupiter arid Saturn) 
have been found from their conjunctions with the moon.” 


$. Method of Finding the year. 

As to the motion of the sun, the stanza says that it was determined 
from the conjunction of the horizon and the sun. Itis difficult to see 
what method exactly was followed by Aryabhata to find the solar year; 
but let us takes into account his figures. He says that the sun performs 
4,320,000 revolutions in 1,577,917,500 days, or that the year consists of 
365°25,868 days which was indeed. meant to be the sidereal year. Very 
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probably it was determined by the observation of the distances of the 
sun from some bright atar ab intervals of 365 and 266 days. One of the 
methods of doing this seems to have been by observation of the time 
thatefapsed between the risings (or settings) of a bright star and the 
sun. The other methods of Indian Astronomy viz., observation of the 
noon shadow of the pnomon, or of the amplitude of the sun at rising or 
setting, would lead to the tropical year and not the sidereal year. We 
may therefore conclude that Aryabhata attempted to find the length of 
the year by observing the length of the period af heliacal rising or 
setting of fixed stars. The phrase ‘the conjunction of the earth and the 
sun’ would mean the numberof daily risings of the sun in sucha 
period. I 


4. The Method of Finding the Sidereal Month. 


The second part of the stanza relates to the motion of the moon and 
says that it was found from the conjunction of the sun and moon, t.e., 
from the synodic month, the length of which according to Aryabhata is 
29 da. 12 h. 44 m. 2:285 secs, the modern length of this month is 29 da, 
12 h. 44 m. 2'864 secs. (Its value as given.in the old and modern 
Surya-siddhantas are respectively 29 da. 12 h. 44 m. 2.7 secs. and 29 da. 
12 h. 44 m. 2:96 secs). This synodic month may also have been found 
from the mean period of heliacal risings of the moon. 


e° 
The derived sidereal month is according to Arysbhata of 27 da. 
7 h. 43 m. 12°11 secs. the modern value being 27 да. 7 h. 43 m, 11:545 
secs. Thus itis possible to gives rational inperpretation to the first 
half of the stanza. We now turn to the second half of the stanza 
where itis said that the mean motion of the ‘star planets’ was 
determined from their periods of conjunction with the moon. 


5. Moon's Periods of Conjunction with a superior Planet. 


In this investigation we shall assume that the orbits of planets are 
all circles having the sun for their common centre and are all coplanar ; 
farther the moon’s orbit is also supposed to be coplanar with them and 
having the earth for its centre. We shall also essume that all orbits 
are discribed with uniform speed. 


Let E, M, 8, and J be respectively the positions of the earth, moon, 

sun and a superior planet, the sun and the superior planet being in 

' conjunction; let the circle represent the orbits of the different bodies; 
let E,, M,,J, be the positions of the earth, moan, and the superior 

planet at rth conjunction with the moon, which is supposed to have 

taken place after d days. Let A be the point of intersection of E, 8, J, 
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with the moon's orbit; let us suppose that the moon takes а days to 
describe the aro AM. Let the sidereal month, the year and the sidereal 
period of the superior planet be respectively denoted by M, y and y' in 
mean solar days. Throngh E, let E,o be drawn paralled to E, Б, Ј А 
Again let Gand 0' be the angles described by the earth and 
the superior planet round the sun in d days anda and a! their mean 
distanoes from the sun, 


. А in 64-а} sin 03 i 
then the p. E, с —tan! ed Eier =y (suppose) 


Y=0 -- main (0—01)— т sin 2 (0—61) + ыз sin3(0—01)— &o., 
where m —aja'. 


Again y= СЕ) элуу = 2rd g 2nd 


1^? 


. т (4+) _ _ 2rd , 1 1 
.. TM 2ry= y -+msin9=d ( y =) 


ы? sin &т( R y m° sin6zd ( il 1 pe 
2 y y 3 y y 


Hence denoting apn ape > where P denotes the 


mean period of conjunction of the moon and the superior planet and Р! 
the synodic period of the superior planet, we get 


аР 4, Pf Sedo m* 2 dad ,om* . бей 
a+ È =yP+ | meid рү — y sin Set sin Tr во). (A) 


It is evident that allthe periodic terms i 
mutiple of Р:. Ву applying Lagrarnge'; 


power of m, 


d=yP—k+Asin ОТЫ 
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'- where A, B, C are. determinate and k= (B) 


a 


С 
Again 


` 
w 


| do EDP-REA sin wiae _ B sin “ТАУ DE— mea 
+0 се кы Е 35) 

€ BEC в, osteleen a 
+0, NEUE eo (D) 


where A,, B,, and C, are determined from (B) and (О). The equation 
(D) represents the lengthof the yth~period of conjunction of the 
superior planet with the moon. Now let us suppose that this length of 
period i 18 арена in the rm peru, then ° 


i+? — 28 sap чаи TE зң 


ены м. (E) 


In (Е), у-у denotes the number .of periods of conjunction 
observed- between the (y+1)th and (y*+1) th conjunction from the 
timawhence motion is beirg considered. It is evident from the 
(D) that the stim of the periodic terms in (D) in the 
ion will be zero if the equation (Е) i is satis- 
‘933 days and P about 28: 458 days; the 
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I used the convergent 17 for Mars, t.e., took 137 periods of conjunction 
with the moon=5 synodic periods of "Mars and I found the sjlereal 
period of Mars to be 68,762 days nearly. The first conjunctiofi'of Mars 
and the moon was taken on Jan. 8. 10h. 7m., G. M. T. in the year 1908 
and the 138th cojunction consequently fell on September 10. 8hrs. 
45min. G. M. T. in 1918. These figures were taken from the British 
nautical almanacs for those years. The number of days elapsed in these 
187 periods was 3,897:94,305 days. Hence the motion of the moon was 
-142°6,685,975 revolutions, the mean sidereal month being taken at 
27-821,661 days. On deducting 137, the number of periods of conjunc~ 
tion with the moon, Mars's motion was 56,605,975 revolutions in 
3,897.94,305 days, whence the deduced sidereal period of Mars is 687°62 
days nearly; the actual period is 686:9,797 days” and acoording to 
Aryabharta it consists of 686:99,974 days nearly. It appears therefore 
that in trying to find when the length of the period repeated itself, he 
pP: 


practically used a nearer convergent to T 


6. Conclusion. 


If we treat the moon’s periods of conjunction with an inferior 
planet in the same way, the equation corresponding to 85 (A) becomes 
of the form | 


= 1, Mf r Qed та. dd , m. 6rd _ ] 
d=yM'—K'-+ = Í m sin p, g- Siu ps + g Sin ye &c. 





where M' denotes the aynodic month,' Р” the synodic period of the 
inferior planet and т/ in the ratio of the distance of the inferior planet 
and the earth from the sun. In this case the mean period becomes 
j equal to the aynodic month, andthe time of revolution of an inferior 
planet round the earth becomes the same as that of the sun, £e, 
becomes equal to the sidereal year as stated by Aryabhata. In the light 
which is thrown by this passage from the Aryabhatiyam, it becomes 
clear that heis the real constructor of Indian Astronomy and nota 
borrower from апу foreign system of Astronomy. The records of 
observation that’he used were most probably of the previous observers 
of the Pataliputra school of Indian Astronomers. In the next stanza he 
says that “the spotless jewel of trae knowledge which lay so long 
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sunk in the ocean of knowledge full of truth and error, has been raised 
by me therefrom by using the boat of my own intelligence, by the 
grace. of God whom І worship.” It seems that the position of 
Aryabhata in Indian Astronomy is the same as that of Ptolemy in 


Greek Astronomy. 


S a : 9 Б : 


NOTE on SPHERICAL WAVES OF FINITE AMPLITUDE 


,' 


Bx 


SupHANSUKUMAER BANERII, 


Professor Horace Lamb has pointed out to me in connection with 
the above problem that the notation f(p'), where p'—logpr?, р denoting 
the density is inconsistent with the equation 


d ‚Әр 1 Op 
(f(9)) дт р er ` 


[See Bull. Oal. Math. Society, Vol. XI, p. 85.] 


It is intended to prove here that a more general assumption 
regarding the funotional character of f leads to the same expressions 
for the velocities of propagation of spherical waves of finite amplitude 
obtained in а paper under the above title published in the Bulletin 
of the Valcutta Mathematical Society, Vol. XI. 


To prove this, we start with the equations of motion and continuity, 


where p, =log р, and put 
Pzf(rpi)4- v, Q-f(rpi)—v 


For regarding +, p, аз bwo independenj variables instead of ғ, і, 
we have ° 





Of(rpi) Opi, д» 
8t Өр, £ ӨР 


OP _ Of(rp.) , Of(rp.) Ber, Өч 
Ө ug on “Өт Oe” 
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Therefore 
OP, OP / ðu + 970%.) ( Әр. on 
Bt Tu дт =( 8# TY 8: СД A wy s) 


PA, 


9 Gp) 





__1 p Be). 1 O) pu ӘД). 
р Өт Өр, >= On 


чык Oa _[ fee) 18 өч. E DM 9л) 
р Or RIS 


Hence if we assume 


2 Of(rpr) — = fees) 


ais (1 
2 108 15 | (1) 
and 
: у 
1 92 =| Ж, 1% + Of), Of(nei). ° (2) 
p Or Өр, Әт j 


On 


Q5 


ӘР „ðP dflrp,) ӘР | 
ао ar ... (8) 





and from (1) and (2) 


HeLa TO) 


Е Bfp) | * Bloger? | 
E ° vow 


that is 3 > u д 





STIER) [13 dp. | ° 
^2 Op Lp dlgpr* > ~ 
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Hence from (1) "S 


^. Offnp) 2-Г1.. dp | ES 201 
Ya 40r o T "p dloport Ў j : 


Therefore , 


Of(rp,) əр.) m 1 dp 73i 
8». t, Bes 77 | ps diogi Des 











co 5 
This gives 
| > do dlogpr* Р I J =} : (0) 
From (3) we get Е 


dP- bi f бз wo 
My A x с у 


Hence dP=0 or Р is constant for a geometrical e moving with the 
. velocity ` “a n p e e : 


Similarly, 





99 _ Of o) 4. 8f(rp) ) Әр,_ Qu . 
ЕП ðr ED дт Or 
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Therefore 


SQ puð (87+ Be) e? (9; 9 4 PEN 








EL T Өр. 8r 
8f(ro,- 
te or 
_1 8p IET BH) 44 fire) 
p Or Op, “yt 
‹ Ё C f 
1 бр a Ou 2uOf(rp) pu Әт, 
p Өт 8p, OF r Өр, Өт 


which 2 һу. virtue of (1) and (2) 
U 


` me 


= — — . — 


Therefore FEQ 


pos 4 dat наа J22. 


Therefore dQ —0, ог Q is constant for а geometrical point moving with 
the velocity 
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FUNDAMENTAL RELATIONS IN HOMOGENEOUS 
Co-ORDINATES. 


By 
I i Pror. C. V. H. Hao, 
University Professor, Lahore. 


Two relations are mentioned in all the books on the subject, namoly 


a£ by 3-022, ew (0) 


and Xo(p—g)(p—) -4A*, IE 


where a b, o, A have the usual significance with reference to the 
fundamental triangle, and p, g, r &re the distances of the vertices from 
an arbibrary line. : 


It is the object of this note to point out that these relations are not 
unconnected. For this purpose it is useful to replace relation (2) by 


ap v - bqy + crs —d, p .. (38) 


where r, y, g, d are the distances of an arbitrary point from the sides of 
the triangle and the arbitrary line; on replacing d by the usual 
expression for it we obtain relation (2). ` 


The relation (3) may well be called & fundamental relation for it has 
& dual interpretation., First considering +, y, z, d as variables it is the 
linear relation connecting the distances of an arbitrary point from four 
given lines, and secondly taking р, q, r, d as variables it is the linear 
relation connecting the distances of four fixed points from an arbitrary 
line And in both these respects the relation is capable of being 
exhibited more symmetrically. : 
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The connection between the relations (1) and (3) is that- on 
` reciprocating the former with respect to circle having an arbitrary point 
' for centre we obtain the latter. The proof of this statement is quite 
straifhtforward and depends on, noting how the distance of a point 
. from а line and the distance of two points are altered on reciprocation. 
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` ON THE $ CONIC OF TWO CONICS. 
N з rw UN vt t t. TUYA Pee А i 
күлү M 2 MAD P 
Ров. C. V: H. Rao, . | ` m 
University Professor, Lahore. 


The equation to the $ conie is usually obtained by straightforward 
analysis—not very elegant—or by appealing to the idea of Invariance, 
which is unfair since it only shifts the burden. The object of this note 
is to direct attention to a different method which is largely geometrical, 
and affords a simple example. of the. usefulness of thinking of a 
symbolical expression as a symbol. 


_ We denote a point P by the single symbol P, which may be thought 
of as representing the left-hand side of its tangential equation, or aa the 
conjoint of х, y, or simply as a symbol serving to name and to identify 
the point at once.* Any point collinear with P, P’ is then denoted by 
AP-FP' where А ів a number. The four elements P, P’,+AP+P’, form 
a harmonic range; the elements may be points or lines, circle of a 
coaxal system, or conics through four points or indeed any two curves 
of the same order. AP+P’’represents in fact what is a “rete” with 
Italian writers. 


The four conics S, S', +AS+S' are then harmonic, their tangents at 
any one of the common points are harmonic ; in particular if they are 
circles their centres are harmonic. Now it is a result of elementary 
geometry and easy to verify that if P, P’ and Q, Q’ are two harmonic 
pairs of an involution on 8 line, then the middle points of PP’ and QQ’ 
are also a pair of the involution and therefore harmonic with the double 
pointe. | 

Thus ifa line meet two circles harmonically, the two circles of the coacal 
system which tt touches are necessarily of the form -EAS--S' ; and the result 
holds 47 S, S! represent two contos. 


! For & more oomplete exposition compare Baker, Proc, Camb, Phil бос, 
Vol XX, p. 140, 1920, 


-— 
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Any arbitrary line l, m, n touches two conics of the system XS-4- 8 
whose parameters.are given by 


š X13 --2A6-- 3/—0, 


where 2, X' arè the tangential equations of S, S’. In virtue of what was 
proved above it follows that any line which cuts S, 8’ harmonically 
toaches two conics of the system which are necessarily of the form 
+AS+S'. The envelope of such lines is therefored=0. The F conic 
permits of precisely an analogous treatment. 


NOTICES RESPEOTING NEW BOOKS PRESENTED TO 
. THE LIBRARY 


The undermentioned books hate been presented to the library for 
which the Society tenders its best thanks:— ` 


1. Modern methods for measuring the intensity of. gravity. By 
Clarence Н. Swick. Pp. 1—96. U. 8. Coast and Geodetic Survey, 
1921. 


2. Elements of Map projection with йа ю тар and chart 
construction. Ву Charles Н. Deetz and Oscar S. Adams. Pp. 1—163 
and eight plates. U. S. Coast and Geodetic Survey, 1921. 

8. Relations between plane rectangular coordinates and geographic 
positions. By Walter F. Reynolds. Pp. 1—90. U. 8. Coast and 
Geodetic Survey, 1991. ' s% 

4. Apercus théoriques sur la Résistance des Fluides. Par Henri 
Villat. Pp.1—101. Gauthier-Villars et Cie, 1920. š 

$ Essai Philosophique sur les Probabilitiés. Par P. S. Laplace. 
Tome І, pp. 1—101. Tome II, pp. 1—108. Gauthier-Villars et Cie, 
Paris, 1921. 

6. Memoires sur L' E'lectromagnétisme et L'E'leotrodyngznique. 
Par.AÀ. M. Ampère. Pp. 1—110. ` Gauthier-Villars et Cie, Paris, 
1921. р 

7. Reprints of Papers from the Science Laboratories of the 
University of Sydney, 1916-17 to 1919-20. 

8. Triangulation in Rhode Island. By Earl Church. "Pp. 1—97 
and eight figures. U.S. Coast and Geodetic Survey, 1920. 

o 9. Latitude developments connected with Geodesy and Cartography 
with -tables including a table for Lambert equal area meridional 
projection. By O. S. Adams. Pp. 1—182, U. Б. Const and Geodetic 
Survey, 1921. А 

10. Annual, Report of the Superiptendent of the United States 
Coast and Geodetic Survey, 1918. — 

11. Annual Report of the Smithsonian Institution, 1918, 

12, General Theory of the Lambert Conformal Conic Projection. 
т 8. Adams, Рр. 1—37. U.S. Coast and Geodetic Survey, 1918. 
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13, Description of the U. 8. Coast and Geodetic Survey 
Tide-Predicting Machine, No. 2, 1915. 

14? Annual Report of the Director, United States Coast and 
Geodetic Survey, 1920. 

15. Investigations of gravity and Ер ЫЎ. Ву Willia Bowie. 
Рр. 1—196 with eighteen “illigtrations-..U. S. Coast and Geodetic 
Survey, 1917. f 

16. Wire-drag Work oh the Atlantic боё By N. н. Hiok and 
8. B. Bawley. Рр. 1—24. `Ü. S. Coast and Geodetic Survey, 1915. | 

. 17. Latitude Observations with Photographic Zenith Tube at. 
Gaithersburg, MD. By Frank E. Ross. Pp. 1—127 with seventeen 
illustrations. U. S. Coast and Geodetic Survey, 1915. 

. .18. Lambert projeetion tables for the United States. By O. 8. 
Adams. ` Pp. 1—243. ` U. S. Coast and Geodetic Survey, 1918. © ` ` 

19. Elements of Chart Making. By, Е. L. Jones. U., S. Coast 
and Geodetic Survey, 1916. , AN 

:90. Use of mean sea level as ‘the datum for elevations. By E. L. 
Jones. Pp. 1—21. U. 8. Coast and Geodetic Survey, 1921. 

21. Application of the Theory of Teast Squares to the adjustment 
of triangulation. By О. S.. Adams. ‚Рр. LE U..S. Coasts and 
Geodetic Survey, 1915. I E Се 

22. Тһе Lambert Conformal Conio Projection with two standard 
parallels including.a comparison of the Lambert Projection with the 
Bonne and Polyconic Projections.’ By C. H. Deetz. Рр. 1—61 with 
seven illustrations. U. S. Coast and Geodetic Survey, 1918. 

23. Fourth general adjustment of the precise level net in Bs 
United States and the Resulting Standard Elevations. By William 
and Н. G. Avers. Pp. 1—328 and five illustrations. U. 8. ‚ Coast and 
Geodetic Survey, 1914. i 

24. Lambert projectiou tables with conversion tables supplement 
to the Lambert Conformal Conic Projection with two standard parallels. 
By C. Н. Deets. Рр. 1—84. U.S. Coast and Geodetic Survey, 1918; ' 

25. Experiments in Aeroplane Photo Surveying. By Major C. G; 
Lewis and Capt. Н. G. Salmond. Professional ге No; 19. Sirvey 
of India, Debra-Dun, 1920. tes š 

26. A study of map projections in und By O. B. Adams: 
U.S, Coast and Geodetic Survey, 1919. Е 
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Nores AND NEWS 


The following letter addressed to the Secretary from Professor 
G. Mittag-Leffler will be read with interest by the members of the 
Society :—'' Dear Sir, I beg you please to accept yourself and to convey 
to- your honoured Society my best thanks for the hearty felicitations on 
account of my 75th birthday on March 16th last, contained in your 
letter of October llth. I$ belongs to my dreams of future—very 
uncertain, however—once to go and see your beautiful and interesting 
country, which has always tempted me, and then to make the personal 
acquaintance of your mathematicians. If you want it, I should take 
pleasure in sending you а little article for publication in your 
Proceedings." The Society affords the venerable Professor a hearty 
welcome and very much desires that his dreams may fructify at on 
early date. 


* Li 


The following notes have been sent to us by Professor G. Н. Bryan 
with regard to his paper on graphic’ solutions of spherical triangles 
‘publish8d in the September issue of the Bulletin (Vol. XII, No. 2) :— 

“ Since sending the MS. to you I have seen a paper on the same 
subject by Bradley in the American Mathematical Monthly. His 
constructions, however, are greatly inferior to mine in the following 
respects : 


(1) He does not show how to construct a model of the trihedral 
angles represented by the parts of the spherical triangle whereas my 
figures when cut out and folded automatically join up and form the 
model in question. 


(2) His figures are rendered unnecessarily complicated by 
construction lines which are not necessary according to my methods. In 
my figures the only parts which are purely constructional are the arcs 
of circles used in measuring off equal segments on different lines. 
` These are ndt really necessary but are rather introduced for the sake of 
greater clearness of exposition, and they serve an additional useful 
function in showing which parts must be POE together in making up 
the model. 


(3) n the notation adopted in my paper parts of the figure which 
are common to two faces of the model are represented by the same 
letters in each with different suffixes thus indicating at s glance how 


x 
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.the -model is to be joined up. Реа 8 notation on the other hand is 
far from satisfactory." : 

bí * : + * 

The following letter by Professor Ф. A. Miller, published in 
Sctence, Vol. LIV, No. 1896, September 30, 1921, on a new definition 
of pure mathematics is a matter for discussion and is one on. which 
every mathematician may have his own say :— 


` During the present year there appeared a volume of the Acta 
Mathematica, volume 88, which was dedicated to the memory of H. 
Poincaré, the noted French mathematician who died in 1912, This 
volume opens with an account of his own works by Poincaré in which 
he deals briefly with his own contributions to the advancement of^ 
various subjects. This is followed by a report on the theory of groups 
and the works of E. Cartan, which Poincaré read before the council of 


` faculty of sciences of the University of Paris on the eve of the operation 


resulting і in his death. The rest of the volume is devoted to letters and 
'to'various articles written by others but relating to Poincaré and: his 
works. 

“In the present note we desire to . direct alicia to the second 
article mentioned. above, which seems to be one,of the last articles, if 


` not the last article, written by Poincaré, and contains some remarkeble- 


statements in regard to the theory of groups. One of these is as 
follows: “The theory of groups is so to say,..entire mathematics, 


divested of its matter and reducéd to а pure form." The interest in 


this “statement shonld.be increased by the fact that it may be regarded 
ва & new definition of pure mathematics, the skyscraper among scientific 


| Structures. One of the best known other definitions is due to B. Peirce, 
„who stated that “mathematics is the scienco which draws necessary 


¥ conclusions.” I$ should, however, not be inferred that the latter 
` definition has been generally accepted as an entirely satisfactory one, 


‚ nor do we want to create the "5 that the former is likely to be 
"aniversally adopted. . Т ' 


_.~ +Jt may, however, be a matter T wide interest to see what Poiricaré 


meant by the statement quoted above. Such an insight can probably , 
- be best gained by каше his own preliminary remarks, von am in 
„раг, as follows : | 


Thé Sirbpouderant róle of the theory of groups in mathematics has 
+ been unsuspected for a long time. Eighty years ago even the name of 
group was unknown. It was Galois who first had a clear notion ‘of it, 
but it їв “only isineé the works of "Klein, and- especially of Lie, that one 
has ‘begun to-see-that there is almost no mathematical theory in which 
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ihis notion does not occupy an important place. . . . It is necessary to 
give the same name to different things, but on condition that these 
things are different as to matter but not as to form. What ія the cause 
of the mathematical phenomenon so often constant? And, on the other 
hand, of what consists the community of form which subsists under the 
diversity of matter? Jt is due to this that every mathematical theory 
is, in the last analysis, the study of properties of a group of operations, 
that is to say, of a system formed by certain fundamental operations 
and of all the combinations which can be made therefrom. 


Jf, in another theory, one studies other operations which combine 
according to the same laws one will naturally see a set of theorems, 
having a one to one correspondence to those of the first theory, unfold 
themselves, and the two theories may be developed -with a perfect 
parallelism ; an artifice of language like those of which we just spoke, 
suffices to make this parallelism manifest and to give almost the 
impression of a complete identity. One says then that the two groups 
of operation are isomorphic, or that they have the same structure. If 
-then one divests the mathematical theory of this which appe-tains.to it 
only by accident, that is to say, its matter, there will remain only the 
_ essential, that is to say, the form; and this form, which constitutes, so 
to say, the solid skeleton of the theory, will be the structure of the 


group. 


* * * 


In the Messenger of Mathematics, Vol. LI, May, 1921, Dr. J. W. L. 
Glaisher writes on the early history of the signs of + and — and on 
the early German arithmeticians. “It was at one time believed that 
the signs + and — were introduced into Algebra by Stifel in his 
Arithmetica Integra of 1544, but in 1864 DeMorgan contributed to the 
Cambridge Philosophical Society a paper in which he showed that they 
had béon used by Widman in his Rechenung of 1489. This fact had, 
however, been previously noticed and pointed out by Drobisch in 1840; 
and his discovery of the signs had been noted by Gerhardt in 1843 and 
by Cantor in 1857. DeMorgan in his paper not only drew attention to 
the existence of the signs + and — in Widman’s book but he inferred 
from the mode of their occurrence that Widman or some predecessor had 
derived thbm * from the warehouse, so that they had a commercial and 
not an arithmetical origin.” Dr. Glaisher finds himself unable to agree 
with most of DeMorgan’s conclusions and suggestions and considers 
that with respect to the origins-of the signs -+ and —, all the evidence 
shows that they were derived from algebra and not from commerce, 
These evidence form the subject. matter of the, present paper, , NET 
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ON THE DISTURBED ELECTRON ORBITS IN AN 
ELEOTRO-MAGNETIO FIELD. 


PANOHANAN Das, М.8е, 


[Read, September 26th, 1921.] 


The ‘Quantum-theory of spectra, as it now stands, is incomplete in во 
far as: we cannot explain, with its help the class of phenomena like 
absorption, dispersion, resonance-radiation etc. The difficulty is that 
we do not know what happens when an external electric or magnetic 
field acts on a quantitised (gequantelte) system. Ehr. nfest and Burgers’ 
theory of adiabatic invariants marks the first-atep towards a solution of 
this problem. It may be enunciated as follows :—Tho quantum-path of 
8 system without any external field adjusts itself to the new quantum- 
path with field in a mechanical manner provided that the external field 
grows slowly.* It will appear presently that when a rapidly alternating 
electré-magnetic field acts on such s`“ quantitised" system, it is some- 
times possible to regard its readjustment to the external field as a 
reversible one, and hence the principle of “mechanical transformability” 
may be extended to such systems. We shall thus investigate the effect 
of an electro-magnetic field on a typical atom consisting of a nucleus 
and the valency electron. The method followed will be slightly different 
from that of Debye in his well known work on the dispersion of light by 
the hydrogen-molecule. We shall thus see that the mechanism of 
selective absorption and resonance-radiation are better understood in the 
light of these calculations. ] 

We assume, for simplicity, that the valency electron is uninflnenced 
by the remaining electrons. We algo suppose that the external electro- 
magnetic ; field consists of a planepolarised wave. Let the coordinates 
of the valency electron referred to the nucleus ав origin by v у, z. We 
choose our axes in: such в manner that the resultant electric and 
magnetio forces are parallel to, the X — and Z- ахев respectively, and 


* “Die Quantenbahn ‘ohne Feld wird bei allmahlichen Einschalten dea Feldes auf 
mechanischem Wege in die Quantenbabn “ ubargefabrt."—Atomben und Spektral. 


linjen-2ommerfeld 7 z e 
АШТЫ 4 4 
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the direction of propagation is parallel to the Y axis Then the 
components of the field are the real parts of :— 


(1) 


H,=0,H,=0, H,=H-e À 


If the central charge be Ze, the equations of motion are :— 


mas — Ze* m +e E,+ 5. H,y 
т^ o 
Ze y е 
=— — 4 — ~H 
тут ` у 8 on 
= Ze? z 
m= — — L , 
rM 7 





а 
mi=— — -e B, ° 
Y) F 
- Ze > 
ту == — y 
T? т 
- Ze’ z 
mge = — —— *-., 
т r 


Let A be the perihelion of the electron-orbit, P the electron, and N the 
nodal point of intersection of the orbit with the e=y plane. 


-A ^: 
Leto —NP, o=true anomaly —-PAÀ, 
¢=zinclination of orbit and (1=longitude of N measured from oz. 


Then we hhve, 
027 сов (w+) cos Q-Fr sin (w-+w) cos £ sin 0, 
у= cos (o+ w) sin (++ sin (оо) cos z sin Q, 


z=r віп (оо) sin f, 
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Ав в first approximation we тазу limit ourselves to the circular orbit, 
and thus put r=a, and w=nt=mean anomaly. 


lt is thus obvious from the equations of motion that 





mn'a* 
Z= 


Í| — Ze’ 
п#== ,0r = 
та в 


The equations of motion can be solved only approximately, and even that 
in special cases. So we restrict ourselves to & few special cases only. 


Oase І. Let O=0, and i=90° for all values of time. We suppose 
that the disturbance takes place in the coordinate r and « only. Thus, 


a= сов (w-+nt), y=0, s=r sin (9 n£). 


The equations of motion are 








‘os mh'a? а 
me = — "2 +e'E,, 
` T T 
- mnta? z 
mi =— eSa 
rs T 


It is"easily seen that after actual differentiation and substitution we 
have, К 


` s = ` epe (a--n)-- 2 o-—z(u-4-n)* 
and а = = 2—29 (+в) — z(a--n)*. 


Bubstituting ihese in the equations of motion after putting тоша, and 
y =s . th : 
neglecting o and т o, we get, : 


Top ®®-„ло—9гбп:=0 ` Pu ш. (2) 
а a à E . 
N Orn 5 Sr, e 2m (vt—y). 
and T аА —zo—2aun= —:B'« À `_ _ 
T G т M ; 


2ті н š 
= 'E:'e X since y=0, 
—™ 


= © Be oos n'f, HI (9) 
m 
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if we put т E and retain the real part only. Multiplying. (2) by « 
. 


and (3) by z, and by subtruction, we get 


А t Е I 
Qran+ atom — s: — Ecos nt. 
m 
or аъ 4-2 — © -E-sinné cos n't. . (4) 
m 


Again multiplying (2) by z and (8) by « and by addition we get 


7— Saun = Ê -E оов nt’ cos n'ê. .. (5) 
m 


Eliminating а between (4) and (5), we get 


+ +4nty= —9n- Š , sin ni cos n'i-- E- Я (оов nt сов n't). 
m —-.. ^ di 


The solution is К 


M acre e cos(n-+n')t 
rzzÁ sin (па) Tj [^2 n° CE f aaa 


nn 


069) i + A E Í eoe(n den) t--con(n it | |: 


- 


| 4 
where К D= P 


We can also solve for w in the same manner. 


Oase П. Let Q=0, (—0, for all values of-time. - The equations of 
motion here reduce to Sou 


r @—®азоп= £ £ Е. wey = Ge тух Е 
Í т 


E 


И Әк. 
2:ањ а? o =f yà (Vi—y). 
m 


Also B уа gin(o + nt). 
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^ 


2n (ү) 
If we regard-y as small compared with Vi, we can expand e X 


in ascending powers of y and retain the first few terms. Thus 
2m 
cx (VETY) a (oos nite sin n't) (1+ 5 yt...) 


It is obvious that since y is of the fcrm a sin nt, (neglecting w), the 
real part of the above can be expanded in a series of the form 


š A, ,cos(pn-+ gn). 
It thus appears that the general solution of the problem would be 
of the form = B,,cos(pn+ qw Yt. 


We proceed to examine the particular form cos(n—n')t only. If the 
external electro-magnetic wave-is nearly of the same frequency as the 
orbital motion of the electron, the difference.n—n’ is small compared 
- with either s or я. Hence the effect of the field is to cause a slow 
periodic disturbance in the elements of the orbit. The periods of the 


Әт 2 


disturbance &nd the orbital motion are — 7 and = respectively. 


Let Т be the. average period between two successive collisions 
of the molecules. Then we may suppose, that T is large compared 


with z and E is large compared with T. 
1,6. are T« Bo : 
Š n n—n 


It is reasonable to suppose that as soon as a collision takes place, the 
disturbance is reversed or arrested or at least modified. If we limit onr- 
selves to small intervals of time &< T, then the periodic character of 
the disturbance is not manifest ; the disturbance should rather increase 
or decrease steadily with time 4. 

Thus if the total energy of the atomic system without the field be 
W then after an interval & measured from the instant the field is 


introducced its total energy із W + cd 8¢ where a otherwise contain- 


ing а periodic factor, is fairly constant within the interval 8. If a 
collision now takes place, we may expect a quantum-radiation, and the 


frequenoy of it will be v+% . Thus instead of a sharply defined 


$08 PANUHANAN DAS 


line we shall now have a diffuse line. If the temperature rises, the 
frequency of collisions will also rise, and hence T will be smaller, and 


the diffuseness measured by a wil also fall off. Hence with a rise 


of temperature the lines should become more sharply defined. In this 
connection we may refer to an experiment by Wood [Physic Rev. XI, 
1918], in which he allows the sodium light D, to be incident on a 
quartz tube containing sodium vapour, and exsmines the resonance 
radiation. He finds that the resonance-lines are at fist very diffuse 
and ill-defined, but as the temperature rises, the lines become sharper 
and more clearly defined. i 

Bohr’s correspondence-principle makes the phenomenon of resonance 
radiation very intelligible after these calculations. As in Wood's 
experiment, suppose thab a mass of sodium vapour is excited by the D, 
light. Now in this vapour there is present а large number of sodium 
atoms in в state to emit the D, radiation, and as the orbital frequency 
of the external field, a disturbance of the orbit would ‘ensue, add this 
circumstance may be supposed to assist the possible radiation, viz., the 
D, radiation and we should expect a maximum in the position of the 
D, line. This result however is very general. 

My thanks are due to. Professor C. V. Raman for the helpful interest 
he has taken in this paper, and also to Dr. D. M. Bose for his'useful ' 
criticism. 
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THE OSCULATING Соміс at INFINITY ' 


By 


Gurupas. BHAR. 


The object of the present paper is to investigate the equation of the 
. osculating conic to an algebraic curve when the point of contact is at 
infinity, About the nature of an algebraic curve at infinity, mathemati- 
cians have apparently not proceeded much further in their investiga- 
tions than the determination of the asymptote when the point at 
infinity is not a singular point and of the-nature.of singularity when it 
is 8 singular point. The determination of the osoulating conic at infinity, 
which is no! a difficult task, gives a fuller insight into the form of the 
ourve at infinity when the point at infinity is not a singular point. In 
connection with the investigations of Prof. 8. Mukhopadhyaya* about 
the way in which the osculating conic varies as the point of contact is 
moved along’ the curve, the determination of the limiting form of the 
osculating conic when the point of contact goes to infinity is of special 
importance. This paper has been written at the suggestion and under 
the guidance of Prof. 8. Mukhopadhyaya. 


1.- Let the equation to а plane algebraic curve of the nth order be 
thy a wb, bu, uy =0 


where tt, denotes the ТТЕ terms of the rth degree in rand у 
This ean also be written in the following с form 


zi ) eene (2 Ds Ja(t jos =0 2 (D 


ı Consider the curve 


* Vide—New methods in the Geometry ofa Plane Аю" Bulletin С.М.8. Vol. I, 
No, 1, 1909. N 
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which meets the curve (1) at points of which the abcissae are given by 
А В $ 
ы +145 st itd ) 


зул («+Ё + +4 +5 5+5) 


ES р B 8, и 
Mg (9+2 +®+®+&+& )+=о 


that is by 
e" f, (а) te" (Bf (a)+f.-1(4)} 


at ур (а) BJ (а) ВР, (2) +f.-,(a)) 
et f G) Hrs) P. Pu) (a) 
Specs GAP sea) HaC, 
+оо", (o) + ev" f. (a) = f”. (a)+ = fe | 
TUI) +Byf".-,(a)+ бу, E p^" p -| (o) 
ECL MNORSMNOY 
FAP) QE BOF +E (B+ D (а) 
+ Bf ба) Sp 9) s GO EET уа 
+5 Arafat D Oh Ot ГТ CE MN 


feci) 87 feos) + GO) fes OE 
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Five consecutive points of intersection will be at jinfinity if the 
co-effioients of 0",2" 7 1,0^75,s"7?,9^^* all vanish ; t.e., if 


(3) f. (a)-:0, 
(s) ВР. (а) tfa- (а) 0, 


G) of (о) Ë Ра) + Bas (0) tfa- (a) =0, | 
(s) 8р, (a) - By". a) + B f (а) yf s) | 
+Ë Paala) teaa latl) baw @) 


©) РТИ ЗЕ 
+yÍ Z PHP.) Hus) | + Ви) 
Ede Pes GI E POEB | 


Let a which is supposed to be 1eal be a non-multiple root of the 
equation ў, (а) ==0 ; then from (11) above 





fio) | 
. B= Fale) " : .. (4) 


which we shall write ав —/s-2 ; similarly from (it) and (111) 


f. 


ip RP Jefe o 09 


From (tv) substituting the values of Bandy we get | 
Bopp p tef eee ae i 
FOR naf S a tefa ff - fi—6f,_,f.- ff, 
ИИЛЛИК АИИС }- .. (6) 
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Similarly using the values of f, у and 8 obtained above we deduce 
from (v) 
° 


e= —.— 


lí, "e " А "b 
pg pilaf M —1lOft_. fff" „15у, 


PSP calif OO af val PEPIN GT eal ft 
—Aft sf caf —BOft a fasf PATS РРР. 
HER afaa Pt 68 au aft HS Saf 
1 aft An ФАЛ АЙТ" 
EN A P на u au gua 

Afra f aS EHYS nafra АР Ае ај: 
F24f, fof iS n +12/1_ fifr.+24/. 3 ft 


—Vf, af aaf i Afaa аА, аР (7) 


If a, B, y, Š and « have the values determined above, the curve 


will hav 


ô, e 


e five pointic contact with the curve (1) at infinity. 


9. Let пв, ав usual, denote by p, g, v, s and # the first five differential 
co-efficients of y with respect to z. For the curve (2), viz., 


we have 


5 Š < L $ 


(8) - 


— eee 1 MM 


1208 


w’ 


360¢ 


free sa, 





124 + 
FL 


2520« 


== — — —  — — — 


67209. 
HE 


x 
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Now as the curves (1) and '2) have five consecutive points at infinity 
common, the limiting,values of р, g,rands at infinity for the two 
curves (1) and (2) are the same. Hence the values of p, q,r and s at 


infinity for the curve (1) are given by . 
Р= — oo 08 25 Zt б 


Lt [50 de ац). 
| | | qoo (9) 
ro 1 1—07 00 Ss 1206 7 

' gt , 


@5 v’ w, 





e Ш (y 1205 S L 8406 Lh 


where a, B, y, Š and e have the values already determined. 


The general equation of the osculating conio as given by Prof. S. 
Mnukhopadhyaya in his paper on “A general Theory of Osculating 
Conies" [Journal and Proceedings, Asiatic Society of Bengal (New 
Вегіев), Vol. IV, No. 4, 1908] is 


(8ge—5r*)((Y 9) рО —2) P! + ((X—y)r—(K—2) (pr—3q")}* 
—18g*((Y—y) — (X — ь)}, 
or 

Y*{3qs—4r*} +X? {p* (3qs—5r*) + (pr—3q*)*} 
—2X Y (p(3qs—5r*) -+r(pr—3q")} 
2X (p(y—02) (8gs—5r*) + (pr—3q") [yr —a(pr—3q")] + 9pq"} 
—2Y {(y—pe)(8gs—5r*) + r[yr—  (pr—39*)]-92*] 
+ (y—p2)* 8qs—5r*) + [yr— 2(pr—39*)]* —18g* (ps—y) =0. 


Substituting for p, g, ғ and s their values from formulae (9) we have 
the co-efficient of Y* 


Li 


rzdgs— 4r? “ошоо 


ES (ye—8*) + higher powers of i] ; 


s 
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the co-efficient of X* 
=p" (3gs—5r*) + (pr—39*)* 
° Lt 144 


"sco. git 


(ay? +a*ye—a8*) J- higher powers of 1 ] ; 
2 


the co-efficient of XY 
== —2{ p(3qs—5r?) +7(pr—3q* )} 
Lit 144 


¿L = o 210 Caz 


5 —Qaye-+205*)+higher powers of :] ; 


the co-efficient of X 


—9[p(y— pz) (qs—5r* ) + (pr — q* )[yr—a (p — 99 ))-9p2?] 


Lt [ = (9уєа 8 —28* a — y* 8a. -- y? 8) + higher powers of 1 |: 
z 


p-oo | |10 


` 


the co-efficient of Y 
=—2{(y—pc)(3qs—5r*) -r[yr— z(pr—34?) +99° } 
Lit 


Tamo 


[is (y38—28y«4-288*) --higher powers of i] ; 
ny 


and the absolute term 


=(y+-pa)*(8qs—5r*) + [yr— «(pr —39*)]* —18g? (ps—y) 


ум [A (y*—y*68+ yeb" —8* B?) -- higher powers of 2 |. 
m 


s= 
Thus the equation to the conic osculating the curve (1) at infinity 
reduces to 
Y* (ye—89) +X? (ay! --a*ye—a38*) — XY (ү? +9aye—2a83) 
+ K(2aPye—2aBd* —ay*d+ By*) — Y (28ye— y*36—25g8*) 
yt — y*88 4- B*y«— B*8* —0. 5 .. (10) 
This can also be written as 
(X —aX — ) ((ye—8*) Y — (aye—ad" 9) X -y*8— Pye + Bb*] 
+y*=0 . (11) 


which shows that the osculating conic of a curve for a -point at infinity 
is a hyperbola of which one asymptoteis Y —aX —8—0, and the other is 


(ye—8* )¥ — (aye— a8* +7? )X --у*8— Bye-- p54 —0. 1 (2) 
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The angle between the two asymptotes is given by 


ис : 13 
tant трауре а d 


If y vanishes the two asymptotes coincide; the osculating conic 
degenerates into the asymptote counted twice and therefore the point at 
infinity becomes a point of inflexion Hence the condition that the point 
at infinity may be a point of inflexion is y=0. 


The co-ordinates of the centre of the osculating conic at any point 
mg of & curve are 


8. үу 3007—80) 


8— Зав— оғ? 


x=.— M 
* 3g —5r ’ 


(See General Theory eto., loc. cit.) ; the limiting values of these when а 
and y tend to infinity, as obtained by using the formulae (9) are 


y-frts, o (04) 


3. We shall now find the equation of the equilateral hyperbola 
osculating the given curve at infinity. The general equation of the 
osculajing equilateral hyperbola is 


{(X—z)*—(Y—y)*} (Qpr—3q? )—2(X—a)(Y—y){(1—p* )r+8pq7} 
+6{(Y—y)—(K—a)p}q(1+p*)=0, 
(see General Theory, etc , loo. cit.) which can be written as 
(X*—Y*)(Qpr—3g*)—2KY ((1—p?*)r--3pq*) 
— 2X (a(2pr—34*) —yr(1—p* )—3ypq* +3pq(1+-p")} 
+2Y{y(Qpr—3q") J-a(1—p*)r--Szpg* +3q(1+p*)} 
+ (a? —у") (Qpr—3q*) —2zy( (1 —p*)r--3pq* ] + 6(pe—y)q(1 +p?) =0. 


Now substituting the values of p, g, т and s from formulae (9) we have 
in the limit 


2pr—9q* = 14 [ — t207 L higher powers of 1 ] ; 
p= 0 wt = 


(1—p*)r+3pq* = 4 [ - 90-2) + higher powers of `] ; 


oo 


£ 
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»(2pr—3q?) —yr(1—*) — Зура" +3pq(1+p?) : 


= ш — (a+ By—a*By—a*8) + higher powers of 1) ; 


=o 
y(2pr—3q?) «(1 —p*)r-- 39zpg* +3q(1+p*) 


= Ш [ — Š (8(1+a* +2087} + higher powers of il ; 


T s= o 

and finally 
(а —y*)(2pr—34*) —2:y((1—p* )r+-8pq"} -6(pe—y)q(1-- p?) 
Lt 


7 p= oo 


[ 121 Взу+- бан В88—азу? —a*8— y* --4a8— 388] | 
" 


+ higher powers of 1 ] 


` 


Thus the equation to the equilateral hyperpola osculating the given 
curve at infinity is 


(Ys — X*)ay-- XYy(1 —at) + X (ай— by +a Ву--о58) 
— Y (8-Fa8--2aBy) --af y —a*y!-ra* 85 —y*--88—0, .. (15) 
which can also be written in the form 
(Y —«X—B)(ayY -- yX —8—afy—28) —y3 (14-23) —0. .. 06) 


If a be the length of the semi-axis of the osculating equilateral 
hyper bola ' 


а | 27g*(1-4-p*) 
{(pr—3q")* +} 


(General Theory, loc. cit.), and this in the limit becomes 


=%( 1+2, ). " ату 


Again the co-ordmates of the centre of the osculating .equilateral 
hyperbola are (See Locus Cit.) : 


х=. Notus ал Ep) , 
(pr—3g*)* TU 


Үт =у-+9%#7—34?)(1 + p?) 
(pr—3q?)* +r 


j 
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the limiting values of these when cand у become infinite are. 


Xu. 7 ` ° 
7 | . 
(18) 
Y 


4. We have seen that five consecutive points of intersection of the 

, curves (1) and (2) will be at infinity if the relations (3 —¿ t), (52), (зт), 

(so) and (v) hold. Another consecutive point will be at infinity if $ be 
determined so as to make the.co-effloient of e" "° vanish, that 1s, if 


SHORE BG (BEYA +g Brags" 
+ + ( pem + Bf" EST 


ILE atat Ту 
Bf +/.-›=0; 
a, B, 9, Š and e being all known ¢ can be determined from this equation. 
Since the curves (1) and (2) have now six points ab infinity common 


the values of р, q, т, s and t for the two curves are the same at infinity, 
Hence . 


= Шш (юу omo 9520. 67204 E 


goo we 27 v? a? 





Now. the condition for a sextactio point is 


407° —45qra+9q*t=0, 

(General Theory, loc. ої.) ; the limiting value of this. when 2 tends to 
infinity is 

y! b+ 25% —3yde=0. ^ — (18) 


This is the condition that the point at infinity may be a sextactic point 
without being a point of inflexion, 


5. Theorem: All conics of four pointic contact at infinity tc а given 
curva have a common centre. 
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We have seen that the co-ordinates of the centre of the osculating 
conic at infinity as also of the osoulating equilateral hyperbola are the 
same *&nd involve only the constants а, В, уала 8, Whence we can 
conelude that all conics of four pointic contact at a given point at 
infinity have the same centre. It is easy to deduce the same result 
from geometrical considerations as follows. 


The director circles of all conics of four pointio contact at a given 
point of a curve form a co-axial system of which the limiting points are 


the given point of contact and the centre of the osculating equilateral’ 


hyperbola. (See General Theory, loc. cit.) Now if one of the limiting 
points be a point at infinity, the system of co-axial circles becomes 
concentric, having for the common centre the other limiting point. The 
system of conics of which the director circles are concentric are neces- 
sarily concentric. 7 


We may call this common centre a limiting centre of the algebraic 
curve. 


6 Theorem: Тв three limiting centres of a cubic with three distinct 
real asymptotes are collinear. 


Let the oubic be ° 


` 


(y—2,«—B, )(y—a,2)y -- ly--ma--n—0 
We have 
fs (о) =(a+a,)(a—a, )a-a* —(a, +а,)а* +a,asa, 
f. (0) =3а* —2a(a, +a) tarag, 
1"»(а)=ба—2(@, +a,), 
f (a)=6 ; 
Р. (2) =—R, (a—a,)a, 
f (2) =— B, (2a—a,), 
Р'.(9)=—28, ; 
A.(a)=la+m, fi (a)=1 


and f,(a) =n. Lt Жыз g 


— — 
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As the roots of f, (а) =0 are a,, a, and 0, the values of the several 
functions corresponding to these roots are given by 








—a,(a,—a,) 


—2(a, —2a,) 











—B,(a,—a, )а; 





t — 8, (2a, -а,) 





—28, 


la, +m 

















The values of £,y,5 corresponding to the three values a,, a, and 0 of 
a calculated with the help of the above table are 


в, 








В, 








la, +m 


а, (a, —а,) 











at(a, —9)? 
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Now the co-ordinates of the centre of an osculating conic at infinity 
are DR УВ B+ad Hence the three centres will be агар if the 


Y Y 
determinant 


8, : Tis +28, Ti 
8, Yafa Haad, Ya 
8, yaBs +a,5, Ys 


vanishes. On substituting the values of o,, B,,, yu 9,, а B. from 
the above table the determinant becomes 


Е 1 


= (ааах 
where D 

= (mB, —na,){(la, +m) [a, B, (а, +) — (a) —а,) (na, —mB,)) 
+a, (la, +m)[n(a, —2,) B (la, +m)]} | 

—m{B, (la, +m)a,[n(a, —а,) B, (la, --m)]—[n(a, —a,) — B, (la, +m) 
х [а,8, (la, --m) — (a, —а, )(n«, —mB, )]} 

— (m, па) ( — (la, --m) (na, —miB, ) a n (la, т) } (a, —a,) 
—m[n(a, —24) — B, (ley т), (Ia, +m)—a, B, (la, +m) 
+(a,—a,)(na, —mB,)) | 

= (mB, —na,)(a,—a, ){a,n(la, - m) — (na) —mf, (la, +m)} 

+ (mB, —na, )(a,—a, )m{n(a,—a,)—B, (l,a +m)} 

= (mB, —na,)(a, —0,) (ast (la, +m) — (nay —mB, (la, +m) 
+mn(a,—a,)—mB, (la, +m)} 

= (mB, —na,)ia, —a, ) (a n(la, +m) —na, (la, +m) +mn(a,—a,)} 

(m, —na, )(a, —a,) {lna 0; +mna, —Ina,a,—mna, J-mna, —mna, } 

=0 

which proves tho theorem. | ; 
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Hlustrating the distorted " Rings and Brushes” as observed `` 
through a twin Crystal. ; | 
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‘Tae Now-RADIATING ELEOTRONIO ORBITS AND THE 
NORMAL Zeeman TRIPLET. 


Š I By 
BRAJENDRANATH ÜHUCKERBUTTI. 


The importance of Bohr's atom-constitution lies in the fact that it 
introduces a connexion between №, the “ Wirkungsquantum” of Planck 
and radiation. The conception 'of the orbital rotation of the electron 
was made long before by Langevin and others to explain the ides of 
molecular magnets and the consequent magnetism of bodies. Thus, 
a&cording to the electronic theory, in а dia-magnetic substance each 
molecule is supposed to contain many such orbits and their action at an 
external point is neutralised on account of the fact that the direction of 
revolution is different in different orbits ; whereas in a para-magnetic 
substance, the neutralisation is not perfect there being a resultant at 
the external point. Bohr, however, was -guided by the study of the 
known character of spectral lines of hydrogen and helium together with 
the conviction that the act of emitting electromagnetic radiation by an 
electronic constituent of an atom must be of explosive nature. To 
arrivé at his theory, Bohr* has made some very fundamental assump- 
tions the important ones being:— 

(a) There are “stationary states” of the atomic system in which 
there is no emission of radiation, | 
š (b) Transition of an electron between any two ''stationary states" 

, corresponds to gain or loss of energy and the consequent emission or 
absorption of energy radiation, the frequency of which is given by the 
reldtion i 

В ћу =А, — А, .. (1) 
where v is the frequency of the radiation and А „Аз are the energies 
corresponding to the two “stationary states," 

(c) Dynamical equilibrium of the system in “stationary states ” is 
governed by the laws of electrostatics, viz., : 

mot _F i 
T = ; .. (2) 
F being & function of the orbital radius a. : 
+ N, Bohr, Phil. Mag. 1913, 1914 and 1916, 
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(d) The frequency “v” of the homogeneous radiation emitted during 
transition is equal to half the frequency of revolution “n” of the 
electron in its final “stationary state," and the energy of the simplest 
system containing an electron “revolving about. a positive nucleus is 
determined by the relation 


фп, r=1,2 98... 


Тһе assumption of the stationary 8 orbits has obtained 
direct experimental support. Einstein and Haas* have succeeded in 
detecting a rotational mechanical effect produced when an iron bar is 
magnetised and have measured it. . Their results agree very closely with 
those to be obtained on the assumption that the magnetisation of iron is 
. due: to rotating electrons’ and as pointed out by Einstein and Haas, 
these .experiments indicate very strongly that electrons can rotate in 
atom without emission of energy radiation. | 

The velocity of electrons in “ statioriary states” ів во great that it 
seems possible to explain the magnetio properties of elements on the 
basis of molecular currents If i be the current generated by the 
electron revolving with frequency n in an orbital path’ of и a, the 
magnetic moment is 


=raimnaten . (8) 
From Bohr's assumptions-v7z., W=}ma'n=irthn . 
| р. 776 
М=А а we (4) 


Thus, the magnetic moment of the electron in its stationary orbit is: 
proportional to Planck constant. Hence, knowing the value for *a'" 
we can calculate the values for the susceptibility “ 4." But the difficulty 
in varifying these values are enormous for the magnetic susceptibility 
of elements in their atomic state is not known, the experimental activities 
so long being confined to the consideration’ of molecular state only. 

Neither is it possible to calculate the susceptibility in the molecular | 
state, as Bohr’s theory of moleculés is not so definite as that of atoms. 


The importance of Bohr’s theory is farther enhanced by the exact- 
‚ пева with which it can explain the Balmer and other simple‘spectral 
serios. The Constant of the Balmer series in hydrogen is known with, 
the great precision attained in all wavelength determinations and has 
the value №==8:990 х 10:5 From Bohr's equations this comes up to 
K= wrer Em | | 





For hydrogen, оа 
* Rinstein and Benes ee: D. Phys, Ges XVI, page 152, 1916, 
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Substituting the values of the constants, viz., 
a=4-774x 107*^(Millikan, Proc, Natl. Асай. April, 1917) 
h=6-56 x 107*'(Millikan, Phys. Rev. Pege 362, 1916), * 


` we get, N3-294x10:*. 


"This agreement contributes е most extra-ordinary justificatian of the 
theory of non-radiating electronic orbits. 
The radii of the stable orbits for hydrogen are given from Bohr’s 
assumption as 
а= =, where r=1,2,8 ete, 
\ š 

ie. the radii of non-radiating stable orbits are pfoportional to the 
square of the natural numbers, Taking nor drogen to be that in 
which ‘the electron is on the innermos ‘orbit, 2a, the diameter of the 
, normal hydrogen atom comes ouf to. de 1x10-*cm. The best determi- 

‘nation for the diameter of the hydrogén molecule yields 2-2 x 107*cm in 
` extra-ordinary close agreement with the prediction from Bohr's theory. 


. Let us consider in a diamagnetic gas an atom with an electronic orbit . 
of radius “ a," the electron revolving with a velocity v and suppose a 
magnetic fleld of strength H is applied perpendicular to the plane of the 
orbit. In considering the action of the-magnetic field upon the stationary 
orbits, we must remember that on account of Bohr's assumption of 
constancy of angular momentum the velocity of revolution will remain 
` the same after as before the application of the magnetic field. 1n other 
words, the action of the external field will simply be to alter the 
frequency of revolution and the radius of the orbit, which quantities will 

increase or decrease according to the direction of the field and the direc- 
tion of rotation of the electron. Thus, in place of а single stationary _ 
orbit, we shal] be in a position to conceive of three orbits, one on each 
side of the original orbit, the energy corresponding to which will be 
supplied by the applied external magnetic field. So that so long as the 
magnetic field is on, we have two more stationary orbits satisfying the 
condition that any electron jamping into them from any external orbit, 
will emit’ a radiation the frequency of which may be calculated from 
Bohr's assumptions. Hence, to arrive at an expression for the frequency 
difference between normal Zeeman triplets, let us proceed as follows : 

-, From dynamical conditions 

| meo Е 


, ame T. 


.d аё 
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As the magnetio field is applied, we have ``, c: 
Үз ‘aot ИН 
. Gd) (нау tom | 
‘where (а-да) is the new radius | 
ox me" . mo%a E Heo I 
soo 27 (ada) (a+da)* — @+da . 
Since v—D2mna- Zen, (2+ da), 
where n, is the frequency qf the electron in the changed orbits, 
; _ am, |, He 
we havé ny aras Xem : 
Д v dn 
1 кы  da=—— — 
Then,since.  : ML da T] a 
i ¢ 5 LS dn I 
, sera 
чү" 
Н I =e” | 
_ » 
NS have | m — = 9. , f ` (5) 


"Since the frequencies of the emitted radiation are half of those of the 
electron in: the final stationary states, the difference of frequencies of: 
radiation corresponding to'the two hypothetical orbits will be ? 

. * БЫ H A $ 

i yore =+; ` . "m (6) 

and hence for the frequency difference of the two outer-most component 

of the normal triplet, we have 
D à H С 

= tg. ` з et (7) 

This expression ів the same as that obtained according to Lorentz theory 
in which.the restoring force varies with the distance. 


In the foregoing pages, Some consequences of Bohr's atum-constitution 
are discussed in the light of conclusions arrived at experimerttally and 
finally an attempt is made to arrive at the expression for the frequency 
difference between the two outer-most components of the normal triplet., 
The arguments however, apply to the case of diamagnetic gases alone, 
where the action of the internal magnetic field is out of consideration 
the different components cancelling one another 
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ON THE OPTICAL ANALOGUE OF THE WHISPERING 
GALLERY EFFECT.* 


By 


BIDHBUBEUBAN Ray. 
1. Iniroductton, 


In a paper published in the Proc. Roy. Inst. (1904) Lord Rayleigh 
described some interesting acoustical phenomena, which he observed at 
the Whispering gallery of St. Paul's cathedral in London. By using в 
high pitch source of sound and a high pressure sensitive flame receiver, 
Lord Rayleigh found that the sound vibrations have a tendency to cling 
to a concave surface so much so, that a narrow obstacle placed close to 
the surface is sufficient to stop mostly, if not entirely, the transmission 
of vibrations. In India, the Whispering gallery effect may be observed 
in the “ Gol Gumbuz " of Bizapur. 


‘Lord Bayleighf gave a general explanation of the phenomena using 
the principle of geometrical optics and in a later paper} attempted an 
explanation of the same: phenomena from the wave theory. His solution 
shows that in the neighbourhood of a concave reflecting wall, the 
intensity of vibrations becomes exceedingly pronounced. In 1914 Lord 
Rayleigh§ ‘again reverted to the same problem and obtained the result 
that the wave as a whole creeps along the surface and that на wave 
front is perpendicular to the concave wall. · 


‘Scott Rubsell has pointed ont that in the case of a water wave 
proceeding almost parallel to a curved surface, reflection fails to occur, 
the line of wave-crest near the wall, setting itself normal to. the wall, 
se that the propagation is along the wall itself. ` 


* This paper was read at the Science convention held rd the Indian As HO 
for the cultivation of Soience In March, 1019. 
; t Theory of Sound, Vol. 2, T de 23 iB 
f Phil. Mag., Vol. 20, 1910. 
8 Phil. Mag., 1014 or Complete Works, Vol. VI. . : ` 
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The most important practical demonstration of the gallery effect was 
` made by Burton and Kilby,* who showed by means of very short sound 
waves produced by spark discharge and recorded by dust particles, that · 
the noemal striae about an inch long occur all along the interior of the 
curved boundary, showing that the air motions are along the boundary 
itself. At the far end of the figure, it is noticeable that the effect 
partly- branches off to the other obstacle.” These experiments seem to 
confirm Lord Rayleigh’s observations. à 


I& occurred to the present writer that it would be of interest to 
. study the corresponding optical phenomena ‘and some very striking 
results were obtained. Although as in the Whispering gallery 
phenomena most of the effects were confined within a narrow region 
from the reflecting surface, on closer observation it was observed that in 
the optical case, we obtain instead of a single belt of maximum intensity 
@ succession of belts of alternately great and small intensities. 


9. Esperimental method and observations. 


The experimental arrangements adopted to observe the effect due to 
a light source placed on 8 curved reflecting surface are as follows. А 
strip of a plane mirror about З ft. in length and 3 inches in breadth was 
supported on wooden edges placed near its ends. Two light wooden. 
bridges, placed on the mirror near its two ends and equally loaded as 
‘desired, enabled the mirror to be bent into a curved surface of variable 
radius of curvature. By noting the depression of & pin head attached 
to the middle point of the mirror radially, the radius of curvature of the 
. mirror-was easily found out. A fine razor edge placed on the mirror near 
one end formed an exceedingly fine slit between it and the reflecting 
surface, On this slit, light from a Cooper-Hewitt mercury lamp, filtered 
through Quinine Sulphate solution’ was focussed. A good photographic 
lens is placed at a distance of its focal length from the edge and the 
effects are observed by means of an eye piece from a long distance. 
By exposing photographic plates properly placed in place. of the 
eye-piece the effects were photographed. | 
When the mirror is not bent,.only a general illumination of'the field 
is observed from the far.end of the mirror. when a small weight is 
placed on the mirror and a slight curvature is imposed on if, a bright 
band of increased luminosity flashing from the surface of the -mirror is 
observed. When the curvature is further increased, this band contracts 
in width anda second band appears ір the field of view separated from 


` 
` 


* Phil. Mag. Vol: 24, 1912. ` 
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“the first by a dark band. Still more increase of curvature brings а 
third band preceded by another dark band and so on. As the curvature 
of the mirror is increased, the number of bands and their sharpness also 
increase and their width decreases. ° 


These features are illustrated in the few тар reproduced in 
the Plate, 


Fig. 1 (plate) illustratea the їйїн observed with го weight 
not even the bridge placed upon the mirror. Even the image of the 
slit formed by the knife-edge is not to be seen without any trace ‘of the 
features to be observed in.the subsequent photographs which are taken 
with the weights on. The luminous band observed when only the 
wooden bridge is placed upon the mirror is shown in Fig. 2. The light 
is heaped as it were near the concave surface inereasing the brilliancy 
of a portion just in contact with the mirror, far above the rest of the 
field. Fig. З (plate) illustrates the effect when 2 kg. weight is put on the 
bridge. The bands are clearly seen with all the peculiarities mentioned 
before. The last band is very indistinct and the edges are sharper than 
the one recorded in Fig. 2 Figures (4, 5 and 6) record the luminous 
effects, observed with 4, 5 and 9 kg. weights respectively ` placed upon 
the bridge.. The number of bands is considerably increased. In the 
last Fig. as many as 22 bands are easily recognised. It should be 
pointed out here that the different bands are not of equal intensity, the 
difference of intensity is very prominent near the edge of the mirror. 
This feature is also apparent from the photographs (see Fig. 6) attached 
to this paper. 


3. Theoretical consideration. 


The explanation of these effects can be obtained in a Sendal way by 
considering the simple reflection laws of geometrical optics. In order 
to find the intensity of. light at any point near the edge of the mirror 
we must consider the rays, which reach there not only after one but also 
after two, three and more reflections. It is also evident that at any 
point near the surface, not only one but two rays after one reflection 
will pass through. Similarly we have two rays after two reflections 
passing through the same point and so on. It is to the interference of 
these large number of rays that we should seek for an IO of 
the phenomena observed. 


Indeed we have here а large number of caustics formed by rays 
suffering one, two, three or more reflections. Suppose, the caustic 
formed by one reflection cuts AP ata point X. Then it is obyious that 
no other ray after one reflection can reach AP beyond X. | : 
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At any point between AX two rays issuing from Б and having 
different angles of incidence, after one reflection meet and interfere with 
each other. If the curvature of the mirror is large, the caustic formed 
by two reflections is formed, which cuts AP in some point between A, 
X and so on for the third and higher order caustics formed by larger 
number of reflections. If the curvature of the mirror is small, the 
distance within which the effects of the different caustics, formed by 
two .or more reflections, are to be considered, is small andecan be 
neglected. We now consider the simplest case when only a single 
‘reflection occurs. 


The distance AX(=#) 


-rísina—sin(0—2«) }tan = —a )—т{сов(#—а)—-сова} 


‘(where т is the radius of curvature of the mirror, ais the semi 
angular aperture of the mirror and 6 is the variable angle SOC.) 
This when simplified becomes 
v—r(8r0—0* —2а% } 
"we get therefore two values for 0, for any value of e. The path difference 


`of the two rays which meet at any point depends on the angle of 
incidence and is qe at the point A and when calculated, is easily 


found to be зїп Š > '—2raina 


Ав we proceed from A to the point where the caustic outs AP, this 
difference diminishes till at the point X, it assumes в zero value. If the 


gna 
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path difference is тА at A, we may expect about m bands néar thd edge 
of the mirror. The position of the next band will therefore .-be ' deter- 
mined by rays having a path difference (m—1)A and meeting ata 
point Y (say). When the curvature is incfeàsed this path difference 
of the rays SBA and SA is also increased. Let m/A denote this path 
difference for a different configuration of the mirror then m'2m. The 
position of the next band for this configuration is at Y’ (say) and deter-. 
mined by а path difference (m’—I)A. In this case evidently Y' lies 
between A and Y This shows that the number of bands should 
increase and their width should decrease as the curvature is increased. 

Similar arguments will hold for higher order caustics but the caleula- 
tions will obviously become more and more complicated. 

The difference of intensity of bands already pointed out may 
perhaps be explained as.due to the superposition of caustics of second 
and higher orders. i 


The intensity is caloulated by mean neral formula 









. I= Sat +256, 0, cos? 


for different values of x. 


. The path difference of the rays m point A (after one 


reflectfon) is 4 "віш —2rsina, that i tely and we should 


therefore expect to observe about ich is actually the 
case. The fourth band is however very ct. For one reflection, 
the intensity as caleulated from this formula and also observed values . 
of the intensity of the field (Photographed in Fig. 3) are given in the 
following table for comparison 


Position of the dark band from the 
edge of the mirror. 





observed 


‘0058 c.m. 





‘0119 c.m 0123 o.m. 





0174 с, 
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The- agreement- between: calculated : and pbsorved values ‘is dd 
satisfactory . = _ а E: 


^ 


°` vd; Summary and Conclusion. | 
The general explanation of the whispering gallery effect, that the 
wave as a whole creeps along the surface and the wave front is perpendi- 
cular to concave wall, has been given ‘by the late Lord Rayleigh on 


the principles ‘of the wave theory. "These effects Raye: been verified by 
Russell, Burton-and Kilby. 


The analogous optical case a been studied EET in the 
present paper. Instead of a single belt of maximum intensity close to 
a moderately curved reflecting surface, & succession of maximum belts 
has been observed. These: maxima presenting, themselves in the 
form of a series of interfer is bands wher obseived at the far end of a 
strip of bent mirror hayi light source on ‘its вотѓасе еф one end, and 
observed to undergo/ SN uetuations as- the curvature of ‘the 
mirror is increased. W. crease of curvature the number of 
bands and their sharpng but their width decreases.* These 
peculiarities have beer in this paper from the theory of 
geometrical optics. v 
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* Similar observations 4.76 05. recently made by Raman and Butherland at the 
Bt. Paul's cathedral for sound waves and their observations have been published. in 
the Proo, Roy. Soc. Ber. A, Vol. 100, January, 1922, 
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ON THE DISSIPATION OF THE ENERGY OF IMPACT IN 
THE FORM OF ELASTIO WAVES. 


qe. Es 


NRIPENDRAKUMAR -MajUMDAR, M.A. 


From Hertz's theory of impact we know that the duration of impact 
is very small in absolute value; but it is very large compared with the 
time taken by elastic waves of deformation to traverse far into the 
impinging bodies. Hence wé see that though the force acts over the 
compressed area and disturbance originates in it, neighbouring portions 
will be thrown into state of strain before the termination of the impact. 


` In this paper, I have investigated the elastic displacement, and 
energy propagated, in а body .of considerable dimensions, with ve 
face, when a hard spherical ball drops.upon it. 


All the linear dimensions of the body being large compared with 

those of the area subjected to the pressure, we may as a first approxima- 
n regard the body as bounded by an infinite plane. 

The force that acts on the body is the mutual pressure between the 
impinging bodies. I have supposed, as in Hertz's theory, that the 
pressure is equivalent to a single force, equal to the whole pressure 
between the bodies at any instant during the impact and is acting at the 


centre of compression. I have discussed the UAM botore на 
termination of the impaot. 


РА 


Heference may be made to а paper*.by "Dod Rayleigh who has 
investigated the circumstances of the first. appearaace of араа vibra- , 
tions in the case of two impinging spheres. : 


The centre of compression is taken to be the origin, the plane face 
being the plane z=0 and the axis оѓ а penetrating into the body. This 
pressure P acts along the a-axis, The pressure P is zero, just before the 
impact, then it gradually i increases, attaining its maximum value at the: 
` time of pm compression ; then it gradually diminishes and becomes 


* Lord Rayleigh “ On the production of vibrations by forces of Relatively Long 
Duration with Application to the Theory of Collisions,” РАП. Mag., Vol. XL. 
рр. 289-201 (1908), ` [Scientific Papers, Vol. V, pp. 292-299,] 
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again zero at the close of the impact. We know P=k,at (see Love's 
Elasticity, pp. 196, 2nd Edition). 


+ 
If wo assume P=k,a, sin >= , Where a, is the value of a, at the 


time of greatest compression and 27 is the duration of impact, time 
being measured from the beginning of the impact, we see that all the 
above three conditions are satisfied. 
i 
Thus P=A sinpt, where A=h,a,, p=. .. (1) 
Theequations of motion are of the type 


Әл BA BA Š 

(А+) (35. ду? 52) RV tu Vu V e) -р(Х,Ү,7) 
=p e= 3 an , am 

In the present case Y=Z=0, X=A sinpt. 


Assuming (t,v,to)=gardient ¢+curl (F,G,H) and substituting in 
equations (2), we find а particular solution of them in the form : (see 
Lord Rayleigh, Theory of Sound, Vol. 2, 8270) 


D'u Ө» 9) n (2) 


T 
а 


_ А ĝ’r : С А Or : 
wap 9 | £ sinp (t бе + a 8.) 





Bei a i) Jret t( ei) ө 


and two other similar expressions. 


Here a and b are -velocities of propagation of irrotational and. 
equivoluminal waves respeotively. Particular integrals come ont, when 
simplified, in the form 


aA ET Bat —1) e (tr) чы + И, = nap (—: )] i 


E 
Af Bay di(tr) Ley I 
a= [| “ч? н | (4) 


_A Bas galr) xe 
“il n pon мю] 
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' in which , 
pisse а 4) вав (i7 2) диа. 


~E cosp (~ z) 
$. (5) = айр (- 2) -5 —;, sinp (5 ) 


and (è 3. Š ($.)^7 —p' (myst) bs. e (8) 


The complete solution of the equations of motion will be of the 
fom 


u-—u,Tu, 
v=v, +v, 
w=w, +w, É 
wher8 ty, 74,204 Will be determined from the fact that the plane «=0 
siould be free from tractions, Thus 


À 95 | =o] $7 г] =o [ 8 oe |= 
ES - + +o 
From these conditions we get, making use of the relations 


(È> ©? 9. 8; ) 7-7 (аро) фа, 





u,=— : вїп р (=; 
, 4mpb* vr | b 
__ А [быу 4, 2e 
„ш [ -w $ + X Ф. | we (6) 
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Hence the complete solutions of the equtions of motion are, from (4) Ú 
and (6) | 


а= 2 [5 (2 Bat si yao Ee. (0) ] 


о А Г 32у $i) ey "E. 
| = та) | NU 


s= | 5 Buz Ф, OE 256 (ir) ] j 


They evidently satisfy the remaining condition 
р Ба | 
À 2p — =0. 
[ se Өз |, 


"Moreover, we find that the tractions calculated from w,v,w, over a 
spherical surface, with the origin as centre, are equivalent to a single 
force parallel to the axis of =. 


Now the energy propagated at any instant is given by 


ne FF 1090968) 


r=0 0 


integration being carried through a hemispherical volume, given by 
r= at, =0, that is, though a volume up to which the disturbance haa 
spread. 


Neglecting higher inverse powers of r we get 
at А т 
_ Аз 1. (- T Jd = 
a= see | | = phia tes (i) 
r=0 0-0 ф=0 
E MA T 3 ў 
sj 008 Р (: z) сов p (: A | віп дсовз ффдтабаф 


= | Ф MIC ui 


-Eeh sin par #+авїпйр®— |] - ` aw) 
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But at the termination of the impact we have 


Hence the energy propagated by the impact is given by (8) when т is 
written for pf, 





Thus 2T— AP [= ‘ с m 
us 2T G6zpa?b, y Tb a ,8in — +a%sin (9) 


Let us substitute the values of a, b, À and p in terms of elastic 
constants (A,#,,A,%,) of the impinging bodies. We further suppose 
the relation A=, to hold. 


Now а* Nhe =š and — bp*—^ 
P е P 


+ t + 
ae =( Š v 
A=k,a, and а= zx) ( 5) , 


where v is the velocity of approach just before impaot. See Love's 
Elasticity, 2nd Edition, pp. 192 and 197. 


If m be the mass of the spherical ball 


since the mass of the ball is small compared with the block. 


Making these substitutions we have from (9) 


eg Get C (GG 
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where д, and c are the rigidity and density of the ball and р, and p 
are those for the block. 
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The above solution is invalidated when the solid is terminated. The 
‘problem has then to be tackled by a method of successive approxima- 
tions. For example, if the solid is a plate bounded by z=0 and т 
(вау, then we seek to satisfy the condition of free traction on the 
boundary z=} by the addition of three terms (u,,v,,w,) being solutions 
of the elastio wave equations to the already existing displacements 
(u, +u, v, Fe w, +w). This will vitiate the condition at the surface 
#=0 to satisfy which we introduce three more terms namely (61,9, ,10, ) 
and so on. Each step in the proces will make the solution more ала 
more complicated but the proceedure will ensure & rapid convergency of 
the solution. | 
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STABILITY OF DIRIGIBLE BALOON 


| zu f . Br ` "WE ко. 
NaumikANTA ВАВ, , | A 


"In the following discussion of the stability of à dirigible baloon the! 
author has adopted certain. ‘suggestions and adguimptions made by. 
Professor Bryan in his determination of ' the Aergplane ‘stability. . The" 

. cheif difficulty in the present problem lies in the assumption that it is" 
legitimate to add the air resistance terms ' —K,—uX }—oX, —rX,, oto., 
to those dependant on the inertia of the displaced air. The validity of 
this can be tested by репе and observations carried on actual 


Uos a. canoes Me 


airship motion. . T 
When a solid moves through a fluid, its equations ofi.motion may be 
written down by Hydrodynamical Principles. If T be the kinetic energy 
of the-moving solid and u, v, w, р, q, r be its velocities; Xj¥i,Z;L,M,N- be 
the confponent and moment bf: external forces, along and about three 
axes fixed-in the solid and moving with it, (the external forcesinclude.the 
liquid/gréssure on the solid and gravity) the equations: of motion GE the :: 


solid’ may be written in the form з a y uufi mad} 
MEX reno But e 3 ` š `: MIA ЕДЕ э , r an, y 
ышы сеа, ӨТ, OT OT. gd Yo ~ 
д бе ' 9511 8 T 
4, 8T , oT, aT y TU 
di ðv P Ov ^ ou 
OR ie ` К а: To b, 
| а 0T aT, O7. 
— ` ë 95-98. 78» s |!” 
+ р d Ы k 1 
4,87T, Әт, 0T , aT, , BT ute h 
` 3). сав" Әр "aq +4 Or 3 8» * "Bu ae i 
. а ƏT ən ər ƏT, ƏT | 
` HEC a p х Уа Ee WS =M r 
(uo. d Bq? Or” Өр Өш "Ou . | 
a 8T әт, ər .8T ,O0T. x f 
di Qr ` eT? gg "Bu. t Bo 
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In finding T account will have to be taken of the inertia of the dis- 
placed air. In the case of а sphere moving in a perfect liquid we know 
that this inertia is equivalent to adding half the mass of the displaced 
liquid*to the mass of the sphere. For a balloon in equilibrium the total 
weights of the airship and the displaced air are equal and hence the inertia 
of the air become of considerable importance. The inertia of the contents 
of the gas bag must-also be taken into account. If we suppose the 
balloon moving in air to be represented by an ellipsoid moving in an 
incomprossible medium we can find ап expression for the kinetic energy 
by the hydrodynamical method. "This expression willbe owing to the 
(assumed) symmetry of the machine about а vertical plane, the sum of 
two homogenous quadratic functions, one of U +u, v, rand the other of 
w, p,q, when U is the velocity of the airship in the direction of the 
æ—axis before the oscillations started, Hence (after Bryan) 


2T—Awu! + Во? + Rr? 4-2Duv + 2Evr + 2Fru 
+ Cw? 4-Pp? + 99° 4-2D^vp 4- 2E/pg + 2⁄7 
—A(U-ru)*-FBv! --Rr? +2D(U 4-5)o--2Evr + 2Fr(U +u) 
+ Ою? + Pp? + Qo? +2D'wp-+ 2E'pg + 2F'qw. 


In considering the effects of gravity, we find that the weight of the 
airship is balanced by the buoyancy of the air according to the principles 
of Archimedes. In а state of equilibrium (at rest):the centres of gravity 
and buoyanoy are in the same vertical line. If c be the distance between 
them, then when the axis of г is depressed from a horizontal position 
through an angle 0, and the machine subsequently turned through an , 
angle ¢ about this axis couples an produced about the axes of 


c y z 
of amount 
— с созбвіпф 0 —cW sinó 


and there are no component forces due to gravity along the axes. 
Consequently the forms depending on the action of gravity occur in the 
` equations of rotation about the axes of x and z instead of in the equation 
of translation. i I 
The principal obstacle in the way of a satisfactory treatnient of the 
stability of a dirigible is the difficulty of making suitable assumptions 
regarding air resistance due to causes other than the inertia already 
mentioned. We shall assume that these effects are as in the case of 
aeroplane, represented to the first order by terms of the form 


—X,—uX,—vX,—7X, 
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where X, -is ишен! to и? and the; rest are proportional to U. 
(Bryan). ` г - 
With these мары the нн of motion become 


А. = _Bor+-Cqu=H—-X, —vX,—rX, 


B 7 —Opw-- A(U -u)r— —Y, —uY,—vY,—rY, 


Qe cA T u)od Boe пори asi, 
P др —Qgr--Bqr-(B-0jyw-—L,—wLb.—gqh, — 
—pL,—cW совбвіпф 
Q4 —(P-H)p-(A-C)U-w)uz—M,—uM, | 
—pM,—4M, 
RS —(P—Q)pg— (A—B)(U-u)s—-—-N,—uN.,. 


—wN,—rN,—OWiain. 


s ; 4 1 


If in these equations we neglect terms of the second order of small 
quantities when u, v, w, p, q, r are of ne first “er and U a difinite 
quantity. we get ` 1 

А д нах, +X, +rX7=H—X, 

“Y, +B са +Y, +(AU+Y,)r=—Y¥, 
0.00 uz, р, (АТА) 
di тра, == 
P 5e ph,-gb, toL, =—L,—cWeosdsing 
Q 4 eM, E pM, + (OEA +M )u —M, 


R +rN, +eN,+(N,—A+B)v=—N,—cWaind. 


ы 
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.UWefrearrange the equations in two groups, the first-group containing 
those (the 18, 2nd and 6th) involving x, v, т, the second (consisting of > 


the 3rd, 4th, 5th) involving 10, р, g. We thus obtain the groups 
° - ` 


ынкы исе A p 


«x, +в ` оТ, +(AU+Y, \r=—Y, 


- 


uN, ae _A)U+N, Jot Re +N, =—N, + CWsind. 


Initially «=U, X, =0, 7=0, т=0 then H-X,-0 
=0,. Y m Bs 
$2,685, N. =0, N,=0—N,—OWsind, =0. 


Then if 0=0, +e, нр +ерад, : where є is.a.small angle; 
© b: 25 > 


Hence, the 18 group becomes 
ap as 


( AS +X. Jer oerx =0 NL т, 


PUT Sos nu б 
йул. „с, di Wu г бб se ar P 
` à a Š eap ty 


р TEC 
N,-u+{(B—A)U+N, (54 +N, r= emet. чоло 


мин 
To investigate this group of oscillations we ve ‘assume th, v; T aa є to be 
proportional to et so that А "E . on А Е 
а а dr 
pM X gc uM 
the last equation, gives, Àe—r or e= > 
On transposing in the equations they become ` ` 
(Ax+X. )u+X, AFR 0. | 
Ү, se (BMY, jet, =O 


t 


RO uS GAB D: Ñ eh í RA o cosp, +N} r=0. 


) 
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Eliminating u, v, т we get the:determinant ' "Ur 5 
ME E AX4-X,, ' ii puces | ees x, 7 . =0. | | 
"Y, 45 BAY, x9 озару ' E 


x зу ud Q Й Д 
No —{(A-B)U—N, ]o,. ВАФА оов, +N, 
Developing the determinant in powers of À we get an вай of the ' 
fourth degree which we write 


| AQA*B,A8 ACA +D, A +E, =0 ' - 


e ; 32 I $^ oda 


| where ^ “A ,=ABR, i З , Lu Se oh 
B,=ABN, +ARY, +BRX,, LOT e 
0; — ABoWecosó, T AY N + (X, Y, —X,Y,)R 

TOES ВОХ, Х.М) - A(AUY.)[N, —(ASB)U] 

' D;=cWeos, (BX, +AY,)F(X.Y,—X,YON, 500 

| | AUF YEN XN) EE (GN YAN | 

-(A—B)UN,(X,Y,—X,Y,)MH(A—B)AX,U*, ù 
E, =cWeos,(X,¥,—X,Y,). 


The conditions of stability require that all the four roots of the biquadratio 
equation i in À shall have their real part negative. This follows from the 
assumption that the small disturbance w, v, ғ eto., are all proportional to 


a in a typical oscillation. If2,A,A,A, are the roots of the biqua- 
dratic, the expressions for и, v, ғ take the form 


} 


ауа,а,а@, being constants determined by the initial conditions. 


, If any of the roots A, is real and positive, a disturbance of the form 


a= 45 will increase indifinitely with the time and steady motion 


' will be unstable. ^. 
AZ š 1 г 
If on the other hand A, is a gud and нари e daddy equal to —k, 
the expression w-za,e ^! * represents disturbances which increase with the 
time, the modulus of dieay or the coefficient of gahaidenpo, being k. For 
such disturbances thəstead y: motion will be stable. / 
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If the biquadratic has a pair of imaginary roots of the form a-Ffh, 
the corresponding disturbance take the form e*‘ (acosfi-Fbsinfit) and 
if the real part a be positive this presents an oscillation which increases 
with the time and steady motion will be unstable. If on the other 
hand the real part а is negative and equal to —y, the solution takes the 
form e-''(aeosBt--bsinfí) and the disturbance becomes а damped 
oscillations of which the coefficient of subsidence is equal to y. For 
such disturbance the system tends to revert to its state of steady motion 
and is stable. 

The condition that the roots of the biquadratic equation shall all 
have their real part negative and thus indicate stability of steady 
motion is given by Routh in his Advanced Rigid Dynamics, Supposing 
A, positive as it isin the above equation this condition requires that 
A,,B,,0,,D,,H, and F, where 


F,=B,C,D,.—A,D3—E,B§ shall all be positive, 
The first group represents oscillations in the plane of 2, y, which 
.we call longitudinal or symmetrical oscillations ; the second group 
represents rotations p, q about the axes of m, and y and the motion w 


which we shall describe as lateral or transverse oscillation. This group 


consists of 
e 


O б 4-02, tpr, (AU-FZ,)g —2, 
PP +pL, +91, +wl,=—L,—cWeosésing, 


QA +M, +pM,+(0— A +M.)u=—M... 


Subtituting from the equations of equilibrium and knowing 0—6, +t 
and ¢ a small quantity 


( 04 tZ, )o+pZ,+(AU-+2,)9=0 
( Ра +1, \p+ab, +wl,=—cW¢cos0, 


( QM, )+РМ,+(0—А+М„)ю=0. 
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z 


Let us assume р, 9, wande bach proportional to + so that we have 


dp. Ay, Gunn, W . 
ар М" àt ==, di =Aw, and 
Adcos6, = 2 созӣ, =pcos0, —gsinÓ, 


(A+Z,)w+Z,p+(AU+Z,)pq=0 
А š 
Lyw+(PA+L, pL, qo —e (peos6, — qgin6, ) 
'(C—A--M )w--M,p--F(QA--M,)g —0 
or (CA+Z,)w+Z,p+(AU+Z,)g=0 | ; 
LE (PA Li, Бе сов, )p + (I, сайп, )q=0 


(C—A+M,)w+M,p+ (QA+M, )q=0. 


Hence eliminating w, p, q we get the following determinant 


“OA+-Z., Z, AU+Z, =0 
Eno Pied c conf, L, сМ зіп, 
C—A+M,, M,, QUEM, 


Expanding in powers of À we get 
A,A*+B,A°+C,\"+D, A+B, =0 

where 
A, =OPQ 
B,=OPM,+CQL,+PQZ, 
C,=Z,M,P+L,M,0+Z,L,Q—M,L,C—L,Z,Q 

—P(AU+4,)(C—A+M,) 
=P(Z,.M,-Z,M.)+0(L,M,—M,L,)+Q(Zel,—L,Z,) 
'" s APU(C—A+M,)—P(AU+Z,)(C—A) 
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D, =cWeos8, (CM, +2Z,Q)+CcM, Wain 6,+2Z,(L,M,—L,M,) 

TL.(M,Z,—M,2,)--M,(Z,L,—2,L,) 
°  (0—A)Y(2,L, —Z,L--AU(L,M,—M,L,) 

—AU(O—A)L, 

E, =cWcos6,(Z,M,—Z,M,)-+cWsin6,(Z,M,—Z,M.) 
—cW(C—A)(Z,8in?, --Z ,c080,) -AU(C—A+M,,)cWcos6, 

As before we have 

F,—B,0,D, —A,D?—E,B?. 
The conditions of lateral stability are given by 
A,B,C,D,E,F, 


being all positive ; A, being positive as is apparent from the equations. 
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ON THE PROPAGATION OF ELASTIC WAVES IN ISOTROPIO 
-HETEROGENEOUS MEDIA* 


By 


SuDHANSUKUMAR BANERJI. 


1. Introduction. 


. 


In connection with the problem of seismic waves, it is of importance 
to consider the heterogeneity of the earth's structure. Even with the 
simplest assumption regarding the distribution of the density of the 
material composing the earth, the problem becomes so exceedingly 
complicated that it has been usual to regard the earth as isotropic in 
almost all theoretical discussion of the propagation of seismic waves. It 
is therefore thought that the few cases of wave propagation in medium 
having arbitrarily assumed laws of density considered in the following 
articles may not altogether be without interest. 


2. Two dimensional equations of motion, 
The equations of motion of an isotropic elastic solid in two dimer 


sions are 


ðu ðA з 
Pap ТЧ TaV tu 


Q*v À OA 
=ç SH Ate) == рУ зо 
ET (p) y n 

where (u,v) are the component displacements, p is the density, A,u are 
the elastic constants, and 


Өч , Ov 
a 8s * 8y 
These equations are satisfied by i 
ФО. -3t OV 
^8 '8y' Tay Be" 


И * The present essay has been based оп a method of deducing the motion of & 
heterogeneous from that of a homogeneous vibrating membrane given by Routh in 
the twelfth volume of the Proceedings of the London Mathematical Society, 1881. 
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Q'ó _ н YE 
с Өр = V'$, Әр s Y y. 


Cohsequently there are two types of waves in the medium travelling 
with the velocities AJ гав эпі / Ë known respectively ав irrota- 
p pud 


tional and equivoluminal. : 
In the case of simple harmonic motion, the time factor being e'?', 
the latter equations take the forms 


` 


(V'-cA*$—0, (V *+k')y=0, 
I a p'p з, s P°P 
where h EEA p'a pd —p*b, 


:the symbol denoting аз in Lamb's paper* the wave slowness, i.e , the 
reciprocal of the wave velocities, corresponding to the irrotational and 
-equivoluminal types of disturbances respectively. 

` These formulae give the following expressions for the component 
stresses | 








X, А Ӧз _ pa 2 9*9 уо O'Y " 
2 eo’ Т иф Ө? *?8. j 

X, дь» дч 9 OF pry OY 

u 8s 0p бйу ви 

Y = до да 3$ g “Ы 

= == A+2 Š pe-a Ot 829, 


3. Conjugate Transformations, 


We propose to prove in this article how by the use of the the theory 
of conjugate transformations it is possible;to determine the wave propa- 
gation in medium having certain defined laws of distribution of density 
from the nature of wave propagation in the corresponding homogeneous 
medium which is supposed to be known. `` Е 


If we have two variables ё, 7 connected with z and y by the relation 


Y 


ftqV—l=flet V —1), 


*-Lamb, "On the propagation of tremors over the surface of an elnstió solid," 
Phil. Trans., A, Vol. 208, 1904. 
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where f is any real functional symbol, we have 


66.0» Ə Ən Ər Әу Oy. de 
8: dy’ Oy Ov’ BE On’ BE On 


We may also show i 8 simple transformation of variables that 
ЭКСЕ 
СЕЗУ! 


Ба а - gt e RR) 


Since z, y and £, y are en ee in this formula, it easily follows 


that i 
ә:ү.үәх ү 
— +( < | = 
gE) + +( Š: И 9€ ) Ən 
Tt is also well-known that the angle. made by any two curves which 


-meet at à point P in the (x,y) plane is equal tq the angle between the 
corresponding curves which meet at any point т in the (фуу) plane. 








Ruppose now that the nature of wave motion in two dimensional 
homogeneous medium with given boundary conditions are known, say . 
for example, the dilatation iu such a medium is given by A=o/é,7,t), 
where A represents the dilatation at s point whose coordinates are 
(ém). Then this value of A satisfies the equation 


O'A 
А > Ро дә 





A= (A+2u)A? A. 


Let (2,y) be the coordinates of a point in another medium. Let the 
density p of this heterogeneous medium be given by 


a s 
p =( 9: ) BE). 
Po \ Oe җ( дух. 
Then the equation for dilatational waves for the new medium is 
BA A42 3A ,8*A 
roe | Sa SS] 


But since (£j) are known functions of (v,y), we obtain by substitution 
in the equation A=¢(é£,7,¢), the new relation A =¢(m,y,t), say, which 
is tho solution of the equation determining the dilatation in the 
heterogeneous medium. 
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It should be noted that the two mediums are so related that the 
masses of corresponding squares in the homogencous and heterogeneous 
media are equal to each other. Consequently the whole masses of | 
the two* media (supposed to be finite) are the same but differently 
distributed. It may also be noticed that the curves whose equations are 
given by 


(2 ғ) *( Š ЗЕ 87) +( 87) constant, 


represent the curves of constant density. 


It is not every two-dimensional heterogeneous medium whose motion 
can be deduced from that of a homogeneous one. If we eliminate ё 


between 
(E) CE) o£ s, 


we easily obtain 








B *logp 2: д "logo — =0, š 
ðs? Oy? 


and therefore 
98 *logp | 8 ?logp =0. ] 
өг" Өт, | 2 
The density of the heterogeneous medium must therefore be such that 
its logarithm satisfies Laplace’s equation. 


4. Two dimensional problems. 


Ав an illustration of the method let (2,5) be the Cartesian coordinates, 
(7,6) the polar coordinates of a point P on the heterogeneous medium ; 


(ém) the Cartesian, (R,®) the polar coordinates of the corresponding 
point 7 in the homogeneous medium. lf the relation between the two 


points be taken to be . 
ét zm = тов ony ; 
° a 
then £—nlog > n=nd. °. 


Thus straight lines in the homogeneous medium parallel to the axis of £ 
correspond to straight lines in the heterogeneous medium which pass 
through the origin. At the same time straight lines parallel to the axis 
of y correspond to circles whese centre is at the origin. 
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The density p is given у 


. a 
10 xf 2 
ie =( 3 b) (GS) (2). a 
If r vanish, p is infinite, it will therefore be necessary to exclude the. 
origin from the area of the medium. If then, we know the motion of a, 
homogeneous two-dimensional medium bounded by a rectangle, the 


transformation immediately gives the motion of a heterogeneous medium 
‘bounded by two circular arcs and any two radii vectores. 


Another useful relation between the corresponding points P and т is 


Ента as ) Я 


(7 ) = п=а( = ) si, 


and therefore i in polar coordinotes | 


Reo t 8-26. 


By this transformation all straight lines are turned ronnd the origin and 
altered in a known manner. The density p of the heterogeneous medium 


is given by | 
2 (n-1 


Since 0-constant makes @=constant, we see that straight lines 
through the origin correspond to straight lines through the origin. All 
circles whose centres are at the origin correspond to circles whose, 
centres are at the origin. When n=—l, we get the ordinary case of 
inversion, thus 


This gives 


^ 


In this case any circle inverts into a ене and the density of the 
medium is given by 


P= 


As this is infinite when r=0, the centre of inversion must be external 
to the medium. 
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As in Lamb’s paper,* suppose that the vibrations of the homogeneous 
solid are due to prescribed forces at or near the plane у=0. Hence a 
typical solution for the region > 0, сап be assumed to be 


фе Ав 0 HE ; yc B. Bn HE ; 


where Н ıs real, and о, B are the positive real, or positive imaginary 
quantities determined by 


a  —H*—h*, p*-Hs:—k*. 
For the region 7<0, the corresponding assumption would be | 
p= A'e" ¿H$ y y pro Не . 
The time factor is here temporarily omitted 
The former expressions give for the displacements and the stresses at 
the plane 7=0, 
u,—(HA—BB)! E, v, =(—0A—iHB) o, 


and [X, ]o=p{—2HaA 4- (2H* — kB) t HE 


[Y,], —4((2H* — 4*3) A + 2:8 8B] PE 
For е’ саве of a “ semi-infinite” elastic solid, bounded (say) hy the 
plane 7=0 and lying on the positive side of this plane, we may take as 
a typical distribution of normal force 
Н 
[X,], —0, [Y,], - Ye £ . 
The constants A and B are determined by 
е —94HaA +(2H* —k*)B—0, 
(2H* —1*)A 4-9:HgB — Y, 
. k 
which give 
2H*—1',Y дд. 2tHa ,Y 
FH) p’ FH) р’ 








where, 

Re F(H)-(2H*—k*)* —4H'*of. 
Now making use of the transformation E 
| 7 +c+t£= nog a $ 


* Le. pp. 7-10. 
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that ia : ~ 
qto=nlog = , &=nb, 


we solve the corresponding problem for a heterogeneous medium having 
. 
the law of density ( £ ) and the same typical normal distribution 
x T 


acting on the circle of radius 


с 

ае 5 А 
| Ав has been shown by Lamb, the effect of an internal source of 
disturbance, resident say in the line é=0, = f, the boundary 7=0 being 
entirely free may be easily calculated. The simplest type of source is 
one which would produce symmetrical radial motion (in two dimensions) 
in an untimited solid, say, | 


$—D,(5R), ұ=0, 


where R= /{£+(y—f)?}, denotes.distenco from the source, If we 
superpose on this an equal source in the line ë=0, y=—f, we obtain 

° $—D, (&R) -D, (R^), v0, 
where R/— /(£*-F(y-Ff)*]. 16 is evident without calculation that the 
condition of zero tangential stress at the plane y=0 is already satisfied ; 
the normal stress however, does not vanish. In the neighbourhood of 
the plane 7=0, the preceding value of ¢ is equivalent to 


oo 
_ 2 ( coshay ant “Нё dé. 
T a 


This makes 2 
[X], «0, mas EE 679% НЕ ae 


т 
— OO 
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From this it is seen that the desired condition of zero stress on the 
boundary is satisfied, provided we superpose on the above expressions 
for ó, y, the solution given by 


oo i oo 
-| Ав Нё ан, а Bev Pa #Нё ан 








— X — do 
where at=H*—h*, B*—H* —k? 
2H*—R* Y На Y 
A= =, Bs 
A=) р РСН) A ' 


F(H)—(8H1 —42)1 —AH*af, 


: y- 2 2H*—k* в —af 
т 


а 


From the above solution for a homogeneous semi-infinite medium 
bounded by 7=0, we can easily infer that the disturbance in an infinite 


heterogeneous medium bounded by two fixed radii vectores forming a 


corner of angle = and acted on by s source ata point (r,, 0,) and 


2(n—1) 
having the law of density z =n ( - ) is given by 
о 


Ф={0,(АМ) +0,(А)), iy —0, 
where 


Сз "я М rat irt" —2e*etcosn(0—0,), 
Оз 73 N'a ра" +78" 0" совп(6--0,), 


. (n9) denoting the running coordinates of any point in the heterogeneo us 
medium, with a superimposed disturbance given by 


oo oo М 
Е, A Oy Ha dH, el Ве fy He dH, 


— oo — © 
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where А and B have the same values ав before and 2, у denote a point 
in the- heterogeneous medium and -are'conneeted with é y by the 


relation 
se iy ) . `. 
„б 


If in the aliove we make n slightly differ from uniby, that is to say, put 
n-l--e where cis a small quanitity, we get ‘the solution for the case 
of a semi-infinite solid bounded by two straight lines inclined at a small 
angle =(1— e) the law of density slightly differing from homogeneity. 


5. Three dimensional pron. =e 


It is not possible to obtain a bison dist to фер опе p 
indicated for the treatment of three dimensional problems. For if £54 
denote three orthogonal curvilinear coordinates, Laplace’s equation is 
transformed into 


vea Ga, 5) (бык B6). 


where as usual 


GO (8) а) = 


Consequently, the above equation will reducə to the form 











a$, 8 


059 | 0*5 у Ser 
Өх? ду? an aé Bs 


ИСЭ 


provided №, =h, =h, 
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and VEA 





I ink, )=% 


эю 8 ( h, )= 
Vin=hyhyhs 83 Ah, =0, 


vo 8 h, Y. 
VA, esos )=0 


It is obvious that the above conditions cannot be sumultaneously satis- 
fied for the conditions are equivalent to saying that h,,h,,4, must be all 
independent of £C. 


But when there is a symmetry as usually happens in earthquake 
problems, a method of solution can be obtained from a different consi- 
deration. In such cases an infinite number of two-dimensional vibration- 
types are to be arranged uniformly in all azimuths about the axis of 
symmetry and then the mean taken. For a consideration of this point 
for & homogeneous medium, reference is made to Lamb’s paper, already 
oited, pp. 28-29. When а heterogeneous medium is considered, the 
integrations involved in the process may not easily be evaluated. 


37 £2 
Some PROBLEMS IN THE THEORY oF NUMBERS 


Bx 


Panpir Oupa UPADHYAYA. 


(1) On the failure of Legendre’s rule in Theory of Numbers. 
gtl 
a—i' 


The algebraical identity &Х=Үз-+(—) Т s*, where X= 


p being any prime and Y and Z are polynomials of degree El and E 


respectively and the sign of ambiguity is + or —1 according as p is of 
the form 4n+1 or 4n+3 was given by Gauss. In connection with this 
identity Legendre gave the following rule:—Y may be found by 


expanding 9(z—1) T by binomial theorem and reducing each co-efficient 
to its absolutely least residue (mod. р); when the value of Y is known, 
‚ the value of Z may be determined from Gauss's identity." 
І? а previous communication to the Lond. Math. Soc, the writer 
has shown that the least value of p for which this rule does not hold is 
4l. The rule is also found not to hold for 47. 


(2) Imperimsisve groups of the saiÀ degree. 


The number of impirimitive groups of the sixth degree has been 
differently given by Cajori, Miller and Burnside. The question arises 
which of these impirimitive groups are Ábelian. It is found that the 
cyclical group of order 6 is the only Abelian group in question. The 
remaining 14 groups are not Abelian. 


(3) On a problem in theory of numbers considered by E. Lucas. 
Lucas’s problem consists in finding a number of any number of digits 
whose squares end with the same digits as the number itself. 


* E. N. Barisien noted that the squares of 625, 9376, 8212890625 end 
with the same digits respectively as the original numbers. The same 
problem was also treated by Б. Vercellin in the same journal. 


* Suppl. al Periodico di Mat. 18, 1909, 20.21. 
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* G. Wertheim determined the numbers with seven or fewer digits 
whose squares end with the same digits as the number. 


t Lloyd Tanner stated and Laisant proved that 87109376 and 
12890655 are the only numbers of 8 digits whose squares | end with the 
same 8 digits, 


1 G. R. Perkins and А. Martin stated that all powers of numbers 
ending with 12890625 end with the same digits. 


|| E. Lucas noted that the only numbers having the same final ten 
digits as their squares are those ending with ten zeros, nine zeros 
followed by 1, 8212890625 and 1787109376. ` 


` The object of this paper is.to consider the general case. and to .give 
а general rule with the help of which this problem may be solved to any 
number of digits. 


Tt is evident that the numbers of one digit whose squares ond with 
the same digit as the numbers themselves are 9, 6 and 1. There cannot 
be any other number of one digit whose square ends with the same 
digit as the number. Therefore we have to consider only: three cases. 
We shall take first 5, then 6 and 1 in the end. 


Case I. Let us take that-case first in which 5 is in the units place. 
It is at once evident that 5 is a number, which, when squared will, have 
5 in the end and the digit 9 will go to the Tens- -place, we сап figd the 
next number in question in the following way. Let us suppose that z is 
a digit in the Tens-place. Then the number of two digits which 
satisfies the given condition is 10e+5, which when squared, becomes 
10007 4+1000-+25. Thus it is evident that whatever be the value ofc 
it cannot effect the number in the Tens-place. The. only number which 
will remain in the tens-place is 2 which was over when we squared the 
number in the units place. By the reasoning given above, it is clear 
that when 5 is the required number in the units place, then whatever 
number might be put in the ten’s placo, t the number in the ten's place 
when squared must be 2. 


In order to have the same digit in the Ten’ 8 place in “the original 
number.as the digit of the number when squared, we must put 2 in the 
Ten's place ; but this two is the digit which was over when we squared 
the original number. This reasoning is applicable-to the. general case 
as wel. Hence we obtain the Жаш: general rule nc nen 5 is in 


> = 


* Anfangsgrunde der Tahlenlehre 1902, 161-3. 
+ Nouy. Oornep. Math. 6, 1879, 217, 1880, 43. 
Math. Miscellany, Flushing, 26, 28. 

|| "Theorie des Nombres p. 88. 


+ 
`` 
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the units place, then square the number and the next digit thus obtained 
(after squaring) is the next digit required. The following Epe 
will: moke its meaning clear. 


Ба =25 


The next number is 2 
27 The required number of two digits is 25 
(25)* =625 o 
The next digit is 6 . 

: 2. The required number of three digits is 625 
(625)? 90625 


7. The next digit is 0. 
(0625) * —390025 


2. The required number of 5: digits is 90025. 


By applying the same rule, we can carry this operation to апу number 
of times and each time, we shall get a digit which should be attached 
to the former number thus obtained. 


I have carried this operation in order to find the required number of 
15 digits, but the rule is general amd сап be carried to any number of 
digits, 5 


, The required number of 15 digis is 259918212890625. 
Case TI. Let 6 be the digit in the units place 
6* —36 
^. 8 will be added in the Tens’ place. 
Let the required number in: the Tens’ place be 2. 
. 10e+6 is the required ТЕРГЕЕ digits, 
(1054-6) * —1002* + 1202 4-36 
= 10023 4- 1002-4 905 4- 36 
` The digit in the Tens’ place ist9z-+3. ` 
^ 22+3= w(mod 10) 
or 2+3 = O(mod 10) 
+. e=10—3, 
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In the last equation, we got (10—8); this Sis very important. This. 
is & number whieh was over when we squared 6. Similarly when we 
square the number of two digits, we would get some number on the 
hundre@’s place and that number should take the place of three. 


This reasoning is a general one, Hence we obtain the following 
general rule :—If a number of n digits satisfying the given condition be 
known, then square that number and subtract from 10, the number on, 
the (n+1)th place, the number thus obtained will be the required 


number. 
The following method will make its meaning clear .— Ў 
6* —36 
. 10—3=7 is the next number 
. The required number of two digits is 76 
(76)* —5776 
. The number of three digits is 376. 


The rule is general and we can find the required number of any number 
of digits by repeating this method. The number of 14 digits is 
600817809376. 


Oase IIT. Let the number in the units place be 1 
1*—1 


Nothing is over in this case and therefore nothing has been added to 
the number in the Tens' place in this сазе. 


Let the digit in the Tens' place be z 

+. The required number of two digits is 102-1 

10; 4- 1—1004* -- 20; 4-1, 

`, 9а is the digit which remains in the Tens’ place 
7. 22=a(mod 10) 

`. e O(mod 10) 

`. The least value of v, in this congrnence is 0 

B This rule does not give any next digit except 0 


- When is there one in the end there cannot be any other solution 
except a number of one digit only. Numbers ending with any number 
of zeros followed by lsatisfy the given condition, 
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If а is such a number of n digits such жаі a*=10"xb+a,.we can 
find a digit A to anuex at the left hand sid: ofa in order to obtain the 
number in question, but then, we have to Salve а congruence at every 
step and calculation becemer troublesonss, out this methods also a 
general method and can be applied to &lvs the problem in question. 
The answer in both the cases will be ane. The same problem for 
cubes will be considered in the next paper 


(4) On a problem considered. «y З. Ramanujan. 


In the Proceedings of the Cambridge Pailosophical Society, Vol. 19, 
(1916) Ramanujan has considered it tae different positive integral 
‘values of a, b, c and d for which all posit-ve -ntegers be expressed in 
the form ; 
ar? by? +039 + dw? 
` In this paper I have considered a ра шет problem, E that 
if particular values are given to a,b,c,d, (sar) 1..125, 50,.50, what are the 
numbers which can always be presented im thc given form. 
Let it be supposed that p is a, prime number and g a factor of (p— 1), 
then, as has been proved in the “Tloor~ of numbers" by Mr. B. 
Mathews, it can be proved that theresis ar ecuation of degree д with 


9 





rational co-efficients, each of whose гоозз # the sum of £—1 ot the 
* ї q 
primitive roots of unity ; no such pth root-occarring in more than one of 


the sums, This is an Abelian equation ard з group is cyclical.* It 
has been proved there that there is an unique solution of this problem 
If the multiplication table is formed, -t з found that a set of two 
simultaneous relations occur and they ave suf&cient to ensure that the 
equations expressing the product form а се пвізьепь multiplication table. 
One of these relations is found to be ат +.25y? +502" + 50w? — 144p, 
where 1, у, z and w аге integers, subject tc tha condition 


, 220 (mod. 3) 
y =0 (mod. 3) 
z =0 (mod. 3) 
V usi Gad. 95 d 


and p is a prime of the form bn+1; and s; present we are » not concerned 
with the other relation 

, Thus it is evident that every number cf tke form 144p where p isa 
prime number of the form 5ъ +1, can be rəprasented in the given form. 


* Proc, L. M. 8, 1917. 


< . 
г 
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The following table contains a list of some numbers of the form 5n+1, 
and г, y, s and w.are subject to the following conditions : 


а= 0 (mod. 8) 
у=0 (mod. 3) 
| £z 0 (mod. 3) 
w= 0 (mod. 8) _ 23 





CALCUTTA MATHEMATICAL SOCIETY 
Retour FOR THE YEAR 1921 


1. Тһе gentlemen named below were elected officers and other 
members of the Council for the year 1921 :— 


Prestdent: 


The Hon'ble Justice Sir Asutosh Mookerjee, Swaraswati, Kt., 
C.S.L, M.A., D.L, D.Se., Ph.D., F.R.S.E. 


F се. Presidents : 
Mr. Mahendranath Ray, C.LE., M.A., B.L. 
Dr. C. E. Callis, M.A., Ph.D. 
Dr. 3yamadas моле» M.A., Ph.D: 


` Treasurer : 


Bai Bahadur Abinaschandra Bose, M.A. 


“Secretary : 
Dr. Sudhénsukumar Banerji, D.Sc. 


Council : 


Dr. D. N. Mallik, D.Sc., F.R.S.E. 

Dr. S. C. Bagebi, LL.D., Bar-at-Law. 

Dr. C. V. Raman, M.A., D.Sc. 

Satischandra. Bose, Esq., M.A. А 

Manmathanath Ray, Esq., M.A. В.Г. 

Narendrakumar Majumdar, Esq., M,A. 

Phanindralal Gengooli, Esq., M.A., B.L. 

Dr. Sarendramohan Gangooli, D.Se. oe 
| Dr. Bibhutibhusan Datta, D.Sc. 


2. During the year 192], six meetings were held and 40 papers 
-were communicated. 
:8. Four issues of the Bulletin (namely, Vol. XI, No. 4; Vol. XII, 
Nos. 1; 2, 8) containing thirty-six original papers, reviews, notices and 
miscellaneous notes have been published in 1921, 
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The four numbers of the Bulletin issued during the year form a 
volume exceeding .280 pages. The contents range over a variety of 
subjects and may be classified as follows :— : 


I. Pore MATHEMATIO». 
(1) Theory of Functions. 


(a) Maurice Fréchet. Sut divers modes de eonvergenee d'une 
suite de fonctions d'une variable. Contentg: (f) Introduction.” (й) ' 
Convergence relativement; uniforme. (5$) Influence de la notion 
* d'ecart" sur la definitions. de là convergence. (sv) Generalisation 
dela convergence en measure. (v) Convergence presque uniforme. 
(vi) Cas des functions measurables. 


(b) Abanibhusan Datta. Ор an ехбепвіок of Sonine's integral in 
Bessel functions. The author shows simultaneously with Prof. 
Nileholson (Quar. Journ. Vol. 48, 1921) that the value of the integral 


oo 


{ J.(2,2)J.(a,2) ... J (a 2)a-"*** ido 


0 : 
is zero or different from zero according as (2,, a,, ... а„) donot or do 
form the sides of а polygcn. When (a,, ... a.) do form the sides of a 
polygon, the author gives a value of the integral when the integrand 
involves four Bessel functions and also pointe out several mistakes in 
‘Nicholson’s paper. | : i 

(a) Abanibhushan Datta. Expressions for the product of Beseel 
functions in а series of Bessel functions. The author considers 
expansions of the form P (2)J; @)=Zs, J 

n 


АТ when u and v 


have any real value. 


(2) Higher Algebra including mairtces.and determinants. 


(a) Haripada Datta. On some symmetric determinants. 
(2) R. Vaidyanath Swami. Binary Commutative Algebras. , 
‚ (с) Haripada Datta. On the theory of Continued fraction. 

. (8) Sasindrachandra Dhar. On the inverse of an undegenerate 
non-plural quadrate slope. The object of this paper is to show that the 
equation given by the skeleton matrices AX-I of the type’. 

тут}{тут}=={тут} in which A is a given undegenerate non-plural 
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quadrate slope, by which is meant a quadrate slope in which all the 
index numbers are defferent and I, a unit matrix, has a unique solution 
in which X is also a non-plural quadrate slope. 


(e) Haripada Datta. On the evaluation of some аселы and 
bigradients and on the expansion of some funetions as power series. 


Cf) Haripada Datta. On a theorem in determinants. Оп 
algebraic remainders. On a theorem in simultaneous equations and 
on the solutions of a set of simultaneous equations. 


(g) Satischandra Chakrabarty. On the transformation of a 
general determinant into a continuant and a recurrent and a new 
method of solving simultaneous equations. 


(8) Geometry and Trigonometry. 


(a) S. Mukhopadhyay and 'G. Bhar. Generalisation of certain 
theorems in the hyperbolic geometry of the triangle. The authors 
discuss in this paper the analogues on the hyperbolic plane with 
actual, ideal or improper vertices of the following two well-known 
theorems in Euclidean Geometry :—(+) The three internal bisectors 
of the angles of a triangle or two external and one internal bisectors 
meet ata point. (и) The three perpendiculars on the sides of ғ 
triangle from the opposite vertices meet at a point. 








(0) С. Н. Bryan. Graphie solution of spherical trian 
applications to astronomy. The author shows that the 
spherical triangle by constiuctive geometry involy 
than the construction of a f Š 


(c) C. V. Hanumanto 
geneous co-ordinates. 


(d) C. V. Hanumanto Ё 


а 


[aY Pandit uas 
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II. MATHBMATICAL: PHYSICS. 


(a) Sudhansukumar Banerji. Seismograms and their Significance. 
Contewts : (¢) Introduction. (st) The three principal types of wave 
motion in an isotropic elastic solid. (її) Division of the seismogram 
into threo phases. · (iv) Surface reflexions of earthquake waves. 
(v) Energy carried away by the three types of waves. (vs) Oceanic 
disturbance produced by submarine "earthquakes. (ves) Interior 
of the Earth. (vrtit) Mieroseisms. (t+) Earthquake Periodicity. 

(6) Sasindrachandra Dhar. On the convergence of the solutions 
of the second kind of Mathieu’s equation in mathematical physics. 
In this paper the author gives a method of constructing the series of 
integrals of Mathieu’s equation different from that given by Lindsay 
Ince (Proc. Edin, Math. Soc., Vol. XXXIII, 1914-15). This series 
of integrals is found to be suitable for the consideration of its 
convergency. 


(c) Sudbansukumar Banerji. On spherical Waves of Finite Ampli- 
tude produced by the sudden explosion of a detonating gas contained 
within a spherical envelope. It is shown that if P be the impulsive 

ressure at any point communicated by the explosion then P satisfies 

1e equation $9: =e? V*P which is the same as the equatibn for 

conduction of heat and therefore the problem can be solved by 
ell-known metbods in the Conduetion of Heat. 

an Das. On the seattering of light by molecules 

ар: recently described an experiment which 

ИНН tually the molecules of the air 

produeing the blue colour of 

[he object of this paper is to 

i intensity of light scattered 


b gravitating sphere. 


viata inoida a 
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the magnetic field and that these terms are responsible for the 
asymmetry observed by Gmelin and Dufour, secondly, the author 
describes an atomic model which explains Runge's law of multiple 
resolution. Thirdly, the author shows thet an extension of the 
dynamics of the+H, ion, leads to the result, that а part of the secon- 
dary spectran of. hydrogen should not show Zeeman effect. Lastly 
the author investigates the dynamical features ofa hydrogen atom 
in a magnetic field taking relativity iuto aecount. 

(g) Sudhansukumar Banerji. Pereussion Figures in Isotropic 
"Blastie Solids. The author gives an explanation of the rupture 
taking place in an isotropie elastio solid under the stresses seb up by 
impact when these exceed the limit of perfect recovery observed by 
Raman (Nature, October 9,1919).on tho hypothesis that the maximum 
difference of the greatest and least principa. stresses is a measure of 
the tendency to rupture. i 

(Л) Sudhansukumar Banerji. Оп the solution of the equa- 
tion V* y=} in bipolar eoordinates. 

- (0) Brojendranath Chuckerbatti. On the distortion of the rings 
and. brushes as observed through a twin crystal. Contents :— 

( j) Introduction. (it) Optical behaviour 5f a spath hemitrope. (т) 
Explagation of the photographs. (tv) Physical Theory of Distortion. 

(4) Panchanan Das. On the polarisation and intensity in the 
Jomplex Zeeman effect. An attempt to diseuss the question of the 
polarisation and intensity distribution of the components as well as 
the.limit to the number of these components sie made in this paper 
on Bohr's correspondence principle. 

(2) Bholanath Pal. On the application Mathieu functions to 
Physical problems. Certain properties of Mathieu functions have 
been developed in this paper and these functions have been used 
to solve the problem of diffraction of waves by a screen of finite width 
and a finite rectilinear slit. Ё AP 

(m) Sudhansukumar Banerji.- Notes or spherical waves of finite 
amplitude. Ё 

ltis shown that spherical waves of finita amplitude are propagated 
with velocities 











Bp |1 ӨР. > 
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4. The Society takes this opportunity to record its gratefulness 
to its distinguished President for his unabating zeal and sympathy for 
its deyelopraent. The Society also tenders its best thanks to the other 
officers and the members of the Council for the valuable services 
rendered by them to the Society. The best thanks of the Society are 
also due to the Superintendent of the University Press for the care 
with which he has printed the Bulletin. 

5. The Society also conveys its grateful thanks to the many 
learned Societies and Institutions and Publishers who have kindly 
presented а large number of books and journals to the Society’s 
library. 


6. Fifteen new members were elected during the year. 


S. К, BANERI 


Secretary, 


— 


APPENDIX A 


The following papers were read before the Caleutta Mathematieal 
Society during the year 1921:— : 

(1) Mr. Haripada Datta: “ On the evaluation of some recurrentes 
&nd bigradients and on the expansion of some functions as power 
series," 

(2) Mr. Bholanath Pal: “On a treatment of the problem of 
diffraction of light by (г) a sereen of finite width, (tt) by a rectilinear 
aperture on a screen by means of Mathieu functions.” 

(8) Mr. Panchanan Das: “ Application of the Kinetic Theory of 
Gases to the problem of scattering of radiation.” 

(4) Mr. {Oudh Upadhyay: “Imprimitive Groups of the Sixth 
Degree,” 

(5) Mr. Oudh Upadhyay : On a generalisation of a theorem by 
A. Cayley. ñ i 

(6) Prof. S. K. Banerji: “On Spherical Waves of Finite Ampli- 
tude produced by the sudden explosion of a detonating gas contained 
within a spherical envelope.” 

(T) Mr. Sasindra Chandra Dhar: “On the Inveree of an unde- 
generate non-plural quadrate slope. " * 
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(8) Mr. Dhirendra Nath Mookerjee: “The Libration of colures 
and consequent changes in the commencement of the Hindu Nirayana 
Year.” : 


(9) Mr. Panchanan Das: “On the abnormal Zeeman effect.” 
(Communscated by Prof. C. F. Raman.) 

(10) Mr. Hemanta Kumar Chakravarty: “On recurring deci- 
mals.” (Communicated by Prof. С. &. Cullis.) 

(11) Mr. Oudh Upadhyaya: “Оп а problem in the theory of 
numbers considered by -E. Lucas.” 


(12) Mr. Nripendra Kumar Majumdar: “ Disturbance produced 
by collision in an isotropic elastic solid.” 


(18) Prof. S. K. Banerji: “Oceanic disturbance produced by 
submarine earthqgakes.” 


(14) Prof. G. Н. Bryan, SeD., F.R.S.: “Graphic Solution of 
Spherical Triangles with applications to astronomy.” 


(15) Mr. Vaidyanath Swami, M.A.: “ Binary Commutative 
Algebras.” (Communtcated by the Secretary.) 


(16) Prof. S. K. Banerji, D.Sc.: “ Percussion Figures in Ísotropie 
Elastic Solids.” { 

(17) Mr. Haripada Datta, M.A. : “ (z) On a theorem in determinants; 
(if) On algebraic remainders ; (zz) On a theorem in simultaneous 
equations ; and (te) on the solutions of а set of simultaneous equa- 
tions.” 


я z | 
(18) Mr. Bholanath Pal, M.A.: “On continued fractions asso- 
ciated with Mathieu’s differential equation." 


(19) Mr. Abanibhusan Datta, M.A.: “ Expressions for the 
product of two Bessel functions.” 


(20) Mr. Panchanan Das,.M.Se.: “On: the polarisation and 
intensity in the complex Zeeman-effect.” 

(21)*Mr. Panchanan Das, M.So.: “ On. the dynamics of intra- 
atomic electrons.” РЕТ 

(22) Mr. B. N. Chakravarty, M.Sc. : “On the Distortion of the 
Rings and Brushes as observed through & twin orystal." 


(23) Mr. Panchanan Das, M.Sc.: “On the distributed electron- 
orbits in an electromagnetic беја, 
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(24) Mr. Satischandra Chakravarty, M.So.: “ (ë) On the trans- 
formation of a general determinant into a continuent and a recurrent. 
(ts) A new method to solve simultaneous equations." 


(25) Pandit Oudh Upadhyava: “ Оп the failure of NES 
rule in a problem in the theory of numbers. (t) Ona problem 
considered by S. Ramanujan." 


(26) Prof. S. K. Banerji: “ On the dissipation of energy from a 
vibrating membrane." : 


(27) Prof. G. H. Bryan, Se.D., F.R.S:: “Note on the graphical 
solution of spherical triangles.” 


(28) Prof. C. V. Raman: “ Quantum theory of Hight. ? 

(29) Prof. S. К. Banerji: © On the depth of-earthquake focus.” 

(80) Prof. S. K. Banerj: “On the solution of the ‘equation 
V *y 0 in bipolar co-ordinates.” : à 

(31) Prof. C. V. Hanumanto Rao: “ “ Fundamental Relations in, 
homogeneous co-ordinates,” 


(98) Prof. C. V. Hanumanto йөз “On the $ conie of two- 
conies.’ 


(88) Mx. Bidbubhusan Ray: “The optical analogue of! the 
whispering gallery effect.” _ 
(34) Mr. G. Bhar: “The Oseulating Conic at Infinity.” - 
(85) Mr. Oudh Upadhyaya: “ On an algebraical identity. H 

(86) Mr. Oudh Upadhyaya: “ On the values of “polynomials i in 


x - ee aa - . . 
a transformation formula for = where p is any prime number 


of the form 924-]. ` 


(87) Mr. Nalinikanta Basu: “The stability of a dirigible 
baloon. n р 


(88) Mr. Nripendrnnath ans “Оп some problems of tidal 
oscillations.” DA : . 


(89) Mr. B. N. Chakravarty: “The “non-radiating dleetronie 
orbits and the normal Zeeman effect." : 
(40) Mr. P. Das: “ Causties formed by diffrection.” 


~~ 
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APPENDIX B 


Income AND ËEXPRNDITURE Account, 1921 


Income, 
Rs. А, P. 
Opening Balance +. 610 8 0 
Mise. Receipts 
Admission Fee 60 0 0 
_ Subseriptions 
Bs. 
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» 1918... 7 
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„ 191... 726 
— 1,055 0 0 
° Ë š 
Sale Proceeds of the 
Bulletin 88 0 0 
Reprinte 58 0 0 
Advance from Secre- 
tary aa 8 2 6 


TOTAL 


‚1,899 10 6 
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BFapenditure. 
Rs. a. P. 
Books & Periodicals 243 7 6 
Payment of Out- 
standing Bill of 
_ previous year 
Binding Charges ... 122 8 0 
Printing of Bulletin 
For Papers 62 0 
» Blocks 4 0 
Despatch of Bulletin 82 3 8 
Printing & Station- 
ery 28 | 6 
Postage 17 10 0 
Meeting Expenses... 62 19 6 
Furniture 86 5 0 
Mise. Charges 93 4 ? 
Repairs .110 6 
Establishment 549 0 0 
Closing Balance 586 11 0 
Torat ... 1,899 10 6 
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On some PROBLEMS OF TrpaL OSCILLATIONS" 


By 


NRIPENDRANATH Spy. 


\ 


[Read 19th February, 1922.] 


The problem of tidal oscillations in canals and estuaries has engaged 
the attention of many eminent mathematicians, а detailed bibliography 
of whose works in this line has been given by Prof. Chrystal,! but up to 
` now the problem has been solved for a small number of cases only. 
The object of the present paper is to present the first instalment of the 
results of my investigation on Tidal Oscillations in canals for several 
new cases. Almost all the solutions that appear in the paper have been 
obtained by me in their most general aspect in Bessel, Mathieu, Legendre 
and Hypergeometric Functions and I have shewn that many cases 
discussed by Professors Chrystal," Lamb,’ McCowan* and others" are 
deducible as parbicülar cases of the general problems here studied. 

1. Taking the origin on the undiaturbed level and the axis of z 
parallel to the length of the canal, the equations of free tidal oscillations 
in canals of variable seotion are 


ag 8 p 97 I 
ёр = Bet 988) -= ®© 


— 1 ` 
7-165. (nog) is (2) 
a’ 8 [1.8 

ap E= S. d nuu .. (8) 


1 Ohryatal, “ Hydrodynamical Theory of Beiches," Trans. R, B., Edinburgh, t. 41, 
pp. 647-49, 1906 

з Ibid, pp. 599-649. Also “Some results in the Mathematical Theory of Belches," 
Proc. R. S., Edinburgh, 25, 828, 1904, 

з Lamb, 4th Edition, рр 267-69 (Hydrodynamica). 

+ MoOowan, ‘On the Theory of Long Waves,—" Phil. Mag. (5), 85, 250, 1892, 

s Wedderburn, “On Long Waves.” American Journal of Mathematica, 86, 211, 
1014. 8. Dasgupta, “Bomo Oases of Tidal Oscillations in canals of variable section.” 
Bull. Cal. Math, S00., 10, 105, 1018-19. 
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where b= breadth of the canal at the surface ata distancez- ` . 
À= depth over the width b 


£= time integral of the displacement past the plane œ ар to 
° . the time ¢ 


and = the tidal elevation above the йшй level. 


In all cases discussed in the papers, it is supposed that the canal is 
syminetrical about the vertical plane through the a-axis. 


Case I 
2 Let aA ) and =, (z), assuming that yoccos(ot-+ O, 
we obtain from (1) 


e: э ны 1 ы +Z 4=0 e (4) 


io = 


Putting z= +? where the lower sign i is to be taken, when r>2, 


i= 
we have from (3) "m RN .. (Š) 
2n+r dy ; 6 
atts t. AS ive ve © 
_ (atr—l) 
un AJ ` _ QD4BJ ‚© 
whence =z adi t E us z) 
2—r LL 
` xcos(ct-Fe) o (7) 
а 3 - 
where са i : 9 ж 


(А) Since y is to be finite when #=0, evidently the first term in the 


right-hand side in (7) is to be retained when = is positive and 
3 «1l. In that case š Е Pe 
_ ntr—1 : К 
. 9g—r 
gmÁÀr ., J (kz) oos(ct+ €) S9 (8) 
2 a+r—l д 
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1f the canal communicates with an open sea at its mouth 





; z=, (вау) 
where tidal oscillation of the type n=O cos(ot-«) is maintained, then 
J (ks) 
n+r—l n+r—l 
ALE) Wc 2—r. I 
1=0(=) И) сов(о?+ e). A. e 
+r—1 


д—т 


1f, Li the canal be closed at s==a,, the admissible values of c 





are given by 2 =0 when =a, 
a+r—1 

3 2 (ks) $ =0 wh 

T4 z) > =0 when =a 
iis d: nd r—1l EM 

2—r ` 

“atl 

ie, = (Као) = 0 : Е .. (10) 


The roots of the above equation can be caleulated* and c determined 
e. 
from the values of k by с? = Pghs ; 


Also ridges and furrows are given iu either case by 


440,403 . (в)=0° 
ds a БЕГ 9 
a. 


whence corresponding values of z and consequently the wave lengths 
can also be determined. 


(B) The solution (7) fails sida rad | in on case 5:00, То 
obtain solution for y in this case, we have from (4) 


y: на "ie +02) 1-00 ales ki = P3 - 
= o 


! This result has also been obtained by P. F, Ward, vide Phil. Mag. (Series 6), 25, 
105, 1918,— On the transverse vibrations of a rod of varying cross section” to which 
paper my attention was drawn long after the present paper had been completed and 
read before the Caloutta Mathematical Society. 

2 Seo Whittaker, Mod, Analysis, p. 354. 

з See Gray and Mathews, Oh. V, pp. 46-49. 
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Putting y=log x in the above equation, we have 
0073 dy yan 
ay TOME ta 0 


whence 


P) 


| q=% (á: Jey + Be l К 


со8(0#4- є) SO (11) 
n+l? А 
when F) —k? >0 
Ce 
x ws 
=Cx cos(m log z+) cos(st+e) .. (12) 


when FY. —k* «Oz: —m? (say) 


n+l 
TER 
=e (A+B log с) cos(ct +e) is (18: 
when (FY eo. 
P : 
From (11), (12) and (18) 7 is finite at а:=0 only when vH <0. The 


ridges and furrows will be given by a =0 in all these cases and points 


of zero elevation by 3-0. When n--12 0, n becomes infinitely large at 
the origin and wave elevation becomes greater and greater from the sea 
inwards. But owing-to the assumption that is not sufficiently large, 
the above equations will not represent the exact state of affaits that will 
take place at the origin. It is interesting to note that in (11) and (13). 
unless A, B be of different signs, y gradually increases from the sea 
inwards and attains its biggest value at tbe origin when »+1>0. 
When А and B are of different signs, there is only one point at which y 
vanishes. But when (12) is the solution, there will be several waves 
with bigger and bigger values of y from the sea inwards. 


! 
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. 


-(5-1) 


(0) Мадар r>2 — s= from (5) А * 
3-1 
жоо 
when a=0. 


Hence, in (8) using asymptotic! эро of Bessel’s function we 
have, NN 











n4r—1 
+= T i n-d-r—1l т 
3-3 š А cos [ e+ 2—1 
r—2 2 4 
+В cos { z+ +1 TT) (сов (о{--є) approximate) 
"um Š £ pp у, 
when ғ is very large. | .. (14) 


In order that 7 should be finite at the origin i.e. 2-00, we have, 


£ e, if »<—% el (15) 


On other hand if n> — z evidently n==00 at the origin. If again 
n=— > the value of у becomes oo? and is therefore indeterminate. 


To obtain it, reverting to the equation (6), we get 
x + z= Exi --&) 


^ -— aea) — e). 


Hence, we find that у is finite at the origin and there will be several 
simple harmonio ridges and furrows given by 


sin(ks+a)=0 7- 


If the canal be closed the modes of oscillations may be өре] аз 
ш (А). 


1 Whittaker, Mod. Analysis,’ p, 862, 
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(D) When the canal is о? length 2z, and is symmetrical about the 
vertical plane z—z, also, then the motion in the first half of the canal 
will be determined by (7) or (8) if r2. It is evident that normal 
modes will fall into two classes. In the first of these 7 will have 
opposite values at corresponding points of the two halves of the canal 
and will therefore vanish at the centre E=, the values of c are then 
determined by 


оў ‚(м„)=0. c - + ^16) 


In the second PE the value cf y is symmetrical with respect to the 
centre so that ' 


210 at the middle +=; - 


e. J м„)=0 . e È 
te D ME ( "m | (17) 
Zr , 


The roots of (16) and (17) can be caloulatod as indicated in (10) and 


corresponding values of с determined by the relation А 


SS 
ACT 
k*gh. 
тз: Ко, 
a 
N = 


When r—2, the corresponding modes may be investigated аз above from 
(11), (12) and (13). In (13), the mode is determined byl =( "E. 
The condition 21.0 ог m=0 when ст, (say) determines the relation 


-between the arbitrary сопвіапів: А and B: - 


` 


8. A few special cases of interest whioh have already been worked 
out may be easily deduced from the results obtained above. ; 


(a) When r=0, n=1, #:е., ће breadth varies as the distance from 
the end z—0 and the depth is uniform From (5) апа (9) + 


4-0 T eost Cot €)" 


(8) X n=0, e=], from (5) and (9), y= sotte. Gib (tò 
J (kat) 
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(c) If n=0, r—1, but the bed slopes uniformly from either'end to 
the middle, the canal is evidently symmetrical about =w, where 2», 
is the length of the canal. From (5) and: (9) - 

+ 
ПОНЕ e) ; 
T, (kal) 


where c is given by (16) or (17), т.е. either 


J. (212,3) «0 or, Ј, (Əkeç *) 0. | 


These results: are given in Prof. . Lamb's Нуб оунан, Rd. IV, 
pp. 267-268. 


(d) If n2, r=0, tre. if the horizontal section is в parabola and the 
depth is uniform, from (5) and (9), 


5 и ; cos (et €) 





TORE d 


` If the-canal be closed at еу the admissible values of с are given 
by li 
Ja (ka) =0 from (10) . 


sinka 


—coska=0, t.e. tanta — ka. 
ka 





t.e. 
(8) Lf r=1, n=l, te. if the bed and the surface slope шшр from 
($) and (9), 


| ex) nei, ЗИ LL, UM 
J, (2kat) 


Й 


if the canal communicate with the gea at sa. 


(f)H ae n=, from (5) and (9) 


2 "mm NC ) 
К ‚ =0 cos(ot+e) 
» EE e a) 2, то, Y": 


if а вей be at ema. 





The last three results were obtained. by Mr. Sasadhar Dasgupta in 
the Bulletin of the Calcutta Mathematical Society, Vol. -Х, No. 2, 


pp. 105-110, 1918-19. т 
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. Case II Ў 
4. If b=constant, and h-—h,—o совт(а а), i.e. if the bottom of 


the canal be andulatory while the breadth i is uniform, then putting s 
for h£ in 68) of 8 1, we have . TENER. 





where s ў » (2) 
Assuming z=hfoc cos(ct-+e), we have from (1) 


š 


йз, ___ ов ` o 
TX magh (1—9 cosX) 
ho 


Now expanding а сов) 1 in terms of cosines of multiples of 
o - E 


X, the above squation may. be meten ав 


M { 6, 425 A аных], Žo .. (8) 





“ме a 20) 
= — AQ A =a finite quantity. 
Сегун 
The equation (3)- сап be:solved by Hill's method? of solving Mathieu 


equation, The above equation being slightly different from Hill's 
equation, it will be better to give the-method of d Жапар "es solve 


it assume 

оо - d 

z= 9 Sb, QUE š | e (5) 
—со à 


1 Whittaker Mod. Analysis, p. 407, 19:41. 


00 — 
(9) ** (э--2о)вооә о Z ə y——3y—2 
| Хе К: 
eazy әм (о) uomenbe Buri AON 


‘i seurunejep qorqa, (*e/va),um (Q) V =Teu o “ao 


(ауа 

= ais —()V=C)V denn 
(0 ш)ушв L 

(9 уше Coa hijan 02) V —= 





,u—°9 d—=* co-—d 
я (oue es | п yp Qu'veghuv 
104 Sura1esqo pu вів зиу 
TIPON SOUM “JOLY jo 07.61 ul вз Á[pjo€xe Zurpeeooud ‘лок 
| | Qm (pv s 
"1 Suiuruuiegep uorysnbe aq, 'quuruLiegep eq; оў (7/2) V ерла өм JT 





























%9— +5 199—5 = _, %0—«5 . 0— 

0— (6—71) — !g— 1g— *9— '9— 

esI °9— s] ‚ @—ь1 ‚°0—1 (20— 3T 

'g— — "g—.Qq—n) —'g— *9— *9— 

9—0 909—310 ?g— «0 «299—0 (208—530 

*g— 1g— 10g — (T) *g— *g— 

^0—sI 268—1 ‚°06—«1 9—1 98 — « 

°0— *0— — *%9—:(7+2) 'g— 

T *8— «5 090—355 ol ,70— a8 °0— «6 
'9— *g— *g— 'g— — '?9g— «(e 73) 
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uotqsubə r—rggqusururz9qep 
BITTE, 019}40 eA *eoueZueAuoo exuoes 03 ,u—?g Aq uotmwube [word£4 өц 


Surprarp ләте A[pegueurunrejep "q jo в}0910150-00 өц} өјзшшцө өм FI 


со — = 


SU 
mu) 0=" "q “0 = ++) 







V ‚ә JO вләмой 3ue1egrp 
1151318409 


'62.6. 101 `d 'suáeuy ‘POW дөң + 


ә? — 
vem da ; n. 
vp yu ШЕ ex =*4 
* А n 
ic 


D 27 y 
TP lu 600 Qoa DU D 


d 


sca s= Ойу. ° OO AL 


goros в,ләтлпо ur pepu'edxe eq uwo (ш) чәцї (oS o— ouw 
eq; TA .uonrpuoo.sjepqonr([ Segsues (т)д риш »r2»— gt моу, 


"((2Dajt- (uen (eos (ea 91014. 
ба asl I Sumnand £q 
vp 


DO E о=о(#)д+ аер 
oqur peurrogsuuir; eq Luur 


* ep 


Tp ; uid 

o=o ti E+ > 

zu плоў eq; jo uorenbe perjueregrp meou Ary с 
III 989) 


очо (+) 


(0-40) (зш) ш T 
ө (up) — 


Quos "(@-+40)800 
(0+) (28 т) 


чте}ао 
өм “оса wes әЦ 9B peurejureut өд (»-4-20)800 2—0 uons[[9so [зру 9 у 


'(9) Aq & saA13 eouo ув qorqa a —=L ‘eae 
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If F(.) be an even function of x, then b,, eto. will evidently vanish 
in the above expansion and the equation will be reduced to the form 
ds 2 


ыз А 
б ы. Ti 
dy? + (0.220, cosny } s=0 where = 


a 
and 0,— 2. s [ro сов SZ" du. 


2. ^U = 
The above equation is exactly similar to (3) of Art. 4 and can be 
solved by Hill's method as in Case II. The above method of treatment 
may be made use of in poles several interesting problems of tidal 
oscillations as follows :— 


(1) E h = ho (say), b = b, y iH ie. when the canal is of 


uniform depth and the horizontal section is a hyperbola with the :-axis 
as its conjugate axis, we have (assuming yo сов (cí--«)) from (1) 


o —-—- i 
1 d ai dg post _ 
231 de a* - dz gh, q-9 e 0) 
(1+2); 


Putting z = а sinh 2¢ іп (1), we have 


ore oh, (1+ cosh 25) 7 = 0. . (2) which is the well-known 


Mathieu equation. This ca can diio pat into the form 


IIT 





айз ш. 


Now (being imaginary it is doubtful ана Hill’s solution will 
' * be convergent or not. But if the length of пе: canal be —a < z <a, 
the equation (2) may be written as 2x 


i + (6, +2309, cos ny) у = 0 . TEC 
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where y = = and 0, = ga у. QL + cosh 2s) оов хтайз 
о а, 


ас? а  (—)* sinh 2а 








y nir? 
Бе з ut e 
_ ag* ал X sinh 2a-+ 2a 
977 magh, 23 


"The equation бап be solved as before. es , 
(2) ЦА = hy, b = b, a/ 5-1 putting е = а cosh z where 


0 < z < = wo have x 





apt +250, Pro (8) 
whore gms 7% 0,2 rat sinh2a—2e  _ orata (SEE > 
CEU. mh ^m t giae 2 + > 


Expression for 7 may be obtained as before: 
(8) fb = bo, à = hy A 1 z 4.6. if the canal be of uniform 


breadth and its longitudinal section be a hyperbola with its conjugate 
on the undisturbed level of the canal, we have ee as ен 


i Vise 9? y= 0. 
at E dii шы 


Putting T = Binh ғ where - — sr <a a, wehave . Š 


= e .. —_— ~ 








А din ә = 
aye. t (9 TT _ 
: h = T uu ar? a 7 
7 ere y 1 0, : igh sinha | 
and 0 (—j*sinha o*a! 
nama m gh, 
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* 


(4) when В = hg APER 
n etc. when both the horizontal and 
b = b, up E ° 


longitudinal sections of the canal are hyperbolas, we have, 





Putting — = sinh z, ad + tanh z a + К? cosh z 7 = О where 
г " . 
$543 
да DA 
gh, 


1 
in putting £ = cosh? (z) у in the above we have, 
P g D 


d*t E E » Е 1 
ae? + "uo { = 0 where F(z) = K,? cosh z fud 


Hel нә 


Evidently iN) satisfies Dirichlet’s conditions in the range —а52<а 
апа therefore £ can be obtained as before. 


Case IV 
6. Ifhk=constant=h, (say), b—b,coshm(z-- a), then assuming 
тос сов(о#+-є) 
“we have from equation (2) Art. (1) 


1 d dyn ; о" 
oe н скы = h 4 A Ix = 0. 
cosh m (z +a) do e da т gh, aen 


Putting sinh m (z + a) = z, the above equation may be written as 


m 
ate) T2 +22 7 + iy =0 m (B 


g? 


where £* = ыш 
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In order to make 7 finite when z = 0, let us assume 2 
oo 
Е = 2 А, zl. .. (2) 


Substituting this value of тіп (1) and equating the co-effioients of z, 
to sero 


Ar --2 _ __ b⁄+r(r+1) ` . (3) 
Ат (r--1)(r4-2)" : 





If we begin with r — 0, we have 


А а P A, ш А88 ue 


A, 1-2’ А, 8-4 


From (2), = A, fa — ® z? + — 2% 


PO 223) HS) ag oojo a (O 


If however we begin with r—1, we have 





kl WP 41-2) (3:4) a. 
ge A, [z — M nt + Ct n t Lg ae 


— ... ete.] сов (ot+e) . (5) 


It may be easily shewn that both of these converge when 2<1. 
When (4) is the solution, evidently т is symmetrical with respect to 
z=0 but (5) represents an oscillation such that у has opposite values 
at corresponding points on either side of z= 


7. When h=constant=h, (say), b=b, sinh m (#-+a), then assum- 
ing тос cos (at-+e), we have, 


(*—1) $7 + 95 +Mq=0 © xs 


с“ 
gh, m* 
above ae may bé obtained by putting tz for z in (1) of Art, 6. 
But v z= cosh m (ха) 41 for which values -the series in (4) and 
(5) of tho last article are divergent, the-assumption to be made for 
7 must be a series in inverse powers of z. 


where z= cosh m(a-4-a) and k= It is easy to see that the 
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Let, аео, у= 5А ,27" сов s (tte): E (7) 


Substituting this value of 7 in (6) and equating the co-efficient of 
A, to zero, we have A,=A,=A,...=0 
A. L2 А» 3-4 Asi — ` (2r—1) & 


x Ee Pro 43. — BIOS 


"-— Bor? E 2 
72А, [+ руа 5 + (0209-3) (34:5) ° i 





+...] сов (0+). >... (8) 


If U,, U,,, be the rth and (>+ 1)th terms of the series in (8). 























ae U, kt 2r ura E 
But if z—1, Lt U, =l and Lt ( = —1 ) vl, 
rtl 





US 1) ap tog sere 2) ют „ 
а 1) —1} log r= EED юв” о. 


Hence the series and therefore 7 is finite everywhere except at z—1 
t.e. at the inmost point of Ње canal. But ав we have supposed that 
7 is finite, the result obtained above may not give exact information aa 
to what happens at the inmost point of the canal. 


Case V 


8. If һ=һ,{1—( 2 у, b=t,( 2 z ) i.e. if the longitudinal section 


of the canal be а parabola and the sides of the canal slope uniformly, we 
have assuming уос сов (ot--c), 


1 d а» dq o 
i mt Zoe Z + S n=0 


Putting y = 5 in the above equation, 


уау) gi + (1—2) E. +hy=0  .. @) 
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where k?= grar” 
. dgho 
LJ 


The equation (1) is the well-known hypergeometric equation, the 
solution of which may be written as Í : 





(3:0 Е (a, b; e y), cos (at4-e) .. @ 
where c=], a4 b—1, а= 1.6 сыз , b= 1— ri 


| ‘and Е (a, b, o, y) 


mq 2È yg Math) DOHI s ү:а(а++1) (4+2) b(b+1) (52), 
| Tet rageel) ^ 1:3-3:c- (e 1): (e+2) 


А ° + ete. mega) Uo 
The series is convergent! for | y | < | £.e. for the canal 2<a 


- f "e 
. ` If the canal communicates with a sea at y=y, (say), where & tidal 
oscillation =A cos (ct4-«) is maintained, we have from (2) 


& F (a, b; c; y) 
t Ра boy) eres) 


If the canal be closed at y=y,, the possible modes of oscillation are 


given by a .=0 when yay, 


Now from (2) and (3) 
т=О Е (a, b; c; ù) cos (ot+e) ~ š 


` =Ç F ( Ero , — em ; 1; y ) сов (ot 4€). 


> Mod. Analysis, po24. 
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` P (a, b, o, y)=F ( ae +1, — МЕНИ snt) 


writing ty for y 
` | epe (y) e (4p 


Hence, possible values of o are given by 


d ВЕЕ у "X 
qvem (y) 30 when у'-=1—2у, | 
€ 


The different values of 


Kec T satisfying the above equation 


can be calculated? and cormesponding values of o determined by the 
relation Я 


ota AE ghe 


a* 
9. The previous case may be generalised as follows-—If h=h, 


( 1— = ) and b—b, ( 5 y we have assuming уос cos (ot-+e), 


3 d с^ 
Ы 1—7. e — n=0 
а" de^ a? / de T gho E 


Putting зу for эре" 1 and y for x in ihe above equation, 





y = = dy! 
yy c +0189 (an 





. | (A peo x )т=о (б) 


t Modern analysis P. 27б, 14:11. s 
* Bholanath Pal, “ Оп the numerical calculation of the roots of £ p (и)=0 


dy 
regarded as equation in n "— Bul, Oa] Math, Воо, 1X, 85, 1917-18, 
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Defining a, b, c by the relations, rmi ab 





and а= Ti А +251 e (6) 


The equation (5) may be written as 


\ 


Za qo cc CR HE aby= 
y (1 DTF +(e ЫКЫ) iy ab s —0 we (7) 


The solution of the Hypergeometric equation (7) is 


axe dg ( id 2) cos (ot -- e) if в 1+0 


1.6, »-As `F ( a, b; c; 4) сов (at -- є) | .. (8) 
if n—1 <0 
Alo! Y= = А (аи) F ( a—c+l, b—c+1; д—6;® ) 
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cos (c+ e) 


i.e. 77A F ( а—с+1,5—с+1;*% ET zŠ ar (ct-+e) .. (9) 





The (9) will furnish & solution unless » be a. negative odd integer, 
so that both (8) and (9) may give 7 of'course with the exceptions 
mentioned above. 7 is evidently finite every where except when «=a. 
If the canal communicates with a sea at z=a, <a where a tidal oscilla- 
tion is maintained in the form 7=c cos re the value of A in (8) 
and (9) can in be determined as before. 


1 Whittaker Mod. Analysis, p. 280, 


ON SOME PROBLEMS OF TIDAL OSCILLATIONS 989 


10. (a) It is easy to deduce the results of Art. 8 from (8) and (9). 





For putting &—1, we have from (6), c1, a+b=1, ab — v 
' 950 


a—c+1=a, b—c+1=b, er 
From either (8) or (9), we get 


з 
=å Е ( а, bie; 5 ) сов (ct+-e) where а, b, с are given above. 


(b) 1E n=0, h=h, ( 1-5 ) b=b,, we have from (6) 





c=}. a+b=3, ab=—( Li y je- D. em 


putting c*a’ =r (7+1) gh, 


n а=1+ - кзн c=} 
Alsd a—ct1= 5 +4, б—5+1=—,9—ош} 
Hence ; (8) gives 
i-5 ‚2; ) cos (et 4e) © (10) 


T * 


and (9) gives у=А Р ( EEE ) cos (ot + e). NETS 


Both of these are solutions? of Legendre's equation and are conver- 
gent when 2< а. 


When + is integral, both of these series terminate and the solutions 


may be written as 7=C Р, ( = ) сов (ct-+ €). 


- A 1 See Prof, Lamb’s Hydrodynamics, Ed. IV, p. 106, Art. 84, 
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It is easy to deduce values of £ from the corresponding values of yin +." 


(10) and (11) and the values of £ thus obtained may be identified with ;: 4 


* Prof. Chrystal’s Seiche Cosine and Sine functions respectively. 


n 


scopi ae e 


The results deduced іп 10(b) from our general solution given in, ^ 


Art. 9 are identical with those already found out by Profs. Chrystal? v^ 
and Lamb.* 


1 Prof. Chrystal, " Hydrodynamical Theory of Seiches” Le. : SN 
° Prof Lamb, Hydrodynamics, Ed. ГУ, р. 269. ке 
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